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Preface to the Third Edition 


In this revision, extensive changes have been made in the problem 
lists. Previous problems involving general relationships and results 
have been retained, but formal ones of the drill variety and those en- 
tailing numerical computations have, for the most part, been replaced 
by fresh ones. Problems have also been added to many of the lists, 
and new sets likewise accompany topics appearing in this edition for the 
first time; as a result, the number of problems in this book is more than 
twenty per cent greater than in the second edition. 

Among the changes made in the text, the following may be noted. 
A theorem on reversion of power series has been included in Art. 38. 
An introductory account of Legendre’s equation has been added to 
Chapter VI, and physical applications of Legendre polynomials appear 
there and in Chapter VII, where Laplace’s equation in spherical co- 
ordinates is considered. Chapter IX has been recast: the previous 
discussion of permutations, combinations, and elemental probability 
theory has been shortened, and two articles on the important topic of 
numerical methods for solving ordinary and partial differential equa- 
tions have been inserted. A third section, on Laplace transforms and 
their applications, has been added to Chapter XI. 

Answers to all problems are again given in the back of the book. 

Frederic H,' -Miller 

New York, N. Y 
January , 1955 



Preface to the Second Edition 


In this new edition, the plan and features of the original book have, 
for the most part, been retained. Notable changes are principally of 
four kinds, which may be described briefly as follows: 

1. An appendix, concerned with a short discussion of dimensional 
analysis and systems of physical units, has been added. It is believed 
that the basic concepts and methods of dimensional analysis are of 
considerable value to the engineer, and that the engineering student 
should therefore be acquainted with the rudiments of the subject. 
Moreover, since various systems of units are employed in this book 
and elsewhere, an indication of the bases of these systems and of their 
relationships should also be a part of the student’s training. 

2. The problem lists have been completely revised. All the original 
problems have been kept, with only occasional changes of wording for 
the sake of clarity, and numerous additional problems have been 
inserted. Some of the new problems will serve as further drill problems 
to illustrate the principles established in the text; others exemplify 
new kinds of physical problems. In all, the number of problems has 
been increased by more than fifty per cent. 

3. Discussions of a few new topics have been added. In particular, 
a mechanical-brake problem involving elliptic integrals has been 
inserted in Chapter III, the treatment of Fourier series in Chapter V 
has been somewhat extended, and the vibrating membrane is considered 
in Chapter VII as a typical problem dealing with a partial differential 
equation containing three independent variables. 

4. A number of derivations and illustrative examples have been 
replaced or revised in order to clarify the concepts and theory and to 
aid the student further in his work with the problems. 

One minor change should also be mentioned. The natural logarithm 
of x is now denoted by In r, and the symbol log x is used only for 
the common logarithm. This notation has been adopted to conform 
with the present trend in scientific writing. 

vii 
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PREFACE TO THE SECOND EDITION 


As in the first edition, answers to all the problems are given in the 
back of the book 


H. W U, 

F. II. M. 

Nrw York, N Y. 

SrpUmher, 19^0 



Preface to the First Edition 


The present book has evolved from courses given by the authors to 
juniors and seniors in civil, electrical, mechanical, and chemical engi- 
neering at The Cooper Union Institute of Technology. These courses 
were designed to show some of the various roles played by advanced 
mathematics in engineering technology. 

In constructing such courses, the problem of what to include and 
what to omit is particularly difficult. Here, as opposed to the mathe- 
matics courses previously encountered by the engineering student, 
there is no well-defined, unifying thread; rather, the whole must be 
made up of a number of more or less distinct topics. It is hoped that 
the selection of material included in this book will afford each teacher a 
sufficiently broad range of topics from which to make his individual 
choice. 

Anyone about to take up the study of advanced mathematics should 
have had as background a thorough training in engineering mathe- 
matics through the calculus, and would normally continue with the ele- 
mentary theory of ordinary differential equations. For a number of 
years it has been recognized that some knowledge of methods of solving 
differential equations is a valuable tool for the engineer, inasmuch as so 
many physical problems arising in all fields of engineering are naturally 
formulated in the guise of differential relations. Accordingly, Chapter I 
is devoted to the standard methods of manipulating the common types 
of ordinary differential equations. In addition, differential equations 
arise again and again in the later chapters so that, upon completion of 
his course, the student should have acquired not only as full a knowl- 
edge of the theory of differential equations as is usually obtained in a 
separate course, but also more practice in their applications to his 
special field. However, it may be considered desirable in some schools 
to offer a separate course in differential equations and to follow it by a 
course beginning with the second chapter of this book. It is, of course, 
entirely feasible to follow this procedure and to consult the first chapter 
whenever necessary or as indicated in the text. 

The authors believe that it is becoming more and more important 
in engineering training to include courses wherein the student will meet 

ix 
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many of the topics, pertinent to Ins field, which arc discussed in this 
\ olumc As the Table of Contents “how s, topics of \ aluc to all branches 
of engineering have been included Throughout, emphasis has been 
placed on physical applications by presenting, with each principal topic, 
problems relating to the four main fields of engineering The order of 
arrangement minimizes the number of references forward in the text, 
at the same time, one chapter leads naturally into the next so as to 
y teld as much continuity of treatment as passible The assignment of 
the more difficult material to the later chapters takes adv antage of the 
growing mathematical maturity of the student as he proceeds in the 
text 

W ith the interests and needs of engineering students constantly m 
mind, the authors hate not attempted overmuch ngor The engineer 
rightly wants to know how each piece of mathematical theory can be 
utilized in his work, and questions of ngor are of secondary importance 
to him Nevertheless comprehension of the underlying theory and of 
some of the subtler points is necessary if the ideas are to be correctly 
applied to a new problem This anew point has not been overlooked 
Critical discussions arc introduced whenever they are deemed neecs- 
f^ary References are given when lack of space, or insufficient back- 
ground on the part of the student, prevents the insertion of the entire 
argument on the other hand, the details of each demonstration aro set 
forth wherever possible 

The authors make no claim to originality of content or of treatment, 
but they have taken particular care to present definitions, statements of 
phv«ical laws, theorems, problems, and the physical units employed, 
in a thorough and clearcut manner They hav c endeav ored to produce, 
al«o, a textbook sufficiently flexible that material may be clioscn for 
cour-es of various lengths suitable for students of civil, electrical, 
mcclianual, or chemical engineering l'or example, Part 11 of Chapter 
X may be omitted without disturbing the continuity In fact, any 
combination of topics from Chapters \ III to XI may be chosen, except 
that the material m Part III of Chapter X is essential to the proper 
understanding of Port II of Chapter XI Thus, while a minimum 
course may properly contain most of the fundamental material of 
Chapters I-V1I, with selected applications and problems, a longer 
cour*e will mtumllv include ul«o various of the more specialized tnib- 
yocts tre \t«l in the later cliaptera 

II \V Riddick 
F II Millhi 

Nr* \o«k, N Y 
Ju'j m? 
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CHAPTER I 


Ordinary Differential Equations 


1. Introduction. A vast number of the problems the engineer 
encounters in advanced work have to do with differential equations. 
The mathematical treatment of such problems consists, in general, of 
three phases or processes. In the first place, the physical principles 
forming the background of the problem are expressed mathematically 
by the formulation of one or more differential equations; these relations, 
involving rates of change of one variable with respect to another, are 
thus symbolic statements of certain physical laws. Secondly, the dif- 
ferential equations must be manipulated mathematically so as to obtain 
other relations among the variables of the problem. Finally, we inter- 
pret these new relations, which are the logical consequences of the 
original ones, so as to get additional information concerning the manner 
in which the physical quantities involved depend upon one another. 

We shall see in our subsequent work numerous examples of this 
mode of reasoning. The first and third steps of the process will depend 
upon the particular problem under discussion, and it will appear in this 
and later chapters how they are carried out. The second step, the 
manipulation of differential equations, is of a more formal and general 
nature, and is the principal concern of the present chapter. Our pur- 
pose, then, will be to classify and examine a number of types of dif- 
ferential equations with which the engineer has to deal. 

We shall call an equation containing one or more derivatives a 
differential equation. The differential equation may sometimes, as a 
matter of analytical convenience, be written in a form in which differ- 
entials rather than derivatives appear, but such an equation will 
always be equivalent to one involving derivatives. 

By the order of a differential equation is meant the order of the 
highest-ordered derivative contained in the equation. 

Differential equations may be divided into two main classes, ordinary 
and partial differential equations. If all derivatives appearing in the 
differential equation are ordinary derivatives, the equation is said to be 
an ordinary differential equation. If, on the other hand, the derivatives 
present in the equation arc partial derivatives, the equation is called a 
partial differential equation. 
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{Cum* I 


In this chapter, onl\ onlmarv equations will be considered In 
Chapter MI we dial! discuss some problems leading to partial differen- 
tial equations and shall applv special deuces to the manipulation of 
such equations 

If there is onlj one dependent van tblc whose relation to the inde- 
pendent v amble is desired, wc shall ha\ e in general a single differential 
equation, if there arc two or more dependent v ambles to be considered 
we shall be led to a system of simultaneous differential equations^ and 
the number of equations in the system will usually be equal to the 
number of dependent \ ambles 

Bj a solution of a differential equation we mean anj functional 
relation among the a ambles, free of derivatives and reducing the 
given equation to an identit} Tor example, the relation 

V ~ <r z (1) 


is a solution of the differential equation of second order, 


dPy dy 

o. 


( 2 ) 


since substitution in (2) of y and its derivatives as given b} (I) Jidda 
the identitj 

4<r x - 10 e 2 * + Ge 2 *^ 0 (3) 

A more general solution of (2) is y Cjc 5 *, where Ci is an nrbitrarj 
constant, and a still more general solution is y => Cjc 2 * 4* Cje 3 ', where 
c t and are both arbitral} coastants Now it is shown * in the theorj 
of differentia! equations that an equation of order n possesses a solution 
containing n essential arbitral} constants, and that no solution of such 
an equation ran contain more than n A solution containing the 
maximum numlier of constants is called the general solution, thu« 
y — cir 3 * 4- co c 3 * is the general solution of (2) Any solution obtain- 
able from the general solution bj giving specific values to one or more 
ol t'he arbitral} constants is called a particular solution, Tor instance, 
y ■» c 3 * and y ■» cff x are particular solutions of (2) 

In a phv steal problem, the diffcrcntnl equation involved is usual!} 
accompanied bj certain nuxiharj conditions on the variables Tor 
some, notab!} the linear differential equations discussed m Part II, 
it w easiest fir*t to find the general solution of the equation and then 
obtain a particular solution satisfying the imposed mixiharj conditions, 
as well as the differential equation, bj determining the specific \ nines 
of the nrbitrarj constants in the gencri! solution I'or others, the 
• Sec, for example, II L. lore ' Ord nary Differential Equations * 
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constants maj r be evaluated as they appear in the process of solving 
the differential equation. Examples of both methods of attack will 
arise in the problems treated in this and subsequent chapters. A fully 
determinate physical problem should provide a sufficient number of 
initial or boundary conditions for the evaluation of all constants that 
may appear. 

We proceed now to. classify some types of ordinary differential equa- 
tions, and to discuss the standard methods of solving them. 

PART I. EQUATIONS OF THE FIRST ORDER AND MISCELLANEOUS 
EQUATIONS OF HIGHER ORDER 

2. Variables separable. The type form of the differential equation 
of first order is 

dy 

/=/(*,</)• (1) 

ox 

It may happen that the function /(x, y) is such that the variables may 
be separated, so that the equation may be written in the form 

F(x) dx + G(y ) dy = 0. (2) 

The general solution of the equation may then be obtained at once by 
integrating; we get 

^ Fix) dx + J G(y) dy = c, (3) 


where c is an arbitrary constant. That (3) satisfies equation (2) is 
immediately apparent, for differentiation of (3) leads to the relation (2). 
As a simple example, let there be given the equation 



± _ e*~ 2 *. 

dx 

(4) 

Since e* 2v 

= c t -c~ Zy ) we may write 


whence 

<f dx — e 2v dy — 0, 

(5) 


<r — \c 2y = c. 

(0) 


If the function/(x, y) contains no constants whose values are unspeci- 
fied, a single corresponding pair of values of x and y suffices to determine 
c, and hence a particular solution of equation (2) subject to the given 
value-pair is obtainable. If, however, the differential equation involves 
additional constants of unknown value, further conditions on x and y 
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must be gn en in order tbit the functional relation (3) be of use for 
computation* 

To illustrate the latter situation, consider tu o liquids A and B boiling 
together in a vessel Suppose that it is found experimental!} that 
the ratio of the rates at which A and B are evaporating at anj in- 
stant is proportional to the ratio of the respectn c amounts of A and B 
still in the liquid state Letting y and x denote the rcspectiv c amounts 
of A and B present in liquid form at time t, the phj sical law stated 
yields the differential equation 





dt 


a hero k is an unknown constant of proportionaht} In this form, the 
differential equation involves one independent variable t and the two 
dependent % ambles x and y, but if wo desire mcrel} the functional 
relation between x and y we may eliminate t and write 


_ V 
dz x 


( 8 ) 


II ere f(x, y ) « 
■\\ c ha\ c 


hj/x, and consequent!} the % anables may be separated 

(9) 


— «i— , 
y * 


whence, b> integrating weget 


In y <=> / In x *f In e 


( 10 ) 


Smrc on!} logarithmic functions of x and of y appear here, it is con- 
venient to write the arbitrary constant of integration in the form In e 
instead of mcrcl} c Taking antiloganthms, we then obtain 

( 11 ) 


Fudentl} we should need two sets of values of x and y to determine 
the particular solution from which further corresponding valuta of 
x ami y could J>c obtained 

3 Integrable combinations If it appears that we cannot separate 
the variables in the equation 


d l 

dz 


" /(*, v), 


0 ) 
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it may still be possible to put it in a form which allows us to integrate 
by combinations. 

For example, consider the equation 

dy 2x + y - 

dx~ 3 - x ’ 
or 

(2x + y ) dx + (x — 3 )dy = 0. (3) 

Here the coefficient of dx contains y and that of dy contains x, and no 
manipulation in the equation will separate the variables. Now the 
terms 2x dx and — 3 dy are capable of integration individually, and thus 
need give no concern. The remainder of the left-hand member of (3), 
y dx -)- x dy, consists of the sum of two terms neither of which can be 
integrated bj r itself. But as a combination, this sum may be integrated ; 
we recognize it as the differential of the product xy. Consequently, if 
we write (3) as 

2x dx — 3 dy + (z dy + y dx) = 0, 
we get, upon integration, 

x 2 —3 y + xy = c. (4) 

Evidently (4) is the general solution of (2), for 

d(x 2 — Zy + xy) 2x dx — Z dy + xdy + ydx = 0, 
whence (2) results. 

When equation (1), written in differential form, 

M(x, y) dx + N(x, y) dy - 0, (5) 

is such that M dx + N dy is the exact differential of some function 

«(*» y)> 

M dx -f- N dy = du, 

we say that (5) is an exact differential equation, and its solution is 

u(x, y) - c. (6) 

Tims (3) is an exact equation. Note also that any equation with 
variables separable may be written as an exact equation. 

Exact differential equations for which the variables are not separable 
are comparatively rare in applied work, and when they do occur an 
examination of them usually brings into evidence the integrable com- 
binations without, much difficulty, so that they are readily solved. 
Sometimes an equation may easily be made exact by multiplying it, 
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when written in the form ilf dx + N dy » 0, b\ n suitable function of 
x and y To illustrate, consider the equation 

(Hry 2 *f y) dx — x dy = 0 (7) 

No term of this equation is indi\ idunlh mtcgrable, nor is it exact as it 
stand* But the combination ydx ~~ xdy occurs in the differential 

/ar\ ydx - xdy 

\y) f 

which suggests that we divide (7) b\ y 2 , or, in other words, multiph 
it by 1/y 2 Doing this, we get 


2x dx + 


y dx — xdy 

7 


0 


This is now exact, and integration yaclds immediately 


( 8 ) 


n X 

XT -f- - » C, 

y 


ary -f x «= cy 


(9) 


The factor 1/y 2 by which (7) was multiplied so as to get the exact 
equation (8) is called an integrating factor The process of solwng a 



first-order differentia! equation can often bo mado short and simple 
by noting that some combinations of terms may lie made integrablc 
b\ the u-e of an integrating factor whereas the standard methods 
for roll ing the equation ina\ lie long or complicated Practice and the 
experience gained thereby will do much to aid the student in finding 
such short cuts We give here a few of the frequently occurring into- 
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grable combinations and the functions of which these combinations 


(V) 

(VI) 

(VII) 


arc the exact differentials. 

(I) 

x dy -f y dz - d(xy), 

(II) 

xdy — ydz /y\ 

* ~ d U‘ 

(III) 

xdy -ydz ( z\ 

V =d \~v)' 


xdy — y dz 

(IV) 

xdy — ydz x 2 

x 2 + 2 / 2 ' , , fy \ 2 


1 + 


xdy — y dz 


zdy — y dz 


x 2 — y 2 


-0 

2 xy dy — y 2 dz _ /jA 

x 2 \ x /’ 

2 xy dz — x 2 dy / ~ 2 

= d 


— d ^tan 1 — ^ , 

\2 x-yf 


r 


©■ 


( 10 ) 


An interesting illustration of the usefulness of the above method 
arises in connection with the following physical problem. It is required 
to find the shape of a reflector such that light emanating from a point 
source is reflected parallel to a fixed line, so that the beam of light con- 
sists of parallel rays. Take the oiigin 0 as the point source and the 
2 -axis parallel to the fixed line. The reflector will then have the shape 
of a surface of revolution generated by rotating a certain curve ACB 
about the 2 -axis (Fig. 1). If the tangent be drawn to any point P(x, y) 
on the required curve, the angle a between it and the incident ray OP 
must, by the physical law' of reflection, be equal to the angle p be- 
tween the tangent line and the horizontal reflected ray PQ. Now r 
tan p as dy/dx, and tan ZXOP — y/x. Hence, since ZXOP = a -\- P 
— 2j9, we have , 
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Solving for dy/dx, we get 



dy —x db V:r 4- y 2 
rfx y 


( 12 ) 


a pair of differential equations W hen the curve opens to the right, ns 
m the figure y and dy/dx have the same sign on cither the upper or 
lower half of the curve so that y dy/dx > 0 and the positive sign m 
(12) applies when the reflected rays proceed to the left, y dy/dx < 0, 
and the negative sign in (12) is proper If desired, therefore, vve maj 
fix our attention on either equation obtainable from (12), however, 
it is just as eas) here to consider both possibilities simultaneous!) 
\\ c hav c 

x d X -f y dy «* zfcVx 2 + y z dx f 

and thus «cc that the combi nation x dx + y dy « \ c/(ar + y 2 ) appears 
Moreover, the function VV 4 4* t/ 2 of the combination (x 1 + y 2 ) is 
al^o present, and we therefore form the integrabic combination 


Integrating wc get 


x dx + y dy 

vxM*7 


dx 


iVl 2 + 1? *= x + C, 


and 


x 2 + y 2 ** x 2 + 2cx + (T, 


(13) 


Tlie*-c are our generating curves, n famil) of parabolas with foci at the 
on gin the point source of light When c is positiv c, the parabolas open 
to the right, and when e is negative, thej open to the left The stu 
dent will remember that paraboloids of revolution do have the prop- 
ert) of reflecting a beam of parallel rn)S when a point source of fight 
w placed at the focus, tins is the well known “focal propert) ’ of a 
parabola H e hav c here shown that conv cr^cl) , on!) parabolas poshc** 
llus cliarvctenstic 



Akt. 4] 


HOMOGENEOUS EQUATIONS 


9 


PROBLEMS 

Find the general solution of each of the following differential equations. 


'■t- 

- *y. 

2 d -l- 

2 ‘ dx 

= x 2 e _3v . 


sin 2x 

V 

. dy 
4 * dx " 

= cot x tan ?/. 

s.H. 

dx 

. (2 — ?/) 2 

2\/l +x 

dy 

6. — 
dx 

_ t 


1 +f 

sec x 

dy 
8 ‘ dx 

4x + x?/ 2 

t/ - an/ 

9. Y ’ 

2% — y 

X 

dy 

“•s 

x-2y 

2x — y 

dy 

2x\f 

»•! 

y 

~ 1 - 2x~?y 

~ X + 4y 3 

u.? 

dx 

x 4- 2 y 

2x 


x 3 — xt/ 2 — 1 
x 2 (/ - y 3 

dx 

V 

16. ~ 
dx 

7/ - X 2 - 

x — 2 xry 

X 

dy 

17. — 
dx 

3x 3 — 3xir + y 

18. — 

dx 

2yVy 

X 

2x\/y — x 2 

dx 

sin y 

dy 

20. 

dx 

x 3 + ?/ 

1 — x cos y 

x - xhj 

dy 

21. -f 

dx 

2 rf + V 

22. — 
dx 

2xy 

x — 2xjr 

~ 2y- — x 2 ' 

dy 
23. -r 
dx 

e-» 

*•§ 

2x + 2/ sin x 

2y + xc~ v 

cosx 


25. Using each of the relations (lQ-II)-(lO-V) of Art. 3, obtain the solution of 
the equation x dy — y dx = 0 in the form y ~ cx. 

4, Homogeneous equations* A function g(x, y ) is said to be homo- 
geneous of degree m if, for any quantity r, we have identically 

g(rx, ry) = r m g{x } y), 

that is, if the replacement of x and y b} r rx and ry } respectively, yields 
the original function multiplied by r Tn . If, in particular, such replace- 
ment leaves the function unaltered, so that it is homogeneous of degree 
zero, then with r = l/x we have g(x, y) ~ g(l, y/z)j and g may be 
expressed as a function of the single argument or combination y/x. 
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Tor example, consider the function 

, x x 2 - 2xy 4- 3ir V , , vV + y= 

!?(*,!/) - — - - , ■ ; — + e m - 4- In 

2r- i x 

Then wclia\c 

r 2 * 2 - 2rxy + 3 rjr , Vrx 2 4- rV 

5 >(rr, ry) » , , - — ~ h sin — + Jn 

2 rxr + ry* nr rx 

** 3(2-. y) 

so that this function i» homogeneous of degree zero \\ e maj tliereforc 
write it as a function of the single argument yjx 


'M)~ 


-0* 


,0 + In\/l + 0“ 


UVewnsc if g(rx ry) — y(x, y) we get bj choosing r ® 1/y, y(x, y) 
= gixfy I) a function of the single argument x/y 
If the nght-hand member /(x y) of the differential equation 

dy 

(1) 

dx 

is homogeneous of degree zero we maj put it m tlic form 



in this cAcnt equation (l) is said to be a homogeneous differential 
equation Tithcr of the substitutions 


y » « (3j) 

or 

x «=■ ry (3j) 

will tlien reduce (2) to nn equ ition in which the \nnablcs x and t, or 
y and r, are separable Wc shall show this to lie true for the substitu- 
tion (3j) , an entirely analogous argument holds when the relation (3 3 ) 
« employ ed Using (3{) equation (2) becomes 


± 

dx 


r + x 


dx 


m 


0) 
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Now when F(v) = a, equation (4) reduces to x dv/dx - 0, whence 
v = c, and y — cx is the complete solution. This is, of course, a trivial 
problem, for when F(v) - v, equation (2), which takes the form 
dy/dx = y/x, is immediately solvable by separating the variables. 
Supposing, therefore, that F(v ) 5^ a, (4) gives us 


and 


s — « F(v) - v, 

dx 


dv dx 

F(v) — a x 


(5) 


Since the variables x and a have been separated, integration of (5) 
yields a relation between x and a (and an arbitrary constant). Replac- 
ing a by its value y/x, we then get the desired functional relation be- 
tween x and y. 

As an example, consider the equation * 


dy 


2 y 


dx 2x — y ’ 

which is readily seen to be homogeneous. Letting y = vx, we get 

dv 1 — 2a 

a + x — , 

dx 2 - a 


( 6 ) 


dv 1 — 2a 1 — 4a + a 2 

x— a , 

dx 2 — a 2 — a 


dx 


1 — 4a -f- a : 


dv = ~, 
• x 


—4 + 2a dx 

— - - dv + 2 — = 0, 

1 — 4a + tr x 

In (1 — 4a -j- a 2 ) + 2 In x = In c, 

In x 2 (l — 4a -f a 2 ) = In c, 

n (. y 2 \ 

1 \ 1 - 7 + ?) = c ' 

or - 4j y + y 2 = c. 


(7) 


Equation (6) might equally well have been solved by means of the 
substitution (3 2 ). Sometimes it may happen that the solution of a 
* See Problem 10, Art. 3. 
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homogeneous equation is more quickl\ or easily obtained b\ one of the 
substitutions (3) than b\ the other, but this is usually difficult to pre- 
dict beforehand Generali} speaking, the only guide in making a choice 
between the two possible substitutions is the following Write the 
gwen homogeneous equation in the form M dx + N dy — 0, if the 
coefficient jV of dx contains fewer or simpler terms than N, set x = vy, 
dx ** i dy -f y dt , and if N is simpler than M, set y = ttr, dy — t dx 
+ xdi Tina procedure wall simphf} somewhat the multiplication of 
one of the coefficients b> the new differential expression 
6 Linear equations A differential equation of the first order is 
said to be linear w hen it is of the first degree in the dependent \ anable 
and its dcn\atnc Thus the equation 

dy 

Y “/(*,!/) ( 1 ) 

dx 


is linear if f(x, y) is of the first degree in y, it may then be written m 
the form 


dy 

y + Py - Q, 

dx 


( 2 ) 


v\herc P and Q are functions of x onl> Since the left-hand member of 
(2) consists of the sum of two terms, one containing y and the other its 
demntne the possibility is suggested of multipljing (2) throughout 
bj some function of x so as to ha\c on the left the exact demativo of 
a product, i c , it maj be possible to render the equation exact b> the 
U^e of an integrating factor that in\oUes x only. Hence wo seek 
tcntatuel} a function R{x) such that 

R~ + RPy (3) 


shall lie the dem atn e of some combination "Now the first term in the 
expression (3) will ansc if we differentiate the product Py, and we 
therefore tty to find R such tint 


dy d 

Rf + RPy- r (Ry) 

dx dx 


dy 

7 's+» 


dR 

dx 


'fins relation will c\ identl} hold if 


dR 

dx 


IIP 


(*) 
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But, since P is a function of x only, (4) is a separable differential equa- 
tion for the determination of the integrating factor R. We thus have 


dR 

— = P dx, 

R 


In R 


R 


■ j. P dx, 

Jp dx 


(5) 

We have omitted the introduction of a constant of integration since we 
seek merely one integrating factor, and as simple a one as possible. 
The function R given by (5) thus serves to solve the linear equation 
(2) ; we have, in fact, 

J Pd ‘^-+J Pd ‘P y = Qp d % 

dx 


J pdx 




qJp dx ^ ^ 


y = e 


-jpdx r n jpdx 


■/' 


Qer dx + ce 


-fpdx 


( 6 ) 


Equation (G) is in effect a formula for the solution of (2). The function 
y as given by (6) thus will be completely determined provided merely 
that the two indicated integrations are performed. 

Linear differential equations (including those of order higher than 
the first, which are considered in Part II of this chapter) are of consid- 
erable importance in engineering applications because of their frequent 
occurrence. Some of the physical problems leading to linear equations 
of first order will be discussed in Art. 7 and in later chapters; we now 
examine a formal problem in order to illustrate the manner in which a 
linear equation is solved. Consider the equation 


dy 

dx 


e x — 3 xy 


This may be written in the form (2), 


dy 3 (P 
7x + ~x y=Z J’ 


(7) 

( 8 ) 


so that it is linear with P - 3/x, Q — <f/x 2 . We have here 


R = 


fpdx 

C 



= e 3 ln - = x 2 . 


(9) 
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In tlic last step we lmcmade u c e of the idcntit\ e ln i = A, which is of 
frequent utihU in our work Multiplying (8) b\ x 3 , we then get 

x 3 ~ + Zjrp « tc*, 
dx 

w Inch is evidently exact, as it should be Consequently 


and 




X(f dx 


( X — l)c * + c, 


(X - l)c* 


c 


( 10 ) 


In all the foregoing Arks 2-5, we have arbitrarily assigned tor and y 
the roles of independent and dependent \ ambles rcspectnely E\i 
dcntly' this ts a matter of nomenclature only , and similar discussions 
may be applied to the equation 

y- - $(x, y) (11) 

dy 

If a guen differential equation is homogeneous when written m the 
form dy/dx <= /(x, y), it is apparent that the equation dx/dy «=> l//(x, J/) 
«=* <£>(x, y) will likewise tie homogeneous If the equation is one in 
which the xannbles arc separable or one for which an integrating 
factor may be found b\ inspection, it is again immaterial whether we 
consider the form dy/dx ** /(x, y) or the form dx/dy ** ${x, y) But 
it may happen that a gnen differential equation, when written in the 
form (1), is not linear in y and dy/dx, whereas it will be linear in x and 
dx/dy when written in the form (11) Tor example, the equation 

dy r it 
dx ~ - 3xy 

« obi jously not linear in y and dy/dx but if ire wn to it 
dx - 3xy t* 3 
dy v* IT y 

we see tint it is linear in x and dx/dy — it v m fact, identical in form 
with (7), on!\ x and y haung been interchanged If, therefore a 
specific equation docs not appear to be susceptible to the methods of 
Arts 2-1 and ts not linear in y and dy/dx when written in the form 
(1), it ts well to put the equation in the form (II) to see whether it 
mn\ Ik> linear in x nnd dx/dy 
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Solve each of the differential equations in Problems 1-20 

« dy 3 if - x 3 dy 

1- — - - ; — 2. — = 4 er* 4 

ax dxy- dx 

„ dy y y dy 3 - x 


3 . ~ cot -• 

dx x x 

5. rr ® (1 + y) esc a* — cot a*. 

dx 

7 dy _ + 2 ;/ 

dx x 

dy _ i/ — t sin x — cos a: 
da* at 

u. * . _ » . 

da; x + vji/ 

io dy y - Vx 2 - 7/ 2 

13> 3? = * 

IK <hj 1 

16. — = 

dx x — y 

n dy y n y 

it t H cos- - 

dx x x 

19. ^ = v r 5 + ;r + y 

* dx X 


dy n 

2. j- = 4c 2 * + 2y. 

dx 

4 rfy ^ Z — xy 
dx 2x 2 

6 _ 4x 2 + 3 t/ 2 

* dx 2x// 

g dy ^ 4x 2 - 2# 
dx x 

io — = + y 

dx x 

12 — - 4 ln x ~ 


14 ffo = sin x - (x - y) cos x 
da - sin x 

16. £ = A - 1 

dx 7/C y — x 

18. — = — 4- 

i x In (j//x) 


dy 2x + 2y 


(U x dx 3x + y 

l»m;^™!.’ r0b '“” 22 "" ArL 3 ty c °"“ d “»« cation „ 

li, 22 'r. S ° IVC 24 ° r " ,0 “ t0l, °' rine Arl - 3 by 'OMlIcnng the equation n s 

23. Solve the equation dyfdx = j//(x + y) by three methods. 

24. (a) By making the substitutions x = x> 4- h v = 4- z- „„4 +I , . 

mining proper values of the constants h and k, show that the equation ^ ° ^ 

dy _ aix + b\y 4- ci 
dx (MX + 5^7 / + C2 * 

where ai/bi s* flj/fc, may be transformed into the homogeneous equation 

— — a i :r i + &i iji 

Hence solve the equation ^ ° 2Zl *** 

~ 2x + 2 V ~ G 

-- ^quaUon into 2/ ot STim V* 0 SUbstUution 

separable. Hence solve the equation wh,ch the enables are 

djj = a- + 2g - 3 
dx 2x -f 4 y - f 
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25 Show that BemouUCi tqualum, 

where V and Q are function* of i onl> an 1 n u a constant other tlian rcro or Unit}, 
mai bo transformed into a linear equation b} the Fubdltution t — u , ~ m Hence 
rolre tin equation m 

dy xu +5/ 
dr ~ x 


If n u icro or unit} how may the equation In sohnl* 

6 Equations of order higher than the first The simplest t\ pc of 
differential equation of order ri is 


for wc get bj immediate 

r-'v 

dx*~ x 

cT- g y 

dx n ~‘ 


dx n 
integration, 


Fix), 


- fF(z)dx + c If 

^ rfx * + ClZ *** Ca ’ 


( 1 ) 


so that n integrations yield y as the sum of an n-fold integral of T(x) 
and a polj normal of degree n — 1 with n arbitrary constants as its 
coefficients 

Consider next an equation from winch the dependent \ unable y w 
lacking We make the substitution * 


rfy 

p "£’ 

tog< ther with the resulting substitutions, 

dp <Fy (Pp <Py (P^p <Py 

dx dr 3 ’ dr 3 dr 3 ' ’ dx n ~ l dx n ’ 


( 2 ) 

0 ) 


ami con^equrnth the original equation of order n with y as dependent 
i unable w replaced hj an equation of order n — 2 w jtli p ns dependent 
tunable If, in particular, the giten equation is of second order, tins 
substitution gnes us an equation of the first order to which one of the 

* If djfdz ii a No lacking but two or more lusher tlimatlves nppcnr we iwt p 
equal to ihetWn&titcpf knvrit order prerent find make cone*ponchns: substitutions 
(or the hi*!vr tlrmutivn. 
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methods already discussed may apply. When p may be found in terms 
of x and n — 1 arbitrary constants, an integration mil then give us 
the general solution of the original equation. 

As an example, consider the equation 


fy, 2 — 

dx 2 dx 


— Gx 


-3 = 0. 


( 4 ) 


The dependent variable y does not appear in this equation, so that 
wc may substitute p = dy/dx, dp/dx = d 2 y/dx 2 . Then equation (4), 
of the second order in x and y, becomes 


— + 2p - Gx - 3 = 0, (5) 

dx 


■which is linear of the first order in p and dp/dx. W r e solve this by the 
method of Art. 5, getting, since e 2x is an integrating factor, 

e 2x p = J (Gx + 3)e 2x dx — 3xe 2x rf c I} 


and 


p - ~ = Sx + CxC 2x , 
dx 

3s: 2 

V = — + cie - x + C2, 
A 


( 6 ) 


where Cj = — cj2 and c 2 are arbitrary constants. 

An equation from which the independent variable x is lacking may 
likewise be transformed into an equation of lower order by means of 
the substitution (2).* Here, however, it is necessary to get an equa- 
tion in ?/ and p, so that instead of the relations (3) we require expres- 
sions for d k y/dx h (k ~ 2, 3, • • •, n) in terms of p and its derivatives 
with respect to y. W r e have 


d 2 y dp dp dy dp 
dx 2 dx dy dx ^ dy ’ 


d 3 y _ d / dp\ _ d / dp\ dy 
dx 3 dx\ dy) dyXdy) dx 



( 7 ) 


and so on. If the equation of order n - 1, obtained by substituting 
the values of dy/dx, • • •, d n y/dx n as given by (2) and (7), can be solved 
for p in terms of y, we can find x as a function of y by integration. 

* footnote, p. 1G. 
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To illustrate the procedure, let us soU c the equation 
dry 


dry (dyY 
y~rz + ( — ) 
dr' \dj/ 


+ 4 « 


( 8 ) 


Since x is absent, uc set dyfdx =* p, dry/dx 1 = p dp/dy, getting 

’jp% + f+i = o, 


Pdp + dy ^ o 
p 3 + i y 

4 In (p s + 4) + In y — In Cj, 
(p 2 + i)r - c?. 



Ct - jjT 
IT * 


rfy ±Vc| - Ixr* 


ydy ^ 

Vci - ir 
- Vci - lr - 


±dx, 

±4(x +• C*), 


lG(z + Cj)* + 4I/ 2 = C| * 


( 0 ) 


There are other types of equations that may be soli cd by special 
method', but we shall consider in this book only one other class of 
equations of order higher than the first These, designated as linear 
differential equations, arc of such great importance in engineering that 
we shall dc\ otc all of Part II of thus chapter to their stud} 


TROBIXMS 

Sohe the following differential equations, y“ t anil y"’, respectively, denoU. 
dy ds <T y/dx 3 , ami d'y <Lr* 

1 y'" - x cos x - 2 lx* 2 yy - y'* 

3 X s /' + 2X; - l 4 y' + y'J + 1 _ 0 

0 (I + v'V - tj n 6 x*y + J-V - 2s - 3 

* ll ma> l»* otmrml that this fwrtieulir rximfle nn is mlvrd mom easily if 

wn notice llial the fir*t two terms of equation (*1) reprt-a nt R e ptjpI dr nvntnc «f 
ydyfdt, (pfin one integrati in jj I Ls ydjhlx + -lr - Ci 2 A second intccrnlwn 
t» en ruts us thp so’ution y 3 + lx’ •* Cix + Cj w hipli is cqimalr nt to ( l) 
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7. xy" — 2xy 72 — y' = 0. 
9. yy" + 2 1 /' 2 = 0. 

11. y" + /:V = 0. 

13. ;ry" = v'. 

15. yy" m 2y' 2 + 4y 2 . 

17. ary" - 2 xy' 2 = y'. 

19. yy" + y' 2 + 1=0. 


8. yy" + y' 2 = 2y'. 

10. 2 yy" + y 2 = y' 2 . 

12. yy" - y' 2 + y' = 0. 

14. ar 2 y" + y' 2 + ary' = 3a; 2 . 
16. xy" + y' 2 = 1. 

18. 2 ary" + y' 2 = 4xy'. 

20. yy" + y' 2 = 2y" 2 . 


7. Applications. We shall treat in this article a few geometric and 
plysical problems leading to differential equations. Further problems 
into which first and higher order differential equations enter are con- 
sidered in connection with other topics in later sections of this book. 

(a) Orthogonal trajectories. By an orthogonal trajectory of a famify- 
of curves is meant a curve that cuts each member of the given family 
at right angles. Thus, if the given family consists of the straight lines 
y = c parallel to the x-axis, the straight line x = const, will be an 
orthogonal trajectory, and the aggregate of lines x = o' will constitute 
a family of orthogonal trajectories to the family y = c. 

In the preceding simple example, it was easy to obtain the orthogonal 
trajectories by geometric intuition. To illustrate the general procedure, 
let us find the orthogonal trajectories of the family of circles 


x 2 + if = cx, 


( 1 ) 


all of which pass through the origin and have their centers on the x-axis. 
In order that two curves shall intersect at right angles, it is evidently 
necessary that the slope of one curve at the point of intersection be 
equal to the negative reciprocal of the slope of the other curve at that 
point. Hence we first find the expression for the slope of the circles at 
the point (x, y) and then take the negative reciprocal of this expression 
as the value of dy/dx for the orthogonal trajectories. Differentiating, 
with respect to x, the equation of our family of circles, we get 

dy 

2X + 2y ^ = C ' (2) 


Eliminating the arbitrary constant c between the given equation (1) 
and the derived equation (2), we have 

x* + f = 2 x 2 + 2 xy — , 

dx 


and the slope of the circles is given by 

dy f — x 2 


dx 2 xy 


( 3 ) 
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Consequent!} the differential equation of the required trajectories 
will be 


dy 2xy 
dx x* - y 2 


( 4 ) 


Tins is a homogeneous differential equation which rrm be solved b} tlie 
method of Art 4 However, if wo WTito it in the form 

2 xy dx — x 2 dy + if dy = 0, (5) 

the combination 2xydx—3rdy suggests the differential of x*/y 
d(x?/y) =» (2xydx — x 2 dy)/jf Hence \f\f is an mtegrating factor 
for (5), and we have 


2ry dx — x 2 dy 

if 


+ dy 


0 , 


— h y « e', 

V 

x 2 + 1/ 2 » c'y 


(C) 


The orthogonal trajectories (0) of the circles (1) are therefore also 
circles passing through the origin but with their centers on the y avis 
In our definition of orthogonal trajectories vse have emphasized the 
fact that each member of the gi\ cn familj is to be cut at right angles 
It is therefore important that uc eliminate the arbitrir} constant 
between the given equation of the famil} and the derived equation tn 
order to obtain an expression for the slopo of an> one of the given 
family Thus (3) represents the slope of the circlo through the point 
(x y), and since this mav be an} point we have an expression for the 
slope of each circle If w c liad taken tho v alue of dy/dx as giv cn b} (2), 


dy c — 2x 
dx 2 y * 

wd bad tsJhcw vwstaad t/i ^ tJfofc rdzAwn 
dy 2 y 

dx 2x — c * 
w c sliould Iiav c obtained 

dj ^ 2 dx 
y 2x - c 

In y ** In (2x — e) *f In c", 
V - c"(2x - c), 


( 7 ) 
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a doubly infinite family of straight lines. Now, for any particular value 
of c, equation (1) gives us a particular circle with center at (c/2, 0), 
and then (7) represents the family of straight lines cutting that circle 
at right angles. For a given value of c', equation (6) gives us a curve 
cutting all the curves (1) orthogonally, whereas (7) yields merely a 
system of straight lines no one of which cuts all the circles (1) at right 
angles. Hence equation (6) represents the true orthogonal trajectories 
of our circles (1). 

The concept of orthogonal trajectories has been presented here as a 
purely geometric application. It is, however, also of considerable 
importance physically in connection with field problems, as we shall 
see in Chapter X. 

(f>) Dynamics. Of fundamental importance in mechanics are 
Newton’s three laws of motion, which u T e state here for ready reference. 

I. A particle persists in its state of rest, or of motion in a straight 
line with constant velocity, unless some force acts to change that state. 

II. The rate of change of momentum of a particle is proportional to 
the force acting on it and is in the same direction as the force. 

III. Action and reaction are equal in magnitude and opposite in 
direction. 

The second law, which includes the first as a special case, states that 
the force F acting on a particle of constant mass in moving with wag- 
ing velocity v is proportional to the time rate of change of the mo- 
mentum mv, or 

d dv 

F — k — (mv) = km — = kina, 
dt K dt 


where a = dv/dt is the acceleration of the particle and k is a constant 
of proportionality depending upon the system of units employed.* 
Wien c.g.s. (ccntimeter-gram-second) units are used, so that mass is 
measured in grams and acceleration in centimeters per second per 
second, we may lake F in dynes, so that k — 1, or we may take F in 
grams, so that k — 1/g, where g is the gravitational constant, approx- 
imately equal to 980.5 cm./sec. 2 When f.p.s. (foot-pound-second) 
units are used, so that mass is measured in pounds and acceleration 
in feet per second per second, F may be measured in poundals, making 
k ~ 1, or in pounds, making k = 1/g, where now' g = 32.17 ft./sec. 2 
approximately. 

Consider now a mass of 100 lb. being drawn along a rough surface. 
Let the force in the direction of motion be 30 lb., let the force of friction 
be 20 lb., and let there be an air resistance whose magnitude in pounds 

* See Appendix. 



ORDINARY DIFFERENTIAL EQUATIONS 


[CiiAr. I 


is equal to twice the speed in feet per second at any instant. If the 
body starts from rest at time / = 0, what will be the velocity and the 
displacement from the initial position at time t ? 

Let x (ft ) be the displacement from tho initial position (x = 0), 
and let v (ft /sec ) be the velocity at time t (sec ). Here the force acting 
in the direction of motion \\ ill be positive, and the forces opposing the 
motion nil! be negatixe Consequently tho resultant force F (lb ) will 
be 30 — 20 — 2v <= 10 — 2 1 , and w e ha\ e as the equation of motion 


10 ~2p 


100 dv 
g dt * 


( 8 ) 


where g *= 32 17 ft /sec. 2 This is a differential equation of tho first 
order in wluch the variables are separable, so that we wnto 


dv 

5 — v 


— dl 
50 


( 9 ) 


Instead of finding the general solution of (0) and then determining the 
arbitrary constant, it is moro comcmcnt to integrate (9) between 
limits Since the body starts from rest at time t = 0, wc haxe v 0 
when i *> 0 This corresponding pair of values will serve as lower 
limits in our integration, the upper limits being v *» e and t <= l 



and 


t* 


dx 

Tt 



5 — r 
5 


£ 

50' 


c-* lli0 , 


■» 5(1 — e” ,,/50 ) ft /sec. 


( 11 ) 


Likewise, since x •» 0 when l « 0, we get 

Cdx « f 5(1 - e-*" 50 ) dt, 

JO Jq 

/ 50 50\ 

x „ 5 ( f -J e~ |,;w> ) ft. 

\ g g / 


(12) 


Lquations (11) and (12) p\c m tlic x cloeity and displacement a.s 
functions of l 
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We see that both v and x are zero for t — 0, as they should be. 
Moreover, both v and x increase with increased t, but x increases with- 
out limit wliile v tends to a limiting value: 


lim v = 5 ft. /sec. (13) 

t -* « 


This agrees with the value of v found by setting dv/dt — 0 in equation 
(8). The values of v and of a; at a particular time t are readily found 
by using a table such as Peirce’s.* Thus, when t = 1 sec., we get 

v] M - 5(1 - <r 32 ' 17/60 ) = 5(1 - e-0-0434) 

= 5(1 - 0.5255) = 2.37 ft./sec., 


1 * 


1 + 


50(0.5255 - 1) 
32.17 


= 1.31 ft. 


(c) Chemical solutions. Consider a tank initially holding 100 gal. 
of a salt solution in which 50 lb. of salt are dissolved. Suppose that 
3 gal. of brine, each containing 2 lb. of dissolved salt, run into the 
tank per minute, and that the mixture, kept uniform by stirring, runs 
out of the tank at the rate of 2 gal./min. Find the amount of salt in 
the tank at any time t. 

Let Q be the number of pounds of salt present at the end of t min- 
utes. Then dQ/dt will be the rate at which the salt content is changing. 
This in turn will be the number of pounds gained per minute owing 
to the inflow of brine, minus the number of pounds lost per minute 
owing to the outflow of the mixture. The rate of gain will evidently 
be 3 (gal./min.) X 2 (lb./gal.) = G (lb. /min.). Let C (lb./gal.) de- 
note the concentration; then the rate of loss will be 2 (gal./min.) 
X C (lb./gal.) = 2 C (lb./min.). Now the number of gallons of brine 
present after t minutes will be 100 + t, since the original number, 100, 
is increased by 1 gal. each minute. Hence C = Q/(100 + t), and we 
get the relation 


dQ_ 2 Q 
dt 100 + t 


(14) 


This is a linear differential equation of the first order (Art. 5), the 
integrating factor for which is readily found to be (100 + t}~. Thus 
we find, upon integration, the general solution 


(100 + i)-Q = 2(100 t) z -f k, 

B. 0. 1 rircc, A Short Table of Integrals.” YTc slinll make frequent reference 
to this htxik. 
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where t is a constant. Using the initial conditions, Q = 50 when 
t = 0, we obtain L —1,500 000, and therefore 


Q - 2(100 *f 0 


1,500 000 , 

-lb 

(100 + /) 2 


(15) 


It is seen that Q is an increasing function of i 
for example, we Ime 




2G0 - 


1 500 000 
10,900 


At the end of 30 mm , 


1711b 


id) Heat flmr Experimental studies of the flow of heat in a body 
lead to the following laws 

I The quantity of heat m a bod} is proportional to its mass and 
to its temperature 

II Heat flows from a higher to a lower temperature 

III The rate of flow across an area is proportional to the area and 
to the temperature gradient, j e , the rate of change of temperature 
with respect to distance, normal to the area 

Let us appl} laws II and III to a problem in stead} -state heat flow, 
that is, flow, the rate of which is independent of the time * We shall 
use c ga units Let q (cal /sec ) be the constant quantit} of heat flow- 
ing through an area A (cm 2 ), perpendicular to the direction of flow, m 
each second, let ti (°C ) be the temperature at a point P of the bod), 
and let x (cm ) be the distance, taken as positn c in the direction of flow, 
from some point chosen as origin to the point P Then bj law III, the 
magnitude of q will be K 1 du/dx, where the constant K is a propert) 
of the material of the body and is called the thermal conducting 
(cal /cm deg sec) But, b) law II, the temperature decreases in the 
direction of flow, and consequent!) du/dx will be negatne Hence we 
ha\ c the relation 

du 

g - -KA (1G) 


Now consider a ealindneal pipe containing steam and cohered 
with an insulating material of thermal conducting h I/'t the 
timer and outer radii of the insulating c)hndncal shell be Xi and xj 
respectn eh, and let the corresponding temperatures be tq and u. 
tv'-pcctnrl) Under "lead) -state conditions, belt will flow radialh, 
and the area f perpendicular to the direction of flow wall lie the later il 
surface of a c) Itndcr of radius x, where xi £ x £ x 2 I or a length L 

* Tltr frjorr rrnci-il pro! !om of I rat flow at a mto vaow>8 with tl o time I ft li 
to n jrartia! d 'Trn ntiil rqtnliott we Chapttr \ II Art, 71 
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(cm.) of pipe, we therefore have A — 2-xxL, and consequently our 
differential equation (16) here takes the form 

du 

q = -2irKLx — (1‘) 

dx 


Separating the variables and integrating between limits, we get 


if 


,r = dx 

x 


-2t rKL du 




and 


gin — = — 2 ttKL{u 2 — u i)> 

Xi 


2i?KL(ii\ — u 2 ) 
In (x 2 /x 1 ) 


(18) 


Hence the rate of flow of heat through a cylindrical shell is directly 
proportional to the difference of inner and outer temperatures and 
inversely proportional to the logarithm of the ratio of outer to inner 
radius. 

(c) Electric circuits. IVe shall consider here merely a simple circuit 
containing a resistance and an inductance in series with a source of 
electromotive force (e.m.f.).* Resistance is that circuit parameter 
which opposes the current, and which causes the dissipation of energy 
in the form of heat. If a potential drop Er (volts) across a coil is pro- 
portional to the current I (amperes) flowing through the coil, we have 
Ohm’s law, 

Er = RI, (19) 


where R (ohms) is the resistance. Inductance is that circuit parameter 
which opposes a change in current, and is analogous to inertia in 
mechanics. If a change in the magnetic flux linking with a circuit, 
due to a variation of current flowing in the circuit, gives rise to a counter 
e.m.f., there will be a corresponding drop in potential El proportional 
to the time rate of change of current, 

dl 

< 20) 

whore L is the inductance and t the time; when El is given in volts, 
I in amperes, and t in seconds, L will be measured in henries. 

* Series circuits containing resistance, inductance, and capacitance nrc considered 
in Art. 14 '(d). More complicated network problems are discussed in Chapter XI. 
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The fundamental laws for electric circuits and networks are known 
as IvtrchhofT s laws 

I The algebraic sum of all the potential drops around a closed 
circuit is zero 

II The algebraic sura of all the currents flowing into a junction is 
zero 

In dealing with a single closed circuit, only law I is needed For 
our case, it leads immediately to the relation 

dl 

E-Rl-L—^ 0, 
dl 
or 

L~ + RI = E> ( 21 ) 

at 

a here E is the impressed cmf and / w the instantaneous current at 
time I Let us sohe the differential equation (21) under the assumption 
that a constant cmf E is impressed at time / = 0, no current liai mg 
flowed previously Since the \ ambles are then separable, we June 

dl r f di 

Jo E~—Jll ~J 0 

[ Ia(£-R/)]'=- 

E — El 

In - 

E 

/■=£(!_ r mL ) ( 22 ) 


l’ 



El 


Inspection of equation (22) shows us that the current increases with 
increase of t and approaches as a limit the Ohm's law \nlue E/R 
Usually the ratio E/L is numerically large, so that after only' a short 
tunc the current \aluc 1 differs from E/R by n negligible amount 


if) Deflection of beams Con- 
Fider first a roil under tension 


y J0 2 (Iig 2), and assume that 

Hookt’a law is obeyed so that 
the force F w proportional to the elongation t produced The work 
done by the force F « he wall then be 


TV ~ )Fdc - Jt fedr - - iFc 
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Tlius the work done is equal to the product of the average force, 
£(0 -}- p r ) ] and the distance through which the varying force acts. 

“ We now think of the rod as being a fiber of a small piece of a bent 
beam (Fig. 3). Let A A (ft. 2 ) be the cross-section area of the fiber and 



let S (lb./ft. 2 ) be the stress per unit cross-section area, so that the force 
S A.-l now corresponds to an elongation Ac (ft.). If As (ft.) is the nat- 
ural unstretchcd length of the fiber, Ac/ As is the stretch per unit 
length. Consequently we have, by Hooke’s law, 

Ac 

S = E~> (23) 

As 

where the constant of proportionality, E (lb./ft. 2 ), is Young’s modulus, 
or the modulus of elasticity. 

The surface containing those fibers whose lengths are unaltered 
when the beam is bent is called the neutral surface. The curve of one 
of these fibers, BB', is called the clastic curve of the beam. The line 
A A r ', lying in the neutral surface and shown in the cross-section view 
of Fig. 3(6), is called the neutral axis for that section. Let R (ft.) be 
the length of BC, the radius of curvature of the fiber BB', and let z 
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(ft ) be the distance of A.1 from A r A" Tlien wc hate the proportion 


The moment of the force S Ad about AhV' is zS Ad Summing 
all such moments ot cr the cross-section of the be im, w e get the bend- 
ing moment M producing the deflection of the beam 

M = fsSdl =fzEj^dA =JzE~dA « £|V tfd. 

bj (23) and (21) But the last integral represents the moment of 
inertia 1 (ft 4 ) of the cross-sectional area of the beam with respect 
to the neutral axis A f A" Hence 

FI 

If - — (25) 

R V 

Since the force SAd acting on the fiber of length As corresponds to 
the elongation Ac, the work done in deforming this fiber, and hence 
the potential energ> stored m the filler is Air ** \S A A Ac Making 
use of relations (23) and (24) \\c then get 

- * E ~ Ad Ac = -Ez 2 Ad 
2 As 2 li* 


Integrating first otcr the area A we find that tlie potential cncrg> 
stored in the portion of tlie beam of length As and nuhus of cunnturc 
II is \Ll A «//£ 2 integrating again along the entire length L (ft ) of 
tlie lieam we get 

I <26) 

ws Wve VsA*V. pcftenVnA vtarp^ Ikxnvh to Vue Vaann 
Now we hate, from differential calculus, 


*-(n-yV*. f~^ 

Mlien the bonding u small, t/ is small, and wo maj neglect j/ 3 m com- 
panion with umtt , obtaining the close approximations 
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Using these approximations, equations (25) and (26) become 

M = Ely", 

El r L o 

TF = — I 2/ 2 da;. 

2 Jq 


(27) 

(28) 


Formula (27) is applied in several problems in this chapter; formula (28) 
will be used in connection with the beam problem of Art. 52, Chapter V. 

Suppose that the beam rests on supports at the ends and is slightly- 
bent under the action of a number of concentrated loads (Fig. 4). 


Ax 


b' 

I 

\ 


Mi\ 


i'M+AM 


90 


Fig. 4 


Take two sections, aa' at x and bb' at x + Ax, with no forces between 
them, acting on the beam, and let M and M 4- AM be the bending 
moments at the two sections. We now define the vertical shear Q 
at the section aa' as the algebraic sum of all the vertical forces acting 
on the beam to the left of aa', including the reaction at the end. 
Choosing the upward direction as positive, Q will be positive or nega- 
tive according as the resultant force to the left of aa' is upward or 
downward. For the difference between the bending moments at the 
two sections, we have approximately 


whence, in the limit, 


AM = Q Ax, 
dM 


(29) 


Using the approximation (27) for M, (29) becomes 

Ely"' = Q. (30) 

Suppose now that the beam carries a load q per unit length. Then 
AQ, the (negative) increment in Q in going from section aa' to section 
W, is approximately 

AQ = — q Ax, 

which gives, from (30), in the limit, 

Ehr = ~q. 


(31) 



so 


{Crur I 


ORDIWPA DIFFERENTIAL EQUATIONS 

When this equation is used with the y-axis positive toward the convex 
fide of the curv e, as in the application of Art 25, Chapter II, it becomes 

Ely* = q (31') 

As an example let us find the equation of the clastic curve of a 
beam L ft long resting on supports at the ends and slightly bent under 
a uniform load of q lb /ft e take the ongm at the left support and 
the y-axis positive upwards, then consider the bending moment at a 
•section through P at a distance x from the ongin (Fig 5) Wc set the 



expression for bending moment at P, Ely " (equation (27)), equal to 
the sum of the moments of all the forces acting on the beam on one side 
of P y saj to the left Since y" is positiv e on a curv c w hen it us concai o 
toward the positive direction of the y axis, we write a moment ns posi- 
tiv e when it tends to produce concavity in the direction of the positive 
y-axis Since y" is negativ e on a curve when it is concav c tow art! the 
negntiv e y axis, w e write a moment as negativ e when it tends to produce 
concav it> m the direction of the negativ e y axis The load qL is equally 
distributed on the supports causing an upward force qL/ 2 at the left 
support, and the load on OP, acting downward at the middle point 
of OP, is qx The differential equation of the elastic cun c of the beam 
is therefore 

Ely"- q jx-qx | (32) 


Here x and y arc in feet, E in pounds per square foot and I in feet to 
the fourth power Integrating 




+ Ci 


qhx 1 qx 3 

1 1 o' 

Since / — 0 when x “ L/ 2, C x « —qL 3 / 21 Integrating again, 
qLx 3 qx* ql?x 
% ~V1 


Ely 


- + c 2 
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Since x « 0 when y = 0, C 2 = 0, and the elastic curve of the beam is 


y = — (a; 4 - 2Lx 3 + L 3 x). 

" rn 77TT V 


24EI 

The maximum deflection is the value of — y when x = L/2, that is 

{L 4 2L 4 L 4 \ _ 5gL 4 

l — - 384SJ - 


Max. defl. = 


f- 


2L 4 L 4 
24EI VlG 8 + 2 


We could have obtained the differential equation (32) by starting 
with equation (31), EIy' v = —q 

Integrating, 

Ely'" = -qx+C. 

Since the shear Q = Ely'" = 0 when x = L/2, C — qL/2. Integrat- 

qx 2 


mg again, 


" 2 qL 


Ely" m - — + — * 4. C'. 
2 2 


Since the bending moment M = Ely" = 0 when x = 0, C' = 0. 


Hence 


qx 2 qLx 

Ely" = - — + 

2 2 


It is clear that this differential equation (32) holds for any position 

of the point P, that is, for all values of x in the range 0 s; x 5S L. 

Accordingly, we are justified in using deflection values y and slope 

values y\ wherever they are known in that range, for the evaluation 

of the constants of integration C x and Co, and the resulting elastic 

curve equation is valid throughout that range. 

Suppose, now that our beam, of length L ft. and simply supported 

at its ends as before, carries a concentrated load of TP lb. at its center 

instead of a uniform load of q lb./ft. Then for any point P in the left 

half of the beam wc have 

nr " W n L 

Ely^—x, (33) 

and for a section in the right half, 

rT » IP __ f L\ Tf x L 

Lhjo = — x - T1 [x - -J = — (L — x), - :£ x ^ L. (34) 

Using the conditions y x - Oforx = 0 , y\ = Oforx = L/ 2, (33) yields, 
as the equation of the left half of the elastic curve, 

Elyi = T^Wx(;ljr - 3 L 2 ), 0 g X g L/2; 


(35) 
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similarly, with y* = 0 for x = L and y~ = 0 for x — i>/2, t\e pet 
Ely, « ~ x)(*> 2 “ SLx + -lx 2 ), £/2SiS £»> (3G) 

for the right half of the elastic enn c Because of symmetry , only (33) 
and its solution (33) are needed in this particular problem; (34) and 
(3G) are obtainable, if desired, by replacing z by L — x in (33) and 
(33), respcctn cly 

PROBLEMS 

1 Find the orthogonal trajectories of the family of hjjw rliotas r s — jr — cy 

Z Find the orthogonal trajectory, tlirough the point (0, 1), of the system of 
cuncs y — 2x 4- ee* 

3 Find the orthogonal trajectories of the clhp<ies Ax* + y : — cx 

4 F ind the curves that cut the circles x* + jr «■ c at an angle of 45° 

6 If a cjhndneal can with vertical axis contains a liquid ami is rotated about 
its axis with constant angular \clocity «, show tliat the surface of the liquid forms 
a paraboloid of resolution 

6 A 20-lb weight moves in a horizontal straight line under the joint action of 
a constant force of 12 lb in the direction of motion, and a resisting force a hose 
magnitude in pounds is equal to four times the instantaneous vclocitj m feet per 
second If the body starts from rest, find its vclocitj and the distance tmaeied 
after \ fee 

7 \ weight of 100 lb falls from rest If the resistance of the air is propor- 
tional to the speed and if the limiting speed is 173 ft /sic , find the speed at the 
end of 5 sec 

8 A body falls in a medium offering resistance proportional to the speed at any 
instant If the limiting speed is 50 ft /sec , and if the bod> attains half tliat speed 
in 1 sec , w list w as the initial speed? 

9 A 10-lb weight is projected downward with an initial \< locity o! 15 ft /sec 
If tlie air resistance is proportional to the speed and if the limiting speed H 30 
ft sec, how far has the l>odj traveled when it 1m readied a speed of 20 
ft wc.7 

10 A 100-lh weight falls from rest against resistance proportional to the speed 
at anj instant If the body attains speeds of rj an<l r, ft /wc after 1 anil 2 see 
in motion respectively, find an expression for the limiting v< locity 

11 A 10-lb weight falls from rest against n re«:stnnci proportion'll to the speed 

at an> time | (sec ) (a) Letting L (ft re c ) denote the limiting speed, fin 1 an tx- 

pre-cion for the \cloettj c (ft /«e) (fi) Find the ratio of tlic times required to 
reach ) and ^ of the limiting speed 

12 A body falls from rest against resistance proportional to the square root of 
the speed Rt ft ny m«tunt If the limiting speed u 35 ft /sec , find tin time required 
to attain a sjieed of 25 ft «rc 

13 A HMb weight falls from rest against a rrsutanro proportion'd to r", where 
r {ft err ) L« tin* speed If the limiting sj>ced u 3 ft /sec , how long will it tale the 
body to attain a sjs-etl of 2 ft /sec * 

14 A ls>|j falls from rest ngxin.it a resistance proportional to tho cube of tie 
»pred at an> m*tatit If the limiting speed la 10 ft /k-c , find the time required to 
attain n speed of g It /see 
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16. A body falls into a liquid of the same density as the body. The entering 
velocity is 16 ft./sec., and the velocity 1 sec. later is 9 ft/sec. Assuming resistance 
proportional to v H t where v (ft./sec.) is velocity, find the time required for the speed 
to bo reduced to 10% of its initial value. 

16. A body falls into a liquid of the same density as the body, the entering 
velocity being 1 ft./sec. at time / *= 0. When i = h and / * (2 sec., the velocity 
has the respective values ei and t *2 ft./sec. Assuming that the resistance is propor- 
tional to v n (n 7* 1), show that the constant n satisfies the relation fefoi 1 *"" - 1) = 
h(v 2 l ~ n “• 1)» and hence may be determined, 

17. A rope is wound on a rough circular cylinder of radius a (ft.) and with hori- 
zontal axis (Fig. G). Let the coefficient of friction bo p, 
let T (lb.) be the tension in the rope at any point P, and 
let 6 be the angle AOP . Neglecting the weight of the 
rope, show that, when the rope is on the point of slipping 
in the counterclockwise direction, 


whence 


<1T_ 
dO 
T > 


t*T, 

To^, 



whore To is the tension at A. 

18. If the rope of Problem 17 is of linear density p (lb. /ft.), show that when 
friction is neglected the tension T is given by 

dT 

— = pa cos 0, 


whence, assuming T ~ 0 for 0 *» 0, 

T — pa sin 0. ♦ 

19, (a) Taking into account both the weight of the rope of Problems 17 and 18, 
and the friction, show that 

dT rrr , , 

— = pT + pa(cos 0 + p sin 0 ). 


Q>) If one end of the rope is at the level of the axis of the cylinder and the other 
hangs down to a distance L (ft.) below the axis, show that 


L = 


2pa 

r+v 


(1 + e r a 


(<’) If one end of the rope is at the top of the cylinder and the other is at the 
level of the axis, show that 

tan 2a = c {r/2) ,an “ 

where ft *= tan «. 

20. A particle moves in a horizontal line acted upon only by an attractive force 
which varies inversely as the cube of the distance .r from a fixed point 0. If the 
particle starts from rest when a- = 20 ft., and if r = 10 ft. when l = 1 Fec . fmd 
the time it takes to travel three-fourths the total distance to O. 

21. A particle of weight v (lb.) is constrained to move in a horizontal circular 
path of radius a (ft.), (a) If the particle is subjected only to a resistance propor- 
tional to the square of the speed at any instant, show that the differential equation 
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of motion m3) be written as 



where 8 (rad) is the angular displacement and £ (sec) is time (6) If the particle 
starts mth an initial speed ifc (ft /M*c ), show tliat 

22 \ particle moves from rest at a distance of 1C ft from a center of attraction, 
the force varying inversely as the three-halves power of the distance, and the initial 
acceleration being 1 ft Me * Find the time required to reach the center 

23 \ particle falls from rest toward the earth (radius R — 39GO miles) at a 
distance It from the earths surface Using the inverse square law of attraction, 
find the time required to reach the earth 

24 Two electrically charged particles repel each other with a force varying in- 
verse Iv as the square of the distance between them. One particle is fixed, and the 
other of weight 2 grams, is free to move without friction Initially both particles 
ait at rest and 20 cm apart (a) find the initial force of repulsion if tho velocity 
is 100 cm./?ec when the particles are 40 cm apart (6) Determine the time re- 
quired for the particles to lie 80 cm apart 

25 A tank initially contains 50 gal of fresh water Bnne, containing 2 lb /gal 
of salt, flows into the tank at the rate of 2 gal /min , and the mixture, kept uniform 
by stirring, runs out at the same rate How long will it take for the quantity of 
salt in the tank to increase from 40 to SO lb 7 

26 A tank contain.? 50 gal of fresh water Brine containing 2 lb /gal of salt 
run? Into the t ink at the rate of 2 gal /mm , and the mixture, kept uniform b> 
stirnng run? out at the rate of 1 gal /mm Find (a) the amount of salt present 
when the tank contains GO gal of bnne, (6) the concentration of salt in the tank 
at the end of 20 mm 

27 A tank originally contains tOO gal of bnne holding 100 lb of salt in solution 
Two gallons of bnne each containing 3 lb of dissolved salt, enter the tank r*r 
minute and the mixture, assumed uniform, leaves at the rote of 3 gal /min (a) 
find the time for the concentration to reach 90 c c of its maximum value (6) find 
the maximum amount of salt in the tank, and sketch a graph showing the varia- 
tion of salt content with time 

28 A tank contain? 100 gal. of brine Three gallons of bnne, inch containing 
2 lb of dissolved salt, enter the lank per minute, and the mixture. Assumed uni- 
form, leave? at the rate of 2 gaL/mm If the concentration » to lie I 8 lb /gal at 
the end of I hour, how many pound? of salt should there be present in the lank 
originally* 

22 \ tank contain? 100 gal of water Bnne containing A lb /gal of salt enters 
tie tank at the rati of 3 gaL/mm The mixture thoroughly stirred Ititvr* the 
tank at the rati of 2 gaL min If the concentration I? to lie 2 lb /gaL at the end 
of 20 mm , find tb» value of A 

30 \ lank contain* fre*h wntir Bnne hoi ling 2 lb /gal of sail runs into the 
lank at the ran of I gal/mtn , ami tin mixture, arsuroed uniform, run? out at the 
rate of 3 gal nun If the wm-entratlon i? to nnrh of it? maximum value in 
30 min , how many gallons of water shout 1 th< re lie in the tank originally! 

31 A tank hoi l? IOO gal of bnne Bnne containing 4 lb /gal of salt flows into 
tie- tank at the rate of 1 gaL/min , an 1 the mixture, kept uniform, flows out at the 
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rate of 2 gal./min. If the maximum amount of salt in the tank occurs at the end 
of 20 min., what was the initial salt content of the tank? 

32. Tank A initially contains 50 gal. of brine in which 50 lb. of salt are dissolved. 
Two gallons of fresh water enter A per minute, and the mixture, assumed uniform, 
passes from A into a second tank B , initially containing 50 gal. of fresh water, at 
the same rate. The resulting mixture, also kept uniform, leaves B at the rate of 

2 gal./min. Find the amount of salt in tank B at the end of 1 hour. 

33. Tank A contains 100 gal. of brine holding 50 lb. of salt in solution, and 
tank B contains 100 gal. of water. If the brine runs out of A into B at the rate of 

3 gal./min. while the mixture, kept thoroughly stirred, is pumped back from B to 
A at the same rate, when will A contain twice as much salt as B1 

34. A pipe 20 meters long and 30 cm. in diameter contains steam at 100° C. 
The pipe is covered by a layer of insulation 10 cm. thick and having a thermal 
conductivity K — 0.00225 cal./cm. deg. sec. If the temperature of the outer sur- 
face of the insulation is kept at 35° C., find (a) the heat loss in calories per hour; 
{{>) the temperature halfway through the insulation. 

35. A pipe 20 cm. in diameter contains steam at 100° C. and is covered with a 
certain insulation 5 cm. thick. The outside temperature is kept at 40° C. By how 
much should the thickness of insulation be increased in order that the rate of heat 
loss shall be decreased 20%? 

36. A steam pipe of radius 3 cm. and at 100° C. is wrapped with a 1-cm. layer 
of insulation of thermal conductivity 0.0003 cal./cm. deg. sec. and then that layer 
is wrapped with a 2-cm, layer of insulation of conductivity 0.0002 cal./cm. deg. sec. 
At what temperature must the outside surface be maintained in order that 0.00S 
cal. will flow from each square centimeter of pipe surface each second? 

37. A pipe, 10 cm. in diameter, contains steam at 100° C. It is to be covered 
with two coats of insulating material, each 2.5 cm. thick, one of asbestos (A = 
0.00060 cal./cm. deg. sec.) and the other of magnesia {K = 0.00017 cal./cm. deg. 
sec.). If the outside surface temperature is 30° C., find the heat loss per hour from 
a meter length of pipe when the asbestos is inside and the magnesia outside, and 
vice versa. Compare the two results for efficiency of insulation. 

38. Generalize Problem 37 as follows. Let r be the radius of the pipe, let K\ 
and be the thermal conductivities of inner and outer coats, respectively, let l 
be the common thickness of the two coats, and suppose the pipe and outside tem- 
peratures to be fixed. Show that less heat loss is obtained when K\ < AV 

39. According to Newton's law, the rate at which heat is lost by a heated body 
is proportional to the difference in temperature between the body and the sur- 
rounding medium when that temperature difference is small. If a thermometer is 
taken outdoors, where the temperature is 5° C., from a room in which the tem- 
perature is 20°, and the reading drops 10° in 1 min., how long after its removal 
will the reading be 0°? 

40. An inductance of 2 henries and a resistance of 20 ohms are connected in 
series with an o.m.f. of E volts. If the current is zero when time t « 0, find the 
current at the end of 0.01 sec. if (a) E = 100 volts; (6) E « 100 sin 150/ volts. 

41. A constant inductance of J homy and a variable resistance R are connected 
in series with a constant e.m.f. E (volts). If R = 1/(5 + /) (ohms) at time i (sec.), 
and if the current / ** 0 at / « 0, what is E to be in order that the current be 
30 amp, when t « 5 sec.? 

42. A coil of inductance 1 henry and resistance 10 ohms is connected in series 
"•' i:h an n-m.f. of £q sin 10/ volte, where l (sec.) is time. When / *= 0, the current 
/ (amp.) is zero. If / = o amp. when l — 0.1 sec., what must be the value of Eq? 
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43 An inductance of 1 hcnrj and a resistance of 2 ohms are connected in senes 
with an e mf of Fe -1 volta No current is flawing initially (a) If the current 
/ - io amp when t — 1 sec , how much must E be? (b) If E — 50 volts, when 
will the current Is* 5 amp * 

44 An inductance L (hennas) and a resistance R (ohms) are connected in senes 
with an e m.f of Ft""' volts where E and a are positive constants and 1 is tunc 
(sec) Initial!} the current / (amp) is irro Find an expression for I as a func- 
tion of t and determine at what time the current reaches its maximum value 

46 When a resistance R (ohms) and a capacitance C (farads) are connected in 
senes with an e m f E (volts), the charge Q (coulombs) on the condenser and the 
current l (amp ) are given b} 




. ' 
R t i + c 


dE 
dt * 


If R — 2000 ohms 10 -4 farad and / — 10 amp for I *■ 0, find the cur- 

rent when < — 0 01 sec if (a) E — 100 volts, (A) E «■ 100 nn 120*4 volts 

46 An e m f of 100 volts is applied to a circuit containing a resistance of 1000 
ohms and a capacitance of 5 X 10 - * farad in senes VS hen the condenser is fulls 
charged and current no longer flows through the resistance, the c m f is removed 
anil tin circuit closed V sing the relations of Problem 45 find the current and the 
charge on the condenser 0 01 eec after the removal of the e m f 

47 Radium decomposes at a rate proportional to the amount present If the 
half-period is 1000 jears i e , if half of any given amount is decomposed in ICOO 
jears, find the percentage remaining at the end of 100 years 

48 In a certain chemical reaction a molecule of one substance A combines w ith 
one of a second substance B to form one molecule of C If a and b are the amounts 
of A and B re*pectm.lj, at time t ** 0 the amount of C at time t is given bv 

~ -k(a - x)(b - j ), 


where Jt Li a constant and x »■ 0 when < — 0 If x — 1 when t — 10 min , find x 
at the end of 20 min (a) w hen a - 4 b — 3, (b) when a - b •• 4 
49 A tank of cros*-*ectioml area A (ft *) at water level lias an onfiro of area B 
(ft *) at the bottom If A (ft) is the depth of water in the tank at any time I (sec), 
the rate of flow from the tank is given b} 

A~ { - -0 GB V^, 

where g — 22 17 ft /sec * Hnd the time rrqutred to empty a eyhminrti lank 4 ft 
in diameter and 8 ft long through a hole 2 in in diameter If the tank is initial!} 
full an t Its asw ts (a) vertical, (b) horizontal 

tO Two tanks one in the form of a right circular c}Iinder with vortical axis and 
tl r other a right circular cone with vert<x down have equal base rndn and Identical 
onfior* If the time required to empty completely hr the same for both tanks, find 
the ratio of their altitu Ire 

Cl A tank in the form of a tight circular rone with arrtex down has nn onfire 
Hi the bottom whom area, controls d by a float vahe is proportional to the depth 
of water in the tank at each jn«tant Of the tinu to empty completely, what per- 
centage Is required for half the volume of water to escape* 

62 (a) Jf p (Ih In*) ts the atmospheric prevnjre And p (lb /in*) Is the density 
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(b) Assuming that p is proportional to p, and taking p = 14.7 and 12.0 lb./in. 2 at 
the surface of the earth and at a height of 1 mile, respectively, find the pressure 
at a height of 3 miles. 

63. Using the same data as in Problem 52, but assuming that p is proportional 
to p l \ find the theoretical height of the atmosphere. 

64. If sea water under a pressure of P lb./ft. 2 weighs 64(1 + 2 X 10“ 8 P) lb./ft. 3 , 
find the weight of a cubic foot of water at a depth of 2 miles below sea level. 

66. A beam L ft. long is held horizontal at its ends by having its ends embedded 
in mnsonry. Find the equation of the elastic curve and the maximum deflection of 
the beam if it carries a uniform load of q lb./ft. Note: This problem differs from 
the example of the text in that there is, in addition, an unknown moment exerted 
by the mnsonry which keeps the beam horizontal at the end; but we also have the 
additional condition that dy/dx — 0 at the end. 

66. Work Problem 55 if, in addition, there is a concentrated load of P lb. at the 
middle point of the beam. 

67. A cantilever beam (one end free and the other fixed horizontally) of length 
L ft. weighs q lb./ft. and carries a load of P lb. at its free end. Taking the origin 
at the free end, find the equation of the elastic curve. Show that the same effect 
at the free end can be produced by distributing a load of W lb. uniformly along 
the beam as by applying a load of 37.5% of W lb. at the free end. 

68. A beam L ft. long, weighing q lb./ft., is simply supported at one end and is 
fixed horizontally at the other. Find the distance from the simply supported end 
to the point of maximum deflection. 

69. A beam 12 ft. long and weighing 2 lb./in. is simply supported at two points 
35 in. from each end. Determine whether the middle point of the elastic curve is 
above or below the level of the points corresponding to the supports, and draw the 
elastic curve. 

GO. A 12-ft. beam, weighing 20 lb./ft., is simply supported at its left end and 
at a point 4 ft. from its right end. Taking the origin at the left end, find the equa- 
tion of the portion of the clastic curve between supports and the distance from the 
left end to the point of maximum deflection within that span. 

61. Making use of the result of Problem CO, find the equation of the portion of 
the elastic curve for 8 ^ r ^ 12. 

62. A beam G ft. long and of negligible weight is simply supported at its ends. 
Two concentrated loads, each equal to 100 lb., are supported at the points of tri- 
llion of the beam. Find the distance from an end to the nearer point where the 
deflection has half its maximum value. 

63. A beam S ft. long is simply supported at its ends. Three concentrated loads, 
each equal to P lb., are supported at distances 2, 4, and 6 ft., respectively, from 
one’end. Neglecting the weight of the beam, find the maximum deflection. * 

t One end of a 2-ft. beam is fixed horizontally in masonry, its midpoint is 
simply supjwrted, and a concentrated load of 20 lb. is applied to its other end. 
Neglecting the weight of the beam, find the reaction at the simple support. 

05. A beam 4 ft. long and of negligible weight is simply supported at its ends 
and carries n load of 100 lb./ft. uniformly distributed over the central 2 ft. of its 
length. Find the ratio of the maximum deflection of this beam to that of a simply 
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«uppor(<*d 4 ft beam having the load of 200 lb uniform!) distributed o\cr its 
entire Length. 

66 \ 6-ft beam «mpl) wipported at its points of Inaction, carries a load of 
0 tb at each end Neglecting the wight of the beam, find the ratio of the deflec- 
tion at the center to that at an end of the beam 

67 \ cantdeter beam is L ft long and has a rectangular cross-si etion of breadth 
b ft and depth h ft. It tames a load -whose tlinsit) vs tr lb /ft * and whose depth 
is proportional to the distance from the free end Neglecting the weight of the 
beam find the maximum deflection 

68 \ beam of length 2 L ft , carrjmg a uniform load of q lb /ft , is supported 
at its ends and at its middle point Taking the origin at the middle point, find the 
equation of the elastic cum? of the right half of the beam Show that the maxi- 
mum dtfl* etion is (30 + 55 v/33 )qL*/2 lt El and that this is 42% of the \aluc it 
would have if the beam were cut in two at its middle point 

69 A stmpl) supported beam L ft long carries a concentrated load of P lb at 
a distance of t ft from the left end (a) Taking the origin at the left end, find the 
equation of the elastic curve of the portion of the beam to the left of P and of that 
to the right of P (6) If c < L/2, show that the distance from the left end to the 
jiomt of maximum deflection is greater than c and les3 than L/2, and find the 
maximum deflection. 


PART II LINEAR EQUATIONS OF HIGHER ORDER 

8. Definitions and properties. In engineering applications, the most 
important and mast frequently occurring differentia! equations of order 
higher than the first are those called linear equations A linear differ- 
ential equation of order u is one of the form 

(Ty <r*“*p dy 

UoOr) — + OiGr) TTZI + + a«-iOr) ~ + a„(a-)y - /(*), (1) 

dr" dz* 1 dx 

where no a )t , a n , f arc functions of the independent \anablc x 
on!) no ^ 0 It dentes its name from the fact that it is linear, i e , 
of the fu-d degree in the dependent \ ariable y and its dematnes 

We hate already considered, in \rt 5, the Itncir equation of first 
onler and tte found n formula m terms of the coefficients V and Q for 
the genenil solution of this particular linear equation l nfortunntcl), 
it is impossible to find a similar formula for the general solution of (1) 
tvhui n is greater than unit) It is possible, however, to find the 
genera! solutions of certain linear equations of special ttpes, ns tte 
shall M?e 

lieforc damming methods of solving an equation of tho form (I), 
Itt us investigate the properties of such an equation We can deduce 
one of its properties from our knowledge about the fin»t-onhr linear 
equition, j 

Y + ry- Q. 
dz 


( 2 ) 
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It was found in Art. 5 that the general solution of (2) is of the form 

y = u + cv, (3) 

where u and v are functions of x determined from P and Q, and c is an 
arbitrary constant. Now if we set c = 0 in (3), we get a particular 
solution y = u] that is, 

(! +p )“- e 

rp 

identically. Moreover, since v — e J by equation (6), Art. 5, we 
have 

( d \ —fPdx — fp dx 

-j- PJ cv — —cPe J + cPe J =0 


identically. Thus the right member of the general solution (3) of 
equation (2) consists of the sum of two parts; one of these parts, u, when 
substituted for y in the left-hand side of (2) yields the function Q, 
while the other, cv, yields zero. In other words, y — u is a particular 
solution of (2), free of any arbitrary element, and y = cv is the general 
solution of the equation obtained from (2) by replacing the right 
member by zero. 

This property of the first-order equation is possessed by the linear 
equation (1) of any order n. For, if y = Yp is any particular solution 
of (l), and if y = Y c , involving n arbitrary constants, is the general 
solution of the equation 


d n y 


(p-hj 


dy 


°° d? + 01 ~^=i + '" +an - 1 X + a ” y = °> 


dx 


dx 


obtained from (1) by replacing f(x) by zero, then 


«c 


d n {Y r + Y c ) 


dx n 


«i 


d n ~ l (Y P + Y e ) 


dx 


, 71 — 1 


+ -*-+On(l>+ Y c ) 


( 4 ) 


( d n Y p \ ( d n Y e \ 

(oo — + ”•+ a n 3>j + (^ao — + ..•+ a n Y e J 


= f + 0. (5) 

Since y = Y P + Y c is, by (5), a solution of equation (1), and, more- 
over, is one containing n arbitrary' constants, it is the general solution 
of (1). 

Any function I P , satisfying (1), is called a particular integral of (1), 
and the expression 3 c , satisfying (4), is called the complementary func- 
ho.i of (1). An equation of the form (4) is said to be a homogeneous 
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linear equation, an equation of type (1), with /(r) 0, is called 

rum-homogeneous The result found. ma\ then he stated as follow 
The general solution of a non homogeneous linear equation is made up 
of the “mm of a particular integral of the gncn equation and the 
general solution of the corresponding homogeneous equation 
Non suppose that y = yi is anj solution of the homogeneous equa- 
tion (4), so that 

tf'Vi , r-'vi m 

«0 77 + Cl T 4* OnVl = 0 (6) 

dz dz 1 


identical!} Then y — c t r/j, where Ci is an arbitrary constant, will also 
«atisf\ (4) For wcha\e 


< ncm ) , d * 

°° 71 n ®i — 7 


‘fayi) 


4- a„(ciyi) 


( <ryi 

1 V° dx n 


4- Q i 


Vi 

dx"- 1 


4- 4- o*!/i 


)“ 0 ' 


bi. (6) If y — 1/1 and y = y 2 are an> two solutions of (4), we can 
=hou also that y — yi + y 2 will l>e a solution. For bj hypothesis we 
ha^v e 


<Tyi <T _I j 

«077 + fl i- 77= 
dz dz 

d n y 2 <P~ l i 

a o ~r~r 4- «i — — — 

dz dz 


4- a n yi » 0, 
4- a n y 2 ~ 0, 


whence 


<T(yi 4- vz ) , <r -1 (yi + y 2 ) 

0 77 4- ai — — - 4 - 


4- a n (yi 4“ Sfe) 


Oi . tT* Vi , . 

* = Co — — 4- Oi -- r 4* O-nVi 

dr dr”' 1 


<Ty 2 <T 
+ «o— + 


4 - c-ys 


From these two facts it further follows that, if y = yi, y = Vz> » 
y “ y-» arc n solutions of the homogeneous equation (4), the linear 
combination 

c iVi 4- c 2 y 2 -f- -1- c n y n , (7) 

where the e’s are arbitral} constants, will likewise satisfj (4) Now 
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it may happen that there exists among the functions y lf 3/2, 2 /n 

a linear relation 

biVi + ^ 22/2 H 1" bnlln — 0, (3) 

where the b’s are definite constants not all zero, satisfied identically in x. 
For example, suppose that yi = sin x, y 2 = cos x, 7/3 = cos (x -J- 7 r/ 3 ). 
Then since 

/ 7r\ 7T . . 7T 

7/3 = cos I x + - ) = cos x cos sin x sm - 

\ 3/ 3 3 

1 V3 . 

= - cos x sm x, 

2 2 


there exists the identical linear relation 


V3 

~2~ 


2/i — ~ 2/2 + 2/3 = 0, 
A 


of the form (8) with bi = y/?>J2, bo — —b, 63 = 1. When a relation 
(8) does exist among y u y 2 , Vn, these n functions are said to be 
linearly dependent; and when no such relation exists, the functions 
are linearly independent.* If y u y 2 , • • ■ , y n are linearly dependent, the 
linear combination (7) may be expressed in a form involving less 
than n arbitrary constants. Thus, for y x = sin x, y 2 — cos x, y 3 
— cos ( x 4- tt/ 3), we have 


cip\ + c 2 y 2 + c 3 t /3 = ci sin x + c 2 cos x -j- 


c 3 

— ■ cos x — 
2 


c 3 V 3 . 

sm x 

2 


t . . t 

= Ci sm x + Co cos x 7 


where c\ — c t — CsV^/2, c 2 = c 2 -f c 3 / 2. If, however, y x , y 2l • • - ,y n 
are linearly independent, the constants Cj, c 2) •••, c„ in (7) are all f 
essential, and hence the linear combination (7) will be the comple- 
mentary function of equation (1): 


Yc — Cjt/i + c 2 y 2 -1 b c„ y n , (9) 

and ?/ — Y c will be the general solution of (4). 

* There are several ware of testing a set of functions for linear dependence, the 
itvo^I common of which depends upon the vanishing or non-vanishing of a functional 
determinant called tlu> Wronskian. It is beyond the scope of tins book to consider 
the theory involved; the interested student is referred to E. L. Ince, “Ordinary 
Differential Equations.” 
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In order to solve a linear equation (I), T\e therefore proceed as 
follows TVe first find n linearly independent solutions y =* y u y 
= 2 / 2 , ,y — y n of the corresponding homogeneous equation (4) and 
form the complementary function (9) , if f(x) = 0 ,y = Y c gives us the 
general solution of the equation If f(x) A 0, we next find a particular 
integral Y P , then y = Yp -f- Y e will be the general solution sought 
When the coefficients cio» °ij > a* of equation (1) involve x, the 
process of findin g the general solution usually requires special methods 
When however, the a's are all constants, or when the given equation 
may be transformed into a linear equation with constant coefficients, 
the methods for finding the general solution are of an elementary nature 
We devote the remainder of Part II of this chapter to a discussion of 
these methods 

9 Operators In order to solve a linear equation with constant 
coefficients, 

d n v d n ~^v dy 

a ° j i “I” a «— i ~7~ "f* a *y ~ /(*)» (1) 

ax ax ax 

we mtroduce the concept of a differential operator Let D be a symbol 
denoting the operation of differentiation with respect to the inde- 
pendent variable, 

D-i (2) 

dx 

D is not a quantity but an operator, when placed to the left of any 
function of x, it indicates that the function is to be differentiated, and 
the result of operating on the function with D is the derivative of that 
function Thus, 

D(3z 2 ) = 6z, D(sm 2x) = 2 cos 2x, D(xe*) = (x + l)e* 

We may generalize the definition (2) by writing D r to indicate the 
operation of finding the rth derivative, 

D r =2 — - (r « 0,1,2, ), (2) 

dx 

thus, 

D 2 (3x 2 ) — 6, D 3 (sm 2x) = —8 cos 2x, D r (xe*) = (z + r)c* 

Although these operators are not algebraic quantities, they have 
many of the properties of such quantities, for they obey the following 
fundamental laws of algebra 

Add f f W The commutative law, a -{- 6 *» 6 + a 

\ (II) The associative law, a + (b + c) = (a + b) + c. 
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(III) The commutative law, ab — ba. 

(IV) The associative law, a(bc ) = ( ab)c . 

(V) The distributive law, a(b + c) = ab + ac - 

(VI) The index law, a r o* = a r+s , r and s positive 

integers. 


By the formulas of the calculus, for u a function of x, we have 


analogously, 

(I) 

(D r + D 8 )u = (D 8 -1- D r )«. 

(II) 

[D r + (D 8 + DO ]u = [(D r + D 8 ) + D‘]u. 

(III) 

(D r -D 8 )j* = (D 8 -D r )u- 

(IV) 

D r (D 8 -D0« = (D r -D 8 )D'u. 

(V) 

D r (D 8 + D0« = (D r -D 8 + D r -D0«. 

(VI) 

(D r -D 8 )u = D r+S u. 

Moreover, 

T) r (cu) = cD r u, 


when c is any constant. Hence we may say that these operators, and 
sums of such operators with constant coefficients, behave as if they 
were algebraic quantities, and may be manipulated algebraically sub- 
ject to the above laws. 

Using operator notation, equation (1) may be written as 

(a 0 D n + oiD n_1 -i f a„_iD -f a n )y = f(x), 

or, brief!}', as 

$(D )y - /(*), (3) 

where 

#(D) = «oD n -j- aiD n— 1 + * • * + Ujt—iD + a n . (4) 

We employ the functional notation </>(D) to indicate that the operator 
(•1) is a polynomial function of D with constant coefficients, and as such 
may be treated in accordance with the above laws in the same manner 
as any other polynomial in a single letter or argument. In particular, 
<MD) may be expressed in factored form as the product of n linear 
expressions in D. If r u r 2 , • • • , r n arc the n roots of the equation 

$(»*) a a 0 m n + a 1 m n ~ 1 -j 1- a n _ x m + a n = 0, (5) 

we have 

<?(m) s= a 0 (m - ri)(ni - r 2 )- • -(m — r n ), 
and consequently 

*<D) = a 0 (D - r,)(D — r 2 ) • * • (D - r n ). 


( 6 ) 
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It should be noted that the roots r lf r 2 , , r n of the auxiliary equa- 

tion (5) may be arranged m any order, so that the order of the factors 
in (6) is immaterial 

Let us illustrate what we are doing by means of a concrete example 
Consider the operator 

<*>( D) ss D 2 — 3D + 2, 

and let <£(D) operate on the function u = x 2 — 3 sin x Then we hav e 
<*.(D)u = (D 2 - 3D + 2)(x 2 - 3 sin x) 

= D 2 (x 2 — 3 sm x) — 3D(x 2 — 3 sm x) + 2(x 3 *- 3 sin x) 

= 2 + 3 sm x — 6x + 9 cos x 4- 2x 2 — 6 sm x 
= 2 — 6x + 2x 2 — 3 sm x + 9 cos x 
Now the roots of the auxiliary equation, 

<t>(m) = m 2 — 3m + 2 = 0, 

are 1 and 2 Hence 

*(D) = (D — 1)(D - 2), 

or, alternatively, 

*(D)s(D-2)(D-l) 

Then 

4>(D)u = (D - 1)1(D - 2)(x 2 - 3 sm x)] 

= (D — l)(2x — 3 cos x — 2x 2 + 0 smx) 

= 2 + 3 sm x — 4x + 6 cos x — 2x + 3 cos x + 2x 2 — 6 sm x 

= 2 — 6x + 2x 2 — 3 sm x + 9 cos x, 
or 

<#>(D)u = (D — 2)[(D — lXx 2 — 3 sm x)] 

= (D — 2) (2x — 3 cos x — x 2 + 3 sm x) 

= 2 + 3 sm x — 2x + 3 cos x — 4x + 6 cos x + 2x 2 — 6 sm x 

= 2 — 6x + 2x 2 — 3 sm x + 9 cos x 

We thus get the same result when operating upon u = x 2 — 3 sin x 
with all three forms of 4>(D) 

The factored form (6) of the operator (4), obtained by the algebraic 
process of determining the roots of the auxiliary equation (5), will he 
of considerable utility m our later work 
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We proceed now to the consideration of a few formulas involving 
operators. To begin with, we have 


D e mx = me mx , 


D 2 c mx 


■■ m 2 e mx , 


where in is any constant, whence 


^(D)c ,ni = (a 0 D n + ajD"" 1 -\ f a^D -f a n )e mx 

= ( a 0 m n + aiin n ~ 1 -\ h a n _ x m + a n )e mx 

= 4>(m)e mx . (7) 

Now if u is a function of x, 


D (e mx u) = c mx Du + me' nx u = c mx (D + m)u, 

D 2 (c mT u) = D[e mx (D + = e mx (D 2 + viD)u + me mx (D + m)u 

= e mx (D 2 + 2?nT) + m 2 )u 

= e mx (D + m) 2 u. 

These two relations suggest that 

W{c mx u) - c mx (D + m) r u ' (8) 

for any positive integer r. Let us prove the truth of equation (8) by 
mathematical induction. If we operate on both members of (8) with 
D, we get 

D r+I (e m *«) = T>[c mx (D + m) T u] 


— e mx D(D + m) r u -f- mc mx (D + m) r u 

= e mx (D + m) r+1 u. (9) 

Therefore, if (8) is true for any particular value of r, it is true for the 
next higher value of the exponent, since (9) is the same relation as (8) 
except that r + 1 replaces r. But we have found that (8) holds for 
r = 1 and for r — 2. Consequently, it holds for r = 2 -f- I = 3, and 
therefore for r = 3 + 1 = 4, and so on, so that it is true for any positive 
integer r. It. follows that 

<^>(D) (c’ nx j<) = (ooT) n + oiD n_1 +• — f- -f- a„) (e mx ii) 

— c CTX [aoCD + m) n + aj(D -f- m ) n ~ 1 
+ On_i(D + in) + a„]ti 
= + m)u. 


( 10 ) 



Formula (10) tells us that, when operating with <£(D) on the product of 
e mx and any other function u, we may shift e mx from the right-hand side 
of the operator to the left if we change D in the operator into D + m 
and act with the resulting operator on u alone. 

As an example, let *£(D) = D 2 — D + 4, and let m = 3. Then, 
by (10), 

(D 2 - D + 4)(e 3x u) = e**[(D + 3) 2 — (D + 3) + 4ja 
~ ^(D 2 + 5D + 10)u, 

To verify this relation in a particular case, suppose that u = x z . Then 
we have/ on the one hand, 

(D 2 - D + 4)(e 3 V) - D 2 (e 3x x 2 ) - D(e 3x x 2 ) + 4e 3x x 2 
= 2e 3i + 12x<? z + 9xV* - 2ze 3r 
- 3xV* + 4x 2 e 3r 
= ^(2 + lOx + IQj 2 ), 

and, on the other, 

e 3 *(D 2 + 5D + lOJx 2 - e 3 *(2 + 10 z + lOx 2 ). 

Thus the two methods yield the same result. 

The theorem expressed by the relation (10) has the following corol- 
lary. If, in particular, <J>(D) ■« (D — m) r , then 

(D - mYie^u) = e^D r u. (11) 

For example, if m = 3, r = 2, and it = x 2 , 

(D - 3) 2 (e 3r x 2 ) = c 3l D¥ » 2e 3r , 

as may be readily verified by operating upon <? x 3? with (D — 3) 2 
directly. 

PROBLEMS 

Perform the indicated operations in Problems 1-5 

1 (2D 1 — 3D + 5)(x cos x — 3) 

-2. .CD* :K2D — _3\ttaiur -JZty 

3 <3D 2 + D+2)(ln2x- l/x ! ) 

4 (D* + 2D - 4)(e — * am x + e 2 ') 

6 (2D 1 - D 2 + l)(ln cos x - 2 tan x) 

In Problems 6-10, resolve the given operator tf(D) into linear factors, and arrange 
these factors in all possible orders Operate upon the gnen function u with $(D) 
written in each form, and verify the fact that the results obtained are the same 

6 *(D) = D* — I, w - * + 2e~* 

7. *(D) = D 2 + 3D + 2, « * «-■* + 3x 2 
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8. $(D) = 2D 2 + 3D — 5; u — cos x — 2e z . 

9. <^.(D) = D 2 + 2D + 2; u = e~ z sin x + 2t 3 . 

10. <#>(D) = D 3 - 2D 2 + D - 2; u = sin x - 2 cosx + e 2 * 

Using formula (10), or its special form (11), carry out the indicated operations 
in Problems 11-19. 

11. (D 2 + 2D - l)(c* cos x). 

12. (D 2 - 2D + 5)(<r sin 2x). 

13. (D 2 + 4D - G) (xc~ 2x ). 

14. (D 3 - CD 2 + 12D - SXzV*). 

16. (D 3 - 2D 2 + DXrc 1 ). 

16. (D 2 -GD +9)(c 3i cos 2 x). 

17. (D - 7n) r [c m *(ci + c 2 x +• • • + Crx'- 1 )]. 

18. (D - In 2?(2 T x-). 

19. (D + o) r o*. 

20. Using Leibnitz’s formula for the rth derivative of a product, 

D r (ue) = t'D r « + r(D r_1 a)(Df>) + — (D r - 2 «)(D 2 e) + • • • 

+ r(D«)(D r_1 e) + uD r v, 

where the coefficients are the binomial coefficients, derive formula (10). 

10. The complementary function. We are now in a position to solve 
completely the homogeneous linear equation with constant coefficients, 

<#>(D)t/ = (aoD" + aiD"- 1 + • • • + Qu — iD + a„)y = 0. (1) 

Oct r I; r 2 , •••,?*„ "be the roots of the auxiliary equation 

4>(vi) ss a 0 m n + aim" -1 H b a n _im + a„ = 0, (2) 

and write the operator <#>(D) in factored form, 

<#>(0) a a 0 (D - r,)(D — r 2 ) • • • (D — r n _0(D - r n ). 

Tl\cn equation (1) may be -written 

o 0 (D - rj)(D - r 2 ) • • • (D - r B _i)( D - r n )y = 0. (3) 

It is easy to see that any solution of the equation 

(D - r n )y - 0 ( 4 ) 

"ill likewise be a solution of equation (3). For, if y n is a function 
satisfying (4), so that (D — r„)y n — 0 identically, we get 

m»n = fl o(0 - r,)(D — r 2 ) • - • (D - r n _ a )[(D - r n )y n ] 

= «o(D - rj)(D - r 2 ) • • • (D - r„_,)( 0) 

* 0. 
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is a solution of (7) If = 0 has a repeated root r 2 (r 2 ^ r t ) ( 
a solution of (7) corresponding to this root may be found similarly 
Continuing this process as often as may be Necessary, we arrive at the 
general solution 

As another example of this type of problem, consider the equation 
(D 5 - 2D 3 + D)y =* 0 

We find as roots of the auxiliary equation m 5 — 2m 3 + m — 0, the 
numbers 1, 1, —1, —1, 0 Corresponding to the double root 1, we 
have the solution y — (ci + C2x)e*, corresponding to —1, we get 
(C3 + c 4 x)e~*, and corresponding to the single root 0, we have c 5 e°* 
5= C5 Hence the general solution is 

V — (ci + C2x)e* + (C3 + -{- c 5 

The result (9) may be easily remembered by noting that the portion 
of the general solution arising from a p-fold root T\ is gn en by i' x 
multiplied by a polynomial m x of degree or 4e less than the number of 
times the root n occurs It is good practice also to check the final 
result by making sure that the general solution contains as man} 
arbitrary constants as the order of the given equation indicates 

We ha\e now formally completed our discussion of the complemen- 
tary function, and may obtain by purely algebraic means the general 
solution of any linear homogeneous equation ’with constant coefficients 
However, the case in which the auxiliary equation possesses complex 
roots requires special investigation in order that the corresponding por 
tion of the solution be properly interpreted acd written m a form useful 
for further manipulation This is particularly important in engineering 
work, for, as we shah see in Art 14 and from time to time m later chap- 
ters, the linear differential equations arising m physical problems very 
often have as their most useful solutions those corresponding to 
complex roots of the auxiliary equation 
Consider, for example, the equation 

(D 2 + = 0, 

which appears m connection with a large variety of vibration problems 
Here we have m 2 -f fc 2 = 0, so that m = where * - a/^T, and 
therefore the general solution of the above equation takes the form 

y = cie' kx + cae-*** 

Now e®, with x real, may be expanded in a Maclaunn’s senes, 

I 2 X 3 

e '- 1 + ‘+iT+ii+ 
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If we mechanically replace x by ike in this series, and make use of the 
relations i~ — — l,i 3 = —i,i 4 — 1; • • • , we get 

fcV h s x 3 k 4 x l k 5 x 5 

C ikr = 1 4- ikx — i tt" d *r 1 ' 


2 ! 


3! 


4! 


5! 



But the first of the series in parentheses is the familiar expansion of 
cos kx, and the second series represents sin kx. Formally, therefore, 
it appears that 

e 1 kx = cos kx + i sin kx. (10i) 


In a like manner, or by changing x into — x in (10i), we find 

e~ ihz = cos kx — i sin kx. (10 2 ) 


The relation (100, which really includes (10 2 ), is known as Euler’s 
relation. It should be noted that w r e have not proved Euler’s relation, 
since we have used a series originally derived under the assumption 
that the variable is real, to obtain a result involving complex quantities. 
Let us nevertheless make use of (100 and (10 2 ) in the general solution 
above, and examine what "we get. We find 


y — ci (cos kx + i sin kx) + c 2 (cos kx — i sin kx) 

— (Cl + c 2 ) cos kx + t(c 1 — c 2 ) sin kx. 

Since c v and c 2 are arbitrary, (ci + c 2 ) and £(ci — c 2 ) are also arbitrary. 
Denote the latter expressions by A and B, respectively, so that we have 


y = A cos lex + B sin kx. 


Is this the general solution of the equation (D 2 -f- k~)y = 0? A sure 
answer to this question is obtained by substituting for y the above 
expression. We then get 


(I)' 4* k '~) (.4 cos kx B sin kx) 'BOWJD 3"S~ 


“ (— k 2 -4 cos kx — k 2 B sin kx 4- k 2 A cos kx 4- k 2 B sin kx) ss 0; 

thus wc do have the general solution. 

Let us now consider the matter of complex roots of the auxiliary 
equation in the general case. We shall suppose that the coefficients 
of equation (1) are all real constants; this assumption, 
is nearly always fulfilled in the equations arising in practice. Thdirtlie t 
algebraic theory of equations tells us that any complex root/bY-the 


, ;V r 
' « -3 ^ . 


S'* » 

l 
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equation *= 0 will occur in conjugate pairs Let a ± i0 be such 
a pair, so that the corresponding part of the solution of the differential 
equation is 

y = Cl e< a+ ^ x + c 2 e la ~ 1 ^ x (11) 

If we take for granted that 

c o+i& _ e a e \b _ g«( cos 54-1 sm b), (12) 

equation (11) becomes 

y = e^Kci + c 2 ) cos fa 4~ tfa — <&) sm fix] 

= e“(A cos fa 4- B sm 0x), (13) 

where A and B are arbitrary We may show that (13) satisfies the 
equation 4 >(D)y = 0 when 4 >{a db i 0 ) = 0, as follows Corresponding 
to the root pair a ± i/9 we must evidently have (m — a) 2 4- £ 2 as a 
factor of 4>(m) Hence </>(D) = <fo(D)[(D — a) 2 4- /S 2 ], and 

tf>(D)[e“*(A cos fa 4- B sm fa)] 

= &(D)((D - a) 2 4- cos fa 4- B Bin fa) 

- ^ 1 (D)e“ I (D 2 + 0 2 )(A cos fa 4- B sm 0x) 
by formula (10) of Art 9 But 

(D 2 4- /3 2 ) (A cos fa + B sm fa) = 0, 


and consequently (13) is a solution 
Since the relation (12) is formally obtained from the senes for c* 
by setting 1 = 0 + 1 !), and since the form (13), mto which (11) trans- 
forms by use of (12), satisfies the differential equation, it is manifestly 
desirable that the exponential function with complex exponent be 
defined so as to make (12) true It is shown in Chapter X that such a 
definition is consistent* and. desucahln am other grounds as well we shall 
in all our subsequent work consider (12) as a known and valid relation, 
and shall make free use of it 


The expression e°“(A cos fa fa B sm fa), with A and B arbitrary, 
can be written m two other useful forms These arise from the trigo- 
nometric identities 


A cos 9 4- B sm 6 = V^A 2 + B 2 sm 


(q 4- tan ^ 
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which are easily verified by expanding the right-hand members. We 
then have 

e a %4 cos fix + B sin fix) = Ce aX sin (fix + C'), 

= Ctfi* cos (fix + C"), (14) 

where C, C', C" are new arbitrary constants, 


C - Va 2 + B 2 , 


C' 


— tan 1 


A 

~B’ 


C" 


— tan 1 


B 

T 


As another example, consider 

(D 3 - 2D 2 + 10D)y = 0. 

We find 

m 3 — 2m 2 + 10m = 0, 

77i — 0 , 1 ± 3 i, 

and therefore the general solution may be w'ritten in any of the forms 
y = Ci + e x (c 2 sin 3x + c 3 cos 3a:), 
y = Ci + Co(f sin (3.r + c 3 ), 
y = c j + c' 2 c x cos (3a; + £$). 

Wlien repeated complex roots appear, the procedure is similar to that 
given above; it is necessary merely to interpret the exponential factor 
with complex exponent. Thus, if the complex root pair a ± ifi occurs 
p times, the corresponding part of the general solution is 

e" r [(.-i i + Anx 4 (- .4 p a; p “ 1 ) cos fix 

4- (Bi 4- Box 4 (- B p x v ~ l ) sin fix], 

or 

sin (fix + Ci) 4r C 2 x sin (fix + C) -} — • 

, (15) 

+ CpX. v sin (/3a; + C p )], 
or 

c n: {Ci cos (fix + C[) + C 2 x cos (fix + C 2 ) +••• 

+ C p x p ~ 1 cos (fix + Cp)]. 


PROBLEMS 


Find the general solution of ouch of the 

t (11* 4* oD 4* t*>)i/ *= 0. 

3. (D 5 - U) 5 +3»}j/ ■= 0. 


following differential equations. 

2. (2D 5 - 5D - 3);/ . 0. 

4. (D* - 3D 5 — D + 3)r / = 0. 
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5 (DD* — 6D + l)tf = 0 
7 (D 3 - 6D 2 + X2D - 8)y - 0 
9 (D 3 + 9D)i, = 0 
11 (D J + 3D 1 + 9D - I3)y - 0 
13 (D*-2 D*)y~0 
15 (D 4 -2D 3 )i/ = 0 
17 (D 4 — 81)y — 0 
19 (D s - 4D 4 + 4D 2 )]/ = 0 


6 (4D 3 — 4D* -f D)y = 0 
8 (D 4 - 2D 3 + D> = 0 
10 (D* — 4D + 5)y <= 0 
12 (D*+8D 3 + 16D)jf =0 
14 (D* -f- 8)y " 0 
16 (D 4 + 4D 2 )y =» 0 
18 (D s + 9D 3 )y = 0 
20 (D 4 + 4)y = 0 


11 Particular integrals Having discussed ways of obtaining the 
complementary function Y e of a linear differential equation with 
constant coefficients, 


0(D)y ■ (ooD" + a x D*- 1 + + o»-iD + a n )y - fix), (1) 

we turn now to a consideration of methods for finding a particular 
integral Fp For brevity, we shall say that Fp corresponds to the right 
hand member /(a:) 

In the first place, we note that, if the right-hand member fix) of 
equation (1) consists of the sum of two or more terms, then the process 
of finding Fp may be broken up into parts, where m each part we find 
the portion of Fp corresponding to one term of fix) For suppose that 
f(x) = fi(x) -\-f 2 ix), and consider the equations 

<f>(D)y “ f 2 (x) 

If y — Fpx satisfies the first of these equations and y = Fp 2 satisfies 
the second, so that 

<KD)Fpx = Mz), «A(D)Fp3 = f 2 (x), 
identically, then 

< #'(D)(Fp l + F P2 ) - <KD)F PI + ^(D)Fp 2. = /Kx) + / 2 (x), 

so that y - Fpi + Y P2 will be a particuh r integral of (1) Thus, if 
we find Ypx corresponding to fiix) and also Fp 2 corresponding to 
/ 2 (»), the sum Fpi 4* Fp 2 will correspond to/i(x) 4-/ 2 (x) 

Smce there are, as we shall see, several methods of determining a 
particular integral, it follows from what has been said that we may, 
if we find it convenient, apply one method to find the part of Yp corre- 
sponding to one term of fix) and use a different method to find the 
portion of Yp corresponding to another term of fix) 

We shall confine our attention in the following discussion of methods 
of attack to the problem of finding a particular integral y — Yp corre- 
sponding to a right-hand member f(x) consisting of a single term 
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(a) Reduction of order. One method of getting a particular integral 
is suggested by writing the operator <£(D) in factored form, 

4>{V)y b a 0 (D - r a )(D - r 2 ) ■ • • (D - r n _ x )(D - r n )y = f(x). (2) 

If we let u - a 0 (D - r 2 )(D - r 3 ) • • - (D - r n )y, equation (2) is re- 
placed by the first-order equation 

(D - ri)u - /(re). 

We may solve this equation for u by the method of Art. 5. Supposing 
this done, and the expression so found (omitting the constant of inte- 
gration since we are seeking the simplest particular integral) substi- 
tuted in the expression defining u, we get 

a 0 (D - r 2 )(D - r 3 ) • • • (D - r„)y = u. 

This is another linear equation for y similar to the original equation (2), 
with the known function u as right-hand member instead of f(x), and 
of order n — 1 instead of n. We may treat this in the same way as 
before; letting v — a 0 (D — r 3 ) • • • (D — r„)y, solving the new first- 
order equation 

(D — r 2 )v = u, 

and substituting back, we have 

Co(D — r 3 ) • • • (D - r n )y = v, 

an equation of order n — 2. Evidently we may continue this process, 
solving a first-order equation at each stage and reducing the order of 
the equation by unity each time, until we ultimately obtain y. 

As an example, consider the equation 

(D 3 - 2D 2 + D )y = x. 

Factoring the operator, we get 

(D - 1)(D - l)Dy « *. 

'I’hen the complementary function is Y c = c t + (co + c 3 x)<f. Letting 
u (D — l)Dy, we have (D — I)m = x, whence 

mc - * = —c~ z (x + 1), u — — x — 1. 

Consequently 

(D — l)Dy = — x — 1. 

Letting v = D y, we find 

(D - l)v = -x - l, 

w"* = + 1) + «-*, 

V = X + 2. 
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Hence 

and 


Thus 


Dy *= x + 2, 

X s 

r,-- + 2* 

y -f*2x-f~ Cl + (C 2 + c 3 x)t f 


Although this method will alwaj s work in theory, it may sometunes 
lead to laborious and difficult integration problems Thus, if the 
nght-hand member m our example had been x 4 instead of x, the three 
integrations involved would have been much longer and more tedious 
It should be remarked also that the order in which the factors of <£(D) 
are written, may often affect the amount of v,ork necessary to complete 
the solution, the student should solve the preceding equation for each 
of the other two orders of factors and compare his solutions with the 
one given 

(b) Undetermined coefficients The next method we shall describe 
has the decided advantage that it requires no integration but only dif- 
ferentiation On the other hand, it does not apply to every form of 
nght-hand member /(x) We shall show that it does apply to any 
function /(x) such that/(x) and a finite number of its successive deriva- 
tives form a set of linearly dependent functions, 

bof^ix) + b!/ (S -«(x) + + b 5 _i/'(x) + b s f(x) = 0 (3) 

For example, /(x) = x?e 3x is of the stated form, since tie have 
/'(x) = (3X 2 + 2x)e 3 *, /"(x) - (9x 2 + 12x + 2)e 3 *, 

/'"(x) » (27X 2 + 54x 4- 1 8)e 3x , 

and consequently 

/"'(*) - 9/"(x) + 27/' (x) - 27/(x) 

*= c 3 *(27x 2 -4- 54x + 18 - 81x 2 - lOSx - 18 + 81X 2 + 54x - 27x 2 ) 
= 0 

identically, here S = 3, bo = 1, bi *= —9, b 2 = 27, b 3 =* —27 
It is easy to find the form that/(x) must have in order that a relation 
of the type (3) shall hold For (3) is evidently a linear homogeneous 
differential equation with constant coefficients, 

(boD 5 -(- biD 5 " 1 + + bg.jD bs)/ = 0 
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Hence, by the theory of Art. 10, /(x) must be expressible as a sum of 
terms of the form 

Cx v c qx , Cx v c aX cos /3x, Cx F e ax sin /3x, (4) 

where p is a positive integer or zero; q, a, and /? are any real constants 
(including zero) ; and C is any constant. 

Suppose, therefore, that we have the equation 

<£(D)y s (aoD” + ajD" 1 + • • • + o„_iD d - a n)y — Cx v c r ‘~. (5) 

Consider first the simpler case in which q = 0, so that the given equa- 
tion is of the form 

4>( D)y m ( fl0 D n + aiD n_1 + ••• + On-iD + On)y = Cx p , (6) 

with p a positive integer or zero. Since the required particular inte- 
gral Y P is to be such that <£(D) operating upon Yp produces Cx v , 
it is reasonable to assume that Yp will be a polynomial in x, for a posi- 
tive integral power of x will be obtained as the derivative of only an- 
other such power function. Now if the constant term a n in 4>(D) is not 
zero, the degree of the assumed polynomial Yp need not exceed p. 
To illustrate, suppose the given equation to be 

(D 2 - 1)t / = x 2 . 


If we were to take as Yp a polynomial of degree three, say 
Yp = Ax 3 + Bx 2 + Cx + E, 

we should get 

(D 2 - l)(Ax 3 + Bx 2 + Cx + E) 

= GAx + 2B - Ax 3 - Bx 2 - Cx - E, 

which could not reduce to x 2 unless A rvere zero. Consequently, 
when a n ?£ 0, we assume as a particular integral of equation (6) the 
polynomial 

Y P = Ax V + Bx F ~ l d f- Kx + L, (7) 

with (at. present) undetermined coefficients A, B, •••, L. We then 
substitute (7) in (G) and find values of A, B, •••, L that reduce the 
resulting equation to an identity. 

As an example, consider the above equation, 


We take 


(D 2 - 1)7/ = 


o 


whence 


5 /> = Ax 2 + Bx + C, 


(D“ 4“ Bx O = 2 A — Ax 2 — Bx — C ~ x~. 
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This -will become an identity if the total coefficients of each power of x , 
in the two members, are equated We then have 

—A — 1, -B = 0, 2A - C = 0, 
whence A = —I, B = 0, C = —2, and 

Y P = -x 2 -2 

If, on the other hand, a n = 0 in <£(D), the auxiliary equation 4>(m) 
= 0 will have the root m — 0 Suppose that m = 0 is an r fold root, 
so that <j>(D)Yp = <t>x(D) T) r Yp *= Cz p , where <^(0) ^ 0 Since the 
constant term m <fu(D) is not zero, the degree of Ti r Yp need not exceed 
p and hence the degree of Yp need not exceed p + r Moreover, 
since the complementary function of the equation 

</> 1 (D)D r y = Cap 

will contain, by virtue of the r-fold root m = 0, the sum 
Cl 4 * c 2 z + 4* C,x r ~ l , 

those terms of degree r — 1 or less in the assumed Yp need not be 
included, since such terms can be absorbed by the complementary 
function Hence we now set 

Y P = Ax p+T 4- Bx p+T ~ l + 4- Kx r+l 4* Lx T (8) 

It should be noted that Yp as given by (8) is then equal to the exp res 
sion (7), taken m the case where o„ 0, multiplied by x r Thus (7) 
is merely a special case of (8), 'with r = 0 
To illustrate, consider the equation 

CD 4 4- D 2 )y ~ 2x 

Here the auxiliary equation m 4 4- m 2 — 0 has zero as a double root 
and consequently we take 

Yp - x 2 (Ax 4 - B) - Ax 3 4- Bx s 

That is, if the operator in our equation had contained a constant term 
we should have taken Yp = Ax 4 - B in accordance with the right-hand 
member 2x, but since 4>(D) contains the factor D r = D 2 , we take 
Ax 4- B multiphed by x r = x 2 We now get 

(D 4 4- D 2 ) (Ax? 4- Bx 2 ) = 6 Ax + 2B = 2x, 
whence .A = B — 0, and 

x 3 
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We may now readily reduce the more general case of equation (5), 
with q 0, to that already discussed. The exponential function e qx 
reproduces itself, with mere change of coefficient, upon successive 
differentiation, and hence it is apparent that Yp should contain the 
factor e qx in order that </>(D) operating upon Yp shall yield x p e qx . We 
therefore set Yp — ue qx , where u is a function to be determined, and 
apply formula (10) of Art. 9, 

<*.(D)(i u qx ) = e qx <j>( D + q)u. 

Since we are to have 4>(D)Yp = Cx p c qx , it follows that u should be 

such that , s 

<f>(D + q)u = F(D)u = Cx p . (9) 

But this equation is of the form (6), and consequently the methods 
explained above may be applied to find the function u. 

If /(x) = Cx p e qx , with q 0, we may then either set 

Yp = (Ax p+r + Bx v+T ~ l d (- Kx r+1 + Lx r )e qx (10) 


in the equation 

4>(D)y « Cx p c qx (5) 

directly, or we may set 

u = Ax p+r + Bx p+T ~ l + • • • + Kx r+1 + Lx r 

in equation (9), obtained from (5) by dropping the factor e qx on the 
right and changing D into D + ?• Here r is the number of times zero 
appears as a root of F(m) = 0, or, since F(0) = 4>{q), the number of 
times q appears as a root of 4>(m) = 0. 

To illustrate the procedure, consider the equation 

<KI % = (D 2 - 3D + 2)? / - (D — 1)(D - 2 )y = xe 21 . 

For the first method, since p = 1, q - 2, r = 1, we take 
Yp — Ax 2 <? x + Bxcr x , 

so that 

T)Y r = 2.4 xV* + 2 Axe 2x + 2 Bxe~ x + Bc 2x , 

D 2 I;> = 4Ax 2 c 2x + 8Axc 2x + 2Ac 2r + 4Bxc 2x -f 4 Bc 2x . 

Substituting in the given equation and dropping the common factor 
wc obtain 

•k'lx 2 + S.'lx + 2.4 +4BX + 4B - OAx 2 - G.4x - 6Bx - 3 B 



+ 2.4 x 2 + 2 Bx — x, 


and 
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By the second method, we get 

<t>{ D + 2 )u = (D 2 + D)u = x, 
u *= Ax 2 + Bx, Du - 2Ax + B, D 2 u = 2 A, 

2A -f 2Ax + B = x, 

A = i 5 - -1, 

Yj» = ue 2z = — x*j e 2z 

We now have to consider equations of the forms 

«f>(D)y = CixV** cos fix, (Hi) 

</>(D)y = Czx v e a * sm fix (II 2 ) 

For definiteness, we fix our attention on the first of these equations, 
our discussion will apply equally well to the other equation From 
the Euler relations, 

e^ x ~ cos fix + t sm fix, 
e~ ,|3z = cos fix — ism fix, 

we get by addition 

cos fix ~ He'P* + e~^ x ), 
whence (lli) becomes 

<t>(P)y - J x p [e (a+,/})x -f e (a-l/3)z ] 

Evidently the precedmg theory may be apphed to each of the two 
terms on the right, then we have from (10), 

Yp = Ypi + Y P 2 

= (Ax p+r + + Lx r )e (a+ ^ )r + (A'x p + r + + LV)e (l '^ 

= (f*[(Ax p+r + + Lx') (cos fix + 1 sm fix) 

+ (A 'x p+r ~h + L'x T ) (cos fix — 1 sin /Sir)] 

= e ax lA!X p+r -f + Inx r ) cos fix 

+ (A s x p+r + -f L 2 x t ) sm fix], (12) 

where A t = A + A' f A s = t{A - A’), etc Equation (12) is then the 
assumed form of Yp for equation (lit) and, as may be similarly shown. 
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lor equation (11 2 ) also. As before, r is the number of times q = a + 
appears as a root of 4>(m) = 0. 

As an example, let there be given the equation 

(D 2 + 1 )y = (D + f)(D — i)y — x sin x. 

Here p = 1, q - 0 + l-i = i, r — 1, and consequently we take 

Yp = A\X 2 cos x + B\X cos x + A 2 x 2 sin x + B 2 x sin x. 

Then 

Dip = -Ayx 2 sin x + 2Aix cos x - Bix sin x -f Bi cos x 

+ A 2 x 2 cos x + 2A 2 x sin x + B 2 x cos x + B 2 sin x, 
Y)~Yp - —Ajx 2 cos x — ‘lAxX sin x 

+ 2 Ai cos x - Bix cos x — 22?! sin a: — A 2 x 2 sin x 

+ 4A 2 x cos x + 2A 2 sin x — B 2 x sin x + 2B 2 cos x, 
(D 2 + l)Yp = (-AA& - 2 Bi -f 2A 2 ) sinx 

*b (2/1 j -j- 4A 2 x -f" 27i 2 ) cos x 
= x sin x, 

Ai - -i Ao = 0, Bx - 0 B 2 = i 
and 

x 2 x . 

Yp — cos x H — sin x. 

4 4 

We may summarize all of the foregoing results as follows * 

Given either of the equations 

4>(D)y = Cx p c ax cos |3x, 4>(D)y = Cx v c ax sin /3x, (13) 

where p is any positive integer or zero, a and /3 are any real numbers 
(including zero), and C is any constant different from zero. Let r be 
the number of times a + f/3 appears as a root of = 0. Let 

I p = (Aix p -f B\X v ~ l -} b L\)x T c ax cos $x 

+ (A 2 x p + B 2 x v ~ l H b L 2 )x r e ax sin 0x, (14) 

substitute in the given equation, and determine the constants Aj, 
Aj, Lj, h 2 so as to reduce the resulting relation to an identity. 
'Hie function Yp thus obtained will be a particular integral of the 
given equation. 
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The student should convince himself that each of the special cases 
considered above properly falls under the above statement by partic- 
ularizing the constants p, a, 0 

In our work we have not shown that the linear algebraic equations 
of condition on the constants Ai, Az, , L\, L 2 , obtained when (14) is 
substituted in either of equations (13) and the coefficients of like terms 
are equated, are necessarily consistent and suffice to determine these 
constants This may be proved,* however, and the procedure outlined 
is always applicable 

When the right-hand member f(x ) consists of two or more terms 
of the forms given m (13), we may at once set up a smgle expression 
for Yp corresponding to the entire right member It may happen also 
that the parts of the complete Yp corresponding to the sum of terms 
comprising f(x) contain expressions of the same form In this case, 
only one such expression with a smgle undetermined coefficient will 
evidently suffice in the assumed Yp To illustrate, consider the 
equation 

(D 2 - l)y = 3x 2 - 4x + 2e* 

Corresponding to the terms 3x 2 , — 4x, 2tf, we have, respectively, 

Tpi = A\X 2 -j* B\X + Ci, Ypz ~ Aox + B 2 , and Yp 2 *= Ex? 

Smce the expressions B r x and A 2 x are of the same form, only one term 
m x need be taken in Yp, likewise, smce C\ and B 2 are of the same form 
(which may be considered as either Jcx° or ke 0x ) t only one constant term 
need appear m Yp Consequently we set 

Y P = Ax 2 + Bx + C + Ext?, 

whence we get 

2 A + Ext? -f 2Z7e* - Ax 2 - Bx - C - Ext? = 3x 2 - 4x + 2e* 

A - B - 4. C — J7 = 

and 

Y P « —3x 2 + 4x- 6 + x<? 

The expression (14) may be apphed to any of the cases considered, 
but it is somewhat difficult to remember, and, moreover, does not bring 
into evidence possible simplifications such as appeared in the above 
problem In practice, it will be found more convenient to apply the 
following equivalent rule for the formation of Yp when the right-hand 

•See A B Coble American Math Monthly Vol 26 p 12 1919 
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member of the differential equation consists of a sum of terms of the 
forms given in (13) : 

Write the variable parts of the terms in the right-hand member f(x) and 
the variable parts of any other terms obtainable by differentiating f(x)* 
Arrange the terms so found in groups such that all terms obtainable from a 
single term of f(x) appear in only one group. Any group consisting of 
terms none of which appears as a term of the complementary function Y c 
is left intact, but if, in some group, any term is a term of Y c , all terms of 
this group arc multiplied by the loioest positive integral power of x that will 
mal;c them all different from any term of Y c . We then multiply each term, 
in all the groups by a general constant and take the sum of the expressions 
so obtained as Yp. 

Thus, in the preceding example, we have as the variable parts of 
fix') and of the terms obtained by differentiation, 

x 2 , x, 1, c*. 

We then get two groups, the first, 

(I) x 2 , x, 1 , 

consisting of all terms obtainable from x 2 , and the second, 

(II) <f, 

containing the only term obtainable from <f. Since, in this case, 
Y t - cw -f- CoC x , no terms in group (I) appear in Y c , but e* does. 
Hence if must be multiplied by x, which makes it distinct from any- 
thing in Y c , and we get 

Y P = Ax 2 + Bx + C + Extf. 

(c) Variation of parameters. The method of undetermined coeffi- 
cients applies, as has been stated, only to a right-hand member /(x) of 
a certain form. Although nearly all the linear differential equations 
arising in practice have a right-hand member of the form considered 
in if), we occasionally encounter an equation to which undetermined 
coefficients do not apply. Tire method (a), in which the order of the 
equation is reduced step by step, may of course be used whenever 
method (6) breaks down; we give now, as an alternative method, and 
because of its elegance, complete generality, and importance in the 
theory of linear differential equations, another method, due to the 
French mathematician Lagrange, and called the method of variation 
oi parameters, f 

* V» hen a term Is a constant, we write 1. 
t Sometime* called the method of variation of constants 
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Lagrange's method applies to a linear equation of any order and with 
constant or variable coefficients It assumes knowledge of the com- 
plementary function (which can certainly be obtained when the coeffi- 
cients are constants by the method of Art 10), and enables us then to 
find the general solution We shall give the theory of the method for 
the linear equation of second order, and merely indicate the manner m 
which the method is applied to equations of order higher than the 
second 

Consider the equation 

(a 0 D 2 + cqD + a 2 )y = /(*), (15) 

where the a s are constants or depend upon x Let the complementary 
function for (15) be known, and denote it by 

Y c ~ c x u + c 2 v, (16) 

where u and v are specific functions of x We employ a device similar 
to that used in Art 10 for finding the complete complementary func- 
tion in the case where the auxiliary equation has equal roots, that is, 
we replace the constants m (16) by unknown functions or parameters 
P and Q and assume the general solution of (15) m the form 

y = Pu + Qv (17) 

The problem then is to find P and Q as functions of x such that (17) 
is the desired general solution Using primes to denote differentiation 
with respect to x, we have 

y' = Pu ' -f Qv’ + P’u + Q'v 

Now m order to determine the two quantities P and Q, we need two 
relations involving them If (17) is to be a solution, substitution in 
(15) will give us one such relation, we choose as the second relation 

P'u + Q'v = 0 (18) 

There are two reasons for making this particular choice In the first 
place, if we remove terms containing the derivatives of P and of Q 
from y', the resulting expression for y" will contain no second deriva- 
tives of the parameters, this situation may be brought about by setting 
P’u + Q’v equal to any function of x Secondly, we choose zero as 
bemg the simplest function of x Then y’ becomes 

y’ = Pu ’ 4- Qv’, 

and a second differentiation gives us 

y" - Pu” + Qv” -j- P’u’ + QV 
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Act. Ill 


Substituting for y, if, y" their expressions as now given, (15) leads to 
the relation 

a 0 (Pu" + Qv" + PV + QV) + ai (Pu' + Qv') + « 2 (Pu -f Qv) - f(x). 
But since u and v are particular solutions of (15) when f(x) = 0, 
a 0 u" + cqu' + a 2 u = 0 and a 0 v” + a^’ + a 2 v = 0. 
Mating use of these relations, the preceding equation reduces to 

a 0 PV + OqQ'v' — f(x). (19) 


Since o 0 , u, v, u', v’ } and / are known, equations (18) and (19) together 
constitute a pair of linear algebraic equations in the unknowns P’ and 
Q’. We therefore solve * (18) and (19) simultaneously for P' and Q' 
and integrate the resulting expressions to get 

P — Fdx) + Ci, Q = Fzix) + c 2 j 

where Cj and c 2 are constants of integration. Substituting these in 
(17) then gives us 

y = Fi(x)u + F 2 (x)v + CiU + c 2 v. (20) 


This is the required general solution, with Yp = FiU + F 2 v and 
Ye ~ CiU + c 2 v. 

As an example, consider the equation f 

(D 2 + 4)y = tan 2x. 

Here 


Y c — Ci cos 2x + co sin 2x, 
and we therefore put 


Then 
if we set 
and 

y" 


y — P cos 2x -{- Q sin 2x. 
if = — 2P sin 2x + 2 Q cos 2x 
P' cos 2x + Q’ sin 2x = 0, 

—IP cos 2x — 4 Q sin 2x — 2 P’ sin 2x + 2 Q' cos 2x. 


* It may lie shown that the determinant of the system, a 0 (uv' - u’v), cannot 
vanish if u and v are linearly independent; see Ince, op. at. Hence it is always 
pceiible to find P' and Q‘. 

t The student should try to solve this equation by method (a) of this article. 
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Consequently 

— 4P cos 2x — 4Q sin 2x — 2 P' sm 2x -f 2 Q' cos 2x 

+ 4P cos 2x + 4Q sm 2x = tan 2x 
or 

—2 P' sm 2x -f- 2 Q' cos 2x = tan 2x 

Coupling this equation with the equation P* cos 2x Q' sm 2x = 0, 
we get 

0 sm 2x 

p, tan 2x 2 cos 2x _ sm 2 2x 
cos 2x sin 2x 2 cos 2x 1 

—2 sm 2x 2 cos 2x 

I cos 2x 0 

| —2 sm 2x tan 2x sm 2x 
® ~ 2 = 2 * 


1 r sm 2 2x 

i I ax = 

2 J cos 2x 


sm 2x 1 

* In (sec 2x -f- tan 2x) 4* ci, 

4 4 


sm 2x cos 2x 1 

y ~ - cos 2x In (sec 2x 4- tan 2x) 4* c i cos 2x 

4 4 


= cos 2x In (sec 2x -f tan 2x) + ci cos 2x + Cz sm 2x 

In the case of an equation of order n, we take as the expression for 
the general solution that obtained from the complementary function by 
replacing the constants by variable parameters, 

y — jPa' ir i£tr -4 ithr -4 

For this to be a solution imposes one condition on P, Q, R, Dif- 
ferentiatmg this expression, we get 

y’=Pu' + Qv' 4- Rid* 4* 4- P'u 4- Q'v + R'to + 

Take as a second condition the equation 
P'u 4- Q v 4- R'w 4- 
y' = Pu' 4- Qv' 4- Rw' 4- 


so that 
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y" = Pu" + Qv" + Rw” -] h PV + QV + R'w' + • • •, 

and we take as the next condition 


PV + Q'v' -f R'w' -J 0, 

whence 

y" = Pu” + Qv" + Rw" + • • • . 

We treat similarly y'", •••, 7/ (n_1) , setting the portion containing the 
derivatives of the parameters equal to zero at each stage: 

P'u” + Q'v " + R'w" + • • • = 0, 

P'u'" + QV" + R'w'" + • • • = 0, 


Then compute and substitute y, y', * • • , in the given equation. 

Solve the n linear algebraic equations in P', Q', R', • • • obtained by this 
process, integrate to get P, Q, R, • • • , and substitute in the expression 
y = Pu Qv + Rw -f . 

As may be supposed, the labor involved in applying this method 
increases rapidly as the order n increases, so that, from the practical 
standpoint, the usefulness of the method for large values of n is limited. 

There are other methods of finding a particular integral, including 
symbolic methods into which inverse operators and resolution into 
partial fractions enter. We shall not discuss these methods here, how- 
ever, as we have, in the foregoing, ample means of solving completely 
most of the linear equations arising in practice. Symbolic methods are 
considered in Chapter XI as a topic in operational calculus. 

PROBLEMS 

tind the general solution of each of the following equations. 

I. (D= - 4);/ = Ax - 3 c*. 

2- (D* - 6D + 6)1/ = 12 x ! - 20x + 4 + r*. 

3. (D 3 D 5 )i/ = Ox + C — 2 c~ z . 

4. (O' + 1)„ - 2 cos x — 3 cos 2i. 

G* (I)* 3 + 2D + o)t/ a* 3c*"* sin x — 10. 

G. (D* — 3D* — 4)r/ « 2 1 sin 2x — 40c'~ 2t . 

7* (D* - 2D 3 + D-)i/ « Gr* - 2. 

8 - (D 3 + *iD)j/ » 2 lx* + 12 + 8 sin 2x. 

(21)* - 3D - 2)|/ » (15t c 4- 12 x - 5)^ - 1 Sc*. 

10, (IV -f 4D + 3 )t/ » 2jr(sin x + 2 cos x) + 4 sin x + 2 cos x — 2f‘ I , 

II. (D* + D*)j; « iSx — 4 sin x. 

12. (D* — 4D + i>)\j ** cos x — 5. 
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13 (D* - 8D + 16)2/ - 12 e**/x* 

14 (D* - 4D + 4 )y = e ix sec 3 x 
16 (D* + 9)j/ * 18 - 9 sec 3x 

16 (D* + l)y * 3x - 8 cot x 

17 (D* + 2D + 5)2 / = 4e“* tan 2x + 5e* 

18 (D* + D)jr = 2 - sec i 

19 (D‘-D)tf-j — y 

20 (D 3 - 3D* + 4D - 2)2 / = e* esc x 


12. Euler’s equation * One of the most important of the linear 
equations with variable coefficients is Euler's equation, 

(doX n D n + b 1 z n ~ 1 D n - 1 + + 6 n _,rD -f b n )y = f(x), (1) 

where the 6’s are constants, &o 9* 0, and D as d/dx It is readily 
recognized from the fact that the powers of x and of D in any term of 
the operator are the same 

Euler’s equation may alwaj s be transformed into a linear equation 
with constant coefficients by changing the independent variable from 
x to z by the substitution 

x = e*, or z = In je 

Using D 2 to denote d/dz, we have, smee dz/dx = l/x t 

dy dy dz 1 
= = ~ Dz7J> 
dx dz dx 


( 2 ) 


D V 


d d ( 1 \ 1 <Z v 1 

- - (Dy) = - - T (D t y) ~ ~D z!> 

dx dx\z / xdx xr 


1 d dz 1 1 . 

-T> t y = -Bii 

x dz dx x a r 






Id . dz 


5D& ___ (d „ ) _ + _ d , ! , 


whence 


.Ll?,y-Lv’v + ll> t y 


xDy = D*i/, 

^D 2 y *= D^/ — D 2 t/ = D 2 (D 2 - l)i/, 

x 3 D^ « D 3 4 / - 3D 2 y + 2D,y = D 2 (D 2 - 1)(D* - 2 )y 

• Also referred to as Cauchy’s equation or as the homogeneous linear equation- 
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These results suggest- the formula 

xTCFy = D Z (D. - 1) (D s - 2) • ■ • (D s - r + 1 )y. (3) 

That the formula holds in general is readily proved by induction. For, 
if 

T) T y = - D S (D S - 1) • • • (D s - r -f 1 )y 

x T 

for any positive integer r, then 

D r+1 y - D ( — D*(D S - 1) • • • (D* - r + 1)2/1 
La: r J 

1 dz 

= - D 2 [D 2 (D s - 1) • • • (D s - r + l)y] — 
x r dx 

~ Pz(D s - 1) • • • (D* - r + 1)2/] ■ 

X 

= Jrj. D,(D* - 1) • • .(D, - r + 1)(D, - r)y, 
or 

jr+ipr+iy = Dj ( D . _ x) . . . (D. - r)y. 

Since this is of the same form as (3) with r replaced by r -f- 1, it fol- 
lows from the usual argument that (3) is true when r is any positive 
integer. 

Substituting in (1) the values of x T D r y (r — 1, 2, • • •, n), as given 
by (3), and at the same time replacing x by cr on the right, evidently 
yields a linear equation with constant coefficients, 

(a 0 B" + oiD" -1 -} b a„_iD. + a n )y = F(z), (4) 

in the variables z and y, where the a’s are constants and F{z) = f(c z ). 
Equation (4) may then be solved by the methods previously given to 
obtain ?/ as a function of z, whence replacement of z by In x leads to 
tiic general solution of (1). 

As an example, consider the equation 

(x 3 D 3 + x 2 D 2 — 4xD)y — Zx 2 . 

This becomes 

ID,(D« - 1)(D. - 2) + D-(D t - 1) - 4D z ]y = 3c 2 -’, 

(D 3 - 2D 2 - 3D t )y = 3c 21 . 


or 
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Since the roots of m 3 — 2m 2 — 3m = 0 are m = 0, — 1, 3, the comple- 
mentary function of the new equation is 

Y e *= ci + c 2 e“* + C3^ e 

Also, setting 

Yp <= Ae 2 *, 

we get 

8A - 8A - 6A = 3, A = — 

and 

Kp « — 2 e 2 * 

Therefore 

y = Fp + F c = -ic 2 ' + ci + c 2 e“* + c z <?' 

x 2 c 2 3 

“ — — + «H f* c 3 x 3 

2 x 

13 Simultaneous equations We consider next a system of n linear 
equations involving one independent and n dependent variables 
The orders of the derivatives m these equations may be any positive 
integers, also we suppose that the coefficients of the dependent vanables 
and their derivatives are constants Just as m the case of simultaneous 
linear algebraic equations, the first step is to combine the equations of 
the system so as to get a single equation containing only one of the 
dependent vanables and its denvatives In this elimination process, 
the algebraic properties of operators enable us to treat simultaneous 
linear differential equations m much the same way as a set of linear 
algebraic equations 

We shall illustrate the general process for a system of two equations, 

<h(P)V + - fl(x), (lj> 

03(D)y + 0 4 (D)? = fz(x), (la) 

where the 0’s are operators with constant coefficients, D s d/dx, and 
y and z are the dependent variables Operate on the first equation with 
$ 4 (D) and on the second with 02 (D), obtaining 

0i(D)0i(D)i/ -f 0 4 (D)0 2 (D) 2 = 0 4 (D)/i, 

02(D)0 3 (D)y + 02 (D) 04(D)? — 02 (D)/ 2 
Smce the operators 02 (D) and 0 4 (D) are commutative, subtraction 
eliminates z, giving us 

[0i(D)0i(D) — 02(D)0 3 (D)Jy = 0 4 (D)/i — 0 2 (D)/2 (2) 

This equation, containing only x, y, and the derivatives of y, may be 
solved by the methods of Arts 10-11 
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We might also have eliminated y between (li) and (1 2 ), getting 
instead of (2), 

I* 4 (D)*i(D) - <f> 2 (D)<£ 3 (D)]z = *i(D)/a - 4> 3 (D)fi- (3) 

Since the left-hand operators in (2) and (3) are the same, the work of 
finding the complementary function will be the same for both cases. 

Having found the general solution y from (2), or the general solution 
z from (3), we may proceed in either of two ways. On the one hand, 
we may substitute the expression found in (li), (1 2 ), or an3 r relation 
obtained by combining these equations — whatever allows for the 
determination of the remaining dependent variable most easily. Al- 
ternatively, we may use both equations (2) and (3), obtaining expres- 
sions for y and for z. It must be remembered, however, that our 
problem is to find values of y and z satisfying equations (li) and (1 2 ). 
Consequently, if the first alternative is employed, say by using (fy), 
then, whenever constants of integration are introduced, possible rela- 
tions among the constants of integration must be determined by mak- 
ing sure that (1 2 ) is identically satisfied. If the second procedure is 
followed, an identity must likewise be obtained by substituting the 
expressions for y and for z in either (l x ) or (1 2 ); this will determine 
possible relations among the arbitrary constants. 

Let us examine the various possibilities in solving the simultaneous 
equations 

(D - l)y - (2D + l)z - 1 - x, 

Dy + (D + 4)z = 1 + 4x. (4) 

Operating on the first equation with D, and on the second with (D — 1), 
we get 

D(D - l)y - (2D 2 + D)z - -1, 

(D - l)Dy + (D 2 + 3D — 4)z = 4 — 1 — 4x - 3 — 4x. 
Subtracting the first equation from the second gives us 


(3D“ + -ID - 4)z = 4 - 4.x. (5) 

Since 3»r + 4»i — 4 = (3 in — 2) (to + 2), the complementary func- 
tion for z is 

Z r — Cjc 2r/3 -f- c 2 c"~ 2x . 


Abo, taking for the particular integral 


Zp = Ax -f- B , 


4 A — 4.4 x — 4Z? = 4 — 4x, 
A = 1, 5 = 0, 

Z,p — x. 


we get 
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Hence z-x + ci^ + cze-** (6) 

In this instance the best way to continue is as follows Subtracting 
the first of equations (4) from the second, member for member, we get 
a relation free of derivatives of y 

y + (3D 4- 5)a ** 5x 

We then get directly, without the need of further integration, 
y ~ 5x — (3D 4* 5)3 

= 5a: — 3 — 2cie a * /3 + 6c 2 e" 2 * — Bx — 5c l e 2r/3 — Sc^e -2 *, 

V= -3-7 ckP'* + w" 2 * (7) 


Equations (6) and (7) together constitute the general solution of the 
system (4) 

For purposes of comparison with the above method and to Ulus 
trate the second alternative method, let us find y directly from (4) 
Operating on the first equation with (D -(- 4) and on the second with 
(2D + 1), we get 

(D 2 + 3D - 4 )y - (D + 4)(2D + l)z = -1 -f- 4 - 4x = 3 - 4r, 
(2D 2 + D )y + (2D + 1)(D + 4)z*8 + I + 4r=9 + 42 


Adding, we have 

(3D 2 + 4D - 4 )y « 12 

The complementary function is found as before, 
Y e = c 3 e 2l/3 + c 4 e -2x 


Also, we see by inspection that Yp = —3 Hence 

y = c 3 e 2 * 13 4- c 4 e -2x - 3 (9) 

Substituting from (G) and (9) into the first of equations (4) gives us 
£^*' 3 - 2^ x - ^ - ^” 2x 4- 3 

-2 - 3 + 4c 2 e — 2 * - ar - Cl e 2xtz - c 2 e~* x - 1 - 3 

Inch will be an identical relation only if 

— 3C3 — %ci — 0 — 3c 4 4- 3 c 2 ~ 0 

Hence 

c 3 ~ — 7c J( c 4 — c 2 , and y *=* —7 c\e 2x,z 4* c 2 e~’ x — 3 

as before Substitution of the expressions (6) and (9) into the second 
of equations (4) would similarly have yielded c 3 = —7c u c 4 = c 2 
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As indicated in the above example, the total number of arbitrary 
constants in the general solution of a system of simultaneous equations 
of form (1) will be equal to the degree in D of the determinant 

0 i (D) 02(D) 

03(D) 04 (D) 

Thus, since 


D - 1 — (2D + 1) 

D D + 4 


3D 2 + 4D - 4 


is of the second degree in D, two arbitrary constants appear in (6) 
and (7). 

PROBLEMS 


Find the general solution of each of the equations in Problems 1-8. 

1. (x 2 D 2 + 2xD - 2)2/ = 4 4- x 2 . 

2. (2z 2 D 2 - xD - 2)i/ - 3x - 5x 2 . 

3. (x 2 D 2 - xD + 1);/ = Gx + 2 x 2 . 

4. (x 2 D 2 + 3xD + 5)j/ = 10 - 4/x. 

5. (x 3 D 3 + 3x 2 D 2 + xD - 8)2/ = 7x - 4. 

6. (x 3 D 3 + 2x 2 D ! - xD + 1)2/ = 3x 2 In x - Sx. 

7. (x 3 D 3 - 3x 2 D 2 4- 7xD - 8);/ = 12x 2 (ln x) 2 . 

8. [(2x - 1) 2 D 2 - 4(2x - 1)D + 8];/ = 8x. Hint: Let 2x - 1 = c*. 

In Problems 9-20, solve each system of equations. 

9. 2 y + Dz = e 2 *, (2D - 3)2/ + D 2 z = 2c 21 - G. 

10. D;/ + 3s = 4x, D 2 // + (2D + l)s = 3. 

11. (D 4- 1 )y + Ds = (f sin x, (D 4- 3);/ 4- (D 4- 2)s = <4 cos x. 

12. (I) 2 - 3)1/ - 2 = <r, Ds - 2// = 0. 

13. (D 2 - D)j/ + 2 = 1, (D — 1)1/ + Dz = 4e~ r . 

14. 3D;/ + 2z = 0, (D 4- l)z + 3u> = 15 - 3x, T)-y - 2 w = -10. 

1G. Dj/ *= z, Dz >= to, Die = y. 

1C. (3xD - l)j/ + (xD + 4)2 = 21, (2xD + 1% + xDz = -11. 

17. (ill - l)i/ + 5s a 20x - 7, x-D-y + (6xD + 2)z = 32x - 2. 

18. (xD + 2);/ — 2z *■ 0, 3 y — (xD + l)z = — x. 

10. (x 2 D 2 + 2);/ + xDz = 4x, 2xD;/ + z «= 5. 

20. (x 5 D 2 -f 2);/ — 2xDz ~ 4 sin In x, (xD — 5);/ 4* 3s = 7 sin In x. 

14. Applications. It. has been stated that linear differential equations 
nrc of marked importance in engineering because of their frequent 
occurrence. We shall at this point discuss only a few types of motion, 
electric circuits, and a chemical reaction; further applications will 
appear in connection with other topics later in this book. 

(°) Rectilinear motion with acceleration proportional to displacement. 
Consider n particle moving in a straight line, which we take as the 
**axis, under the action of a central force located at the origin O, the 
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magnitude of the force being proportional to the displacement z of the 
particle at any time t By Newton’s second law of motion, the force 
is proportional to the acceleration, hence the given motion is such that 
the acceleration cTx/dt 2 is proportional to the displacement x , or 


drx 


= Cx, 


( 1 ) 


where C is a constant 

Equation (1) is a linear differential equation, and its solution is 
easily obtained by the methods of Art 10 However, the form of the 
solution will depend upon whether the constant C is positive or nega- 
tive This indeterminacy is not surprising, for we have not as yet 
specified whether the force is one of attraction or of repulsion Suppose 
first that we are dealing with an attractive force, which therefore acts 
always toward the origin 0 Then if x is positive, the acceleration 
and the force will be negative, and if x is negative, cPx/dt 2 will be 
positive Hence, for any position of the particle, the acceleration and 
displacement will be oppositely signed, so that 0 m equation (I) must 
be negative To emphasize this, WTite C = —ft 2 , whence our differ 
ential equation takes the form 


d 2 x 

dt 2 


S= —l?x 


(ll) 


Lettmg D denote d/dt, (li) may be written as 
(D 2 + k 2 )x = 0, 


the general solution of which is 

x = A cos kt + B sin kt, (2i) 

where A and B are arbitrary’ constants The displacement x from the 
center of attraction at tune t is thus given by (2j), and the velocity at 
this instant will be 

dx . 

— = —kA sin H + IcB cos kt (3i) 


If x 0 and t> 0 are, respectn ely, the displacement and velocity when 
i — 0, we have the conditions 

dx 

x = x 0 , — == v 0 for t ~ 0 

dt 
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which suffice to determine A and B. From the first condition we get, 
bv (2i), xo = A) from the second, by (3i), v 0 = kB. Hence 


x 


Vq 

xn cos kt -f sin kl. 

k 


(4i) 


Motion defined by a relation of the form (4i) is called simple har- 
monic motion, and (li) accordingly is the differential equation of simple 
harmonic motion. If we write (4j) in the alternative form 


x = 


4 


4 

k 2 ' 


4 + 7 ?sin 


(id + tan 



or, for brevity 


x — a sin ( kl + a), 


(5i) 


where a - Vxq + v o/k 2 , a - tan -1 (/cx 0 /f 0 ), we see that the particle 
oscillates between the extreme positions x = ±o. The distance a from' 
the center 0 to either extreme position is called the amplitude of the 
motion; it evidently depends upon the initial conditions. 

Now let xi and (dx/dt) i denote the displacement and velocity at 
any time ti, 

Xi — asm ( kti + a), 


— ) — ka cos (Jdi + a), 
dt / 1 

Tlie smallest time interval T that must elapse before x and dx/dt 
again take on the values xi and (dx/dt) 1} respectivelj r , will be 
such that sin [k(ti + T) -f «] = sin (kti -f- a), cos [k(ti + T) + a] 
- cos (kti + oc). But these relations will be true if k(t\ -f T) + a 
= klx + a + 27r, or 



and for no smaller value of T, The time interval T, called the period 
of the motion, represents the time required for the particle to complete 
one oscillation, say from one extreme position to the other and back 
again. By the frequency f is meant the number of complete oscillations 
occurring in unit time, so that fT = 1, or 



(Ji) 


The period and frequency are seen to depend only upon the constant k, 
and not upon the initial conditions. 
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If, now, the force is one of repulsion, it will be directed always away 
from the center Consequently its algebraic sign, which is that of the 
acceleration, will be the same as that of the displacement, so that the 
constant C in equation (1) is here positive, C — k 2 Then we have 


or 

whence 


dt 2 


k 2 x, 


CD 2 - fc 2 )* = 0, 

x = cie fet 4* C 2 e~ kt , 


( 1 2 ) 


( 2 2 ) 


dx 

It 


kc^* — kc 2 e kt , 


(3 2 ) 


where ci and c 2 are arbitrary Using the same initial conditions as in 
simple harmonic motion, we get Xq = c% + cj, Vq ~ kci — kc 2 , and 
consequently 


x 


kx 0 + v 0 

* c 

2k 


h Co — »o 
e 

2k 


( 4 2 ) 


This type of motion is not oscillatory and does not occur in practice 
nearly so often as does the more important simple harmonic motion 
We shall, however, meet these two Linds of motion again in Chapter II, 
where the close analytic analogy between them is exhibited by means 
of hyperbolic functions 

(6) Damped vibrations Because of the occurrence of friction or 
other resisting forces vibratory motion may often not be considered as 
simple harmonic If the resistmg forces are large, the motion may not 
even be oscillatory, 1 e , the particle may simply move toward the 
equilibrium position For small resistmg forces, the vibrations will 
decrease in size as time goes on, we say then that the particle executes 
damped vibrations 

Suppose that a particle of weight m fib ) is attracted toward the 
origin O by a force proportional to the displacement x (ft ), and that 
the motion takes place in a medium in which the resistmg force is 
proportional to the velocity dx/dt (ft /sec ) By Newton's second law 
of motion, one expression for the resultant force acting on the mass is 

— 37 T , where g = 32 17 ft /sec 2 , and this force will also be given by 
g dt • 

the algebraic sum of the attractive and resistmg forces As in simple 
harmonic motion, the attractive force will be represented by —k x 
for its sign must be opposite that of x The magnitude of the resisting 
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force will be K dx/dt, where K is a positive constant of proportionality; 
it remains to determine the proper algebraic sign of this force. Now 
if the mass, at some time l, is moving in the direction of increasing x, 
so that dx/dt is positive, the resisting force will be negatively directed 
and consequently will be given algebraically by —K dx/dt; if, on the 
other hand, the motion is in the direction of x decreasing, so that 
dx/dt < 0, the resisting force will act in the positive direction and is 
therefore again equal to —K dx/dt. Hence for any position and for 
motion in either direction we have the .-elation 


m d 2 x „ dx 

= -tfx - K — 

g dt~ dt 


( 8 ) 


9 Kg 

2a — — , 

m 


b 2 - 


Relation (8) is evidently a linear differential equation with constant 
coefficients. For simplicity, we write it in the form 

(D 2 + 2oD + b 2 )x = 0, (9) 

where D = d/dt, and a and b are positive constants given by 

Jfg 

in 

The roots of the equation auxiliary to (9) are —a - fc Va 2 — b 2 , and it 
is seen that the nature of the general solution will depend upon the 
relative values of a and 6. If the motion takes place in a viscous 
medium, K will be large, and it may be so large that a > b; then we 
shall get 

x = Cie <-‘+V^)< + C2C (-«-V^» (10i) 

where Ci and Co are arbitrary constants. Since Va 2 — b 2 < a, the 
coefficients — a ± v/a 2 — b 2 of i will both be negative, and therefore x 
will approach zero as t becomes infinite whatever the initial conditions 
may be. As a concrete example, suppose that a = 5, b = 4, and let 
the mass start from rest at x — x 0 when t = 0. Then we have from 

do,), 

X — Cl c 

dx 
dl 

and from the initial conditions, 

Xo = c, Co, 


+ c 2 C~ St , 


— — 2c,c 21 — Scoc s '; 


•hence 

Ci * 


•Ho 


_ _ To 


0 = — 2ci — Sc 2 , 
‘Ho 


and 


C -2'-f2 c - 8I # 
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The nature of the resulting motion is indicated by the graph (Fig 7) 
It is seen that no oscillation takes place, x being positive for all t > 0, 
and that the damping is rapid, when t = 1, x — 0 180z 0 



Fio 7 


If the medium is such that a — b, the general solution of (9) becomes 
z = (ci 4- C20<r°‘ (life) 

With the same initial conditions as before, namely x = Xq, dx/dt — 0 
for t = 0, and taking a = 4, ne get 

x = Xo(i + 4 t)e~ 4 ‘ 

This motion is non-oscillatory as m the preceding case 
Finally, if a < b, the roots of the auxiliary equation may be written 
—a zb Vb 2 — a 2 1 , and the general solution of (9) takes the form 

x = e~ at (ci cos W — a 2 1 + c 2 sin Vb 3 — a 2 1 ) (IO 3 ) 

If at time t = t\ the body is passing through the origin in a given direc- 
tion, then at time t = f 1 + 2tt/ V b 2 — a 2 it will again be passing 0 m 
the same direction, we call the interval 2ir /Vb 2 — o 2 the period of the 
motion The factor e~ at is called the damping factor Taking a = 1, 
b = 4, and applying the conditions x — xo, dx/dt = 0 for t — 0, it is 
found that 

X = Xoe“* ^COS Vl5 t + sm VUi 

Hence we now have damped oscillatory motion, as indicated m Fig 8, 
with period T — 2ir/\/l5 — 1 62 sec 
As a physical example of damped motion, consider a spring fixed at 
its upper end and supporting a weight of 10 lb at its lower end As- 
sume that Hooke’s law holds, so that any force producing an elongation 
of the spring is proportional to the elongation produced, the constant 
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of proportionality being called the spring constant. Suppose that the 
10-lb. weight stretches the spring 6 in. and that the resistance in pounds 
is numerically equal to y\y the speed in feet per second. TV e wish to 



find the equation of motion of the weight it it is drawn down 3 in. below 
its equilibrium position and released. 

Wc first determine the spring constant. Since a force of 10 lb. 
stretches the spring 6 in. or ft., we have 10 = c(|-), and the spring 
constant is c — 20 lb./ft. In solving a problem of this type, it is im- 
portant that we specify and keep clearly in mind the direction chosen 
as positive and the origin from 
which the displacement is meas- 
ured. Wc shall take the down- 
ward direction as positive and our 
reference point O at the equilib- 
rium position of the weight, that 
K the position of the weight when 
it is hanging at rest (Fig. 9). Let 0 — r 
~ (ft.) be the displacement of the x 
weight from its equilibrium posi- 1 
don at any time l (sec.) ; then the Fig. 9 

elastic force tending to restore the 

Weight to its equilibrium position is —cx — — 20.r, the minus sign 
denoting that this force and the displacement are opposite in sign, 
do also have a resisting force whose sign is opposite that of the 
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velocity dx/dl, namely —0 1 dx/dt, so that the resultant force tending 
to restore the weight to its equilibrium position is —20x — 0 1 dx/dt 
We equate this resultant force to the product of the moving mass 
and its acceleration and obtain the differential equation of motion 


or 


10 d 2 x 
9 dt 2 


dz 

1 — , 
dt’ 


(D 2 4- 0 01$D + 20)a: = 0 


Solving this equation, we get 

r = e"° 005 **(ci cos lV$g - 0 0001? 2 t + c 2 sin |V8<7 - 0 OOOlj 2 1) 

Usmg the conditions x = dx/dt = 0 when t — 0, and settmg 
g — 32 17, it is found that 

x = e~° i6U (0 250 cos 8 02* -f 0 00502 sin S 02t) 

The period of vibration is T = 2ir/% 02 = 0 783 sec , and the damping 
factor 161t decreases by half m (In 2)/0 1G1 «= 4 31 sec 

(c) Forced vibrations The motion of the weight considered above 
was due to the inherent elastic forces of the spring-weight system and 
to the resistance, the ubrations are accordingly called free or natural 
vibrations If, however, the system is subjected to an external periodic 
force, we say that the body executes forced vibrations 

Suppose that the particle of mass m is acted upon by the forces 
— k 2 x and —K dx/dt , as in the analysis leading to equation (8), and in 
addition is subjected to an external force C sin ut of amplitude C and 
period 2 tt/w Then (8) 13 replaced by 

md 2 x „ dx 

— = — h 2 x — K J- C sin ut, (11) 

g dt 2 dt 

winch may b^wntten as 

(D 2 + 2aD 4- b 2 )x = — sin at, (12) 

m 

where, as before, 2a « Kg/m and b 2 = l?gfm Smce the operators in 
(0) and (12) are the same, the complementary function for (12) will be 
given by (10i), (IO2), or (IO3), according as a > &, a = b a <b 
Consequently the general solution of (12) is obtained by adding to the 
complementary function x c , previously determined, a particular inte- 
gral xp of (12), and xp will give us the effect of the external force 
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We shall consider onty the most important case, in which the resist- 
ing force is small, so that a <b and 


f (ci cos 


i 2 t -j- C 2 sin vb 2 — a 2 t). 


Let us suppose first that K is so small that we may take a = 0 without 
much error being introduced, i.e., we take the ideal situation, 


for which 


gC 

(D 2 + b 2 )x = — sin ut, 
vi 

x c = ci cos bt + c 2 sin bt. 


It is evident that the form of a particular integral of (12i) w r ill depend 
upon whether to ^ 6 or u = b. If w b, we may set 

Xp — A sin o)t + B cos id, 

where A and B are undetermined coefficients; w r e then get 

n . n gC 

—w~A sin id — o) 2 B cos id + b 2 A sin cof + b 2 B cos cd = — sin id, 

whence 

A = gC/m(Jb 2 - co 2 ), B = 0, 
and 

gC 

x p = ~775 57 sin aL (13i) 

?n(lr — or) 

Consequently the general solution of (12x) is, for w 7 ^ b, 
gC 

x ~ — 75 ir sin ul + Ci cos bt + c 2 sin bt. (14x) 

m(b~ — u~) 

Hence the effect of the sinusoidal force C sin ui is to superimpose a 
simple harmonic motion as given by (13i) ; the period of this added 
niotion is the same as that of the impressed force, and the amplitude 
,s constant for a fixed value of w but becomes larger as w approaches b. 

^"°' v 'f the period of the external force is equal to the natural period 
~~/b of the vibrating system, the differential equation of motion, when 
a fc still negligible, is 

nC 

(D 2 -f b 2 )x = — sin bt. (12 2 ) 

t T „ m 

Here we set 

„ x P - At sin bt + Bl cos bt, 

«nd we then find 

= bAl cos bl + A sin bt — bBl sin bt + B cos bt, 
t) xp ~ — fr A ; pin bl -f 2b,-l cos bl — b 2 Bl cos bl — 2 bB sin bt, 
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whence 


gC 

2bA cos bt — 2b B sin. bt ~ — sin hi, 


gC i_ 
26m ' 


A = 0, B - - 

gC 

x P — 1 cos bt, 

26m 


gC 

x — — t cos bt -f- a cos bt -f- c 2 sm bt 

26m 


(13*) 

04a) 


From (13a) we see that, smce the coefficient of cos bt increases indefi- 
nitely with /, the vibrations get larger and larger Of course this 
situation cannot occur in practice, smce some resistance to the motion 
is always present, but it is evident that the displacement may become 
seriously large If, for example, a weight is suspended by a spring and 
the upper end of the spring is made to move with simple harmonic 
motion of a period equal to the natural period of vibration, the dis- 
placement x may become so large that the elastic limit of the spring is 
exceeded, and a permanent set or distortion occurs 
Consider next the general equation (12), with 0 < a < 6 We put 


xp = A sin tat -f- B cos at, 
and substitution m (12) gives us 
—a 2 A sm at — a 2 B cos at •+■ 2 aaA cos at — 2 aaB sm a 


+ b 2 A sm at + b 2 B cos at 




from which we find 

. scW - « 2 ) 


2 gCaa 


m[(6 2 - a 2 ) 2 + 4a V] ’ 
gC 

P " m[( 6 2 - a 2 ) 2 + 4aV] 
oc 


m[(b 2 - a 2 ) 2 + 4«V J 
[(6 2 — w 2 ) sm at — 2 aa cos wt] 


mV(5 2 - a 2 ) 2 -f 4a 2 < 

If, in particular, a = 6, this reduces to 

gC 


= sm(„(-taa (13a) 
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The period of x P as given by (133) is 2tt/u>, the same as that of the 
impressed force, and since the complementary function x c approaches 
7ero as i increases, the forced motion xp ultimately predominates and 
the vibration becomes more and more nearly in tune with the external 
force. When 01 = b, we see from (143) that the amplitude of xp may be 
dangerously large if a is small, i.e., if the resistance is small; this agrees 
with what has already been said. For fixed values of a and b, the ampli- 
tude in (133) will be a maximum when w is such that (b 2 — co 2 ) 2 + 4 o 2 « 2 
has its least value; if we set the derivative of this expression with 
respect to w equal to zero, we find that the critical value of a is 


« e = Vb 2 — 2a 2 . 


(ISs) 


Wien a is small compared to b, o> c is nearly equal to b. If the period of 
the impressed force is 27r/w e , we say the force is in resonance with the 
vibrating mass. The phenomenon of resonance is of great importance 
in engineering. It is sometimes necessary, as in our spring problem, to 
avoid a resonant condition so that no undue stresses occur; on the other 
hand, resonance is desirable in many acoustical and radio-circuit 
problems. 

(d) Electric circuits. In Art. 7 (c) we considered a simple circuit 
containing an inductance L (henries) and a resistance R (ohms) in 
series with an e.m.f. E (volts), and were led to a linear differential 
equation of the first order. W r e shall discuss now a series circuit con- 
taining in addition to the parameters L and R a capacitance C. 

The charge on a condenser varies directly as the potential difference 
across it, so that 

Q = CE c ; ( 16 ) 

if the charge Q is given in coulombs and the potential E c in volts, the 
capacitance C is measured in farads. Since current I (amp.) is the 
rate of flow of electric charge, we have also 


_ dQ r 

~di’ Q== J Id< ’ (*?) 

■"here time t is measured in seconds. Hence 

r s, dE C 1 C 

I = c i r- E ° = cJ Iil ’ (I8) 

i ust fts inductance opposes a change in current, capacitance 
opposes a. change in voltage. 

, KirchihofFs first law to the circuit shown in Fig. 10 , in 

' 111 1 ,m inductance L (henries), a resistance R (ohms), and a capaci- 
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tance C (farads) are connected in senes with anemf E (volts), we get 


fidt = o 

dt CJ 


Using relations (17), this may be wntten 

(ld 2 + rd + ^\ 


where D = d/dt "When L 0, this second order linear equation with 
constant coefficients may be solved for Q, I obtained from (17), and the 
R two constants of integration deter 

mined when the values of Q and I 

for t = 0, say, are known If 
L = 0, (20) reduces to an equation 
_L of first order, so that Q and J are 
J ' “T~ completely determmed when only 

one initial condition is given 
As an example, let L = 1 henry, 
q * « q » ^ R — 100 ohms, C ** 10“ * farad, 

an( j _ jqq v0 ]tg Suppose that 
Flc 1Q no charges are present and no cur 

rent is flowing at time t = 0, v.hen 
the emf is applied, so that <3 = 7 = 0 for t = 0 Equation (20) 

gives us „ . 

(D 2 + 100D + 10 4 )Q - 100, 

and we easily find 

Q = -3-^0 + e*~ sot (ci cos 50 %/3 t + cz sm 50\/3 (), 

/ = — = (-50V3 ^ sm SO-s/3 1 + 50\/3 c 2 cos 50\/3 1 

dt 

-50 ci cos 50\/3 t - 50 c 2 sm 50\/3 1 ) 
Usmg the initial conditions, we get 

0 = + cj, 0 = 50\/3 c 2 — 50 Ci, 

so that 

i Vz 

- Cl 100 ’ C2 ” “ 300 * 

and 

q = I5o [ 1 ~ e " SOt * cos 50 ^ ( + -j- sm 60V ^ ^ } 


3 


r 50t sm 50 Vi t 
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We see that the frequency / of the current is 50\/3/2- = 13.8 oscilla- 
tions per second, that the current rapidly damps out, and that Q rapidly 
approaches the steady-state value xinr coulomb, which is that given 
by (16). 

(e) Physical chemistry. We shall consider here merely a system of 
simultaneous equations arising in a certain type of chemical reaction. 
If a substance A forms an intermediate substance B, which in turn 
changes into a third substance C in this reaction, it is found that the 
respective concentrations x, y, z of the three substances obey relations 

of the form 

dx 

f- ax = 0, 

dt 

dz 

- = by, (21) 

dt 

x + y + 2 = c, 

where a, b, c are constants depending upon the substances. We wash 
to solve these equations subject to the conditions z = dz/dt = 0 when 
/ = 0. 

Since the given initial values involve z and its first derivative, we 
eliminate x and y from (21) so as to get a single equation in i and z. 
From the last equation y — c — x — z; substituting in the second 
equation and writing D for d/dl, we get 


bx -f- (D + b)z = be. (22) 

Operating on (22) with (D + o), and using the first of equations (21), 
we find 

(D + a) ( D + b)z = abc. (23) 

We have to distinguish two cases, according as a ^ b or a = b. If 
c T'-b, we get from (23) 

, 2 = C + CjC -0 ' + C2C~ U , 

whence 

dz 

-- = — acie at — bcoc~ bt . 
dl 

From the initial conditions we then have 


so that 


0 = c + Ci + cs, 0 = —acy — bc 2 , 
be ~ac 


Cl 


a -b’ 


Co = 


a - b’ 


and 


= c + 


(b 


— C t 


(24,) 


a — b 


ac~ bl ). 
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From the second of equations (21), there is then found 

1 dz ac , . , 

!/ = 7— = r(e ~ e )> 

bdl a — 6 

and from the third equation, 
x « c — y — z 


( 242 ) 


e~ ht -\ e~ at - 

a — b a — 6 


r e + — z e 

a — b a — b 


(2h) 


If a *= 6, (23) yields 

2 = c 4- (c* 4- c 2 0«~° I , 
and consequently we have 


— — — ocj — aC2t)e~ al . 

dt 


Using the initial conditions, we get 

0 =* c 4* ci, 0 = c 2 — aci, 


so that Ci = 

—c, c 2 = —ac, and 



z = c — c(l 4" 

(25,) 

Then 

1 dz 

y = acie~~ at , 

a dt 

(25a) 

and 

x = c — acte~ at — c 4- c(l 4* af) e_ 



=* or*. 

(25j) 


Eguations $2£\ and /2q) jdve the required solutions for a b and 
a ~ b, respectively. 

PROBLEMS 


1. A particle moves with simple harmonic motion in a straight hn« When 
t = 0, the acceleration is 9 ft /sec *, the velocity is 3 ft /sec , and the displacement 
x ~ —1 ft Find the amplitude and penod of the motion 

2. A simple pendulum consists of a weight of tr lb suspended by a string of 
negligible weight and length L ft IF 8 (rad ) is the angular displacement of the 
string from the vertical at time f (sec ), and if resistance is neglected, show that 
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If the complete angle of swing 2a is so small that sin 9 may be replaced by 6 without 
much error, find the period of vibration and the equation of motion when the initial 
conditions arc 0 « a and dO/dl = 0 for t = 0. 

3. A simple pendulum swings through an angle 2 a which may be so large that 
the assumption of Problem 2 regarding the replacement of sin 0 by 9 cannot be 
made. If the pendulum is drawn aside through an angle a and released, find its 
actual maximum angular velocitj' and show that this is never as great as the maxi- 
mum obtained under the assumption of Problem 2. 

4. A particle moves with simple harmonic motion in a straight line under the 
action of a force located at the origin x - 0. If it starts at x = —4 ft. with a 
velocity dx/dt « 8 ft. /sec., and if it reaches an extreme position at x — 4\/2 ft., 
nt wlmf s|X>cd does it pass through the origin? 

5. One end of a rubber band is fixed at a point A . A I-lb. weight, attached to 
the other end, stretches the rubber band vertically to the point B. The length AB 
h 0 in. greater than the natural length of the band. If the weight is released from 
a point 3 in. above what will he its velocity when it passes B? 

6. A cubical block of wood G in. on an edge and weighing 4 lb. floats in water 
(G2.4 lb./ft. 3 ). If it is depressed so that its upper face lies in the water surface and 
i* then released, find its period of vibration and equation of motion. Neglect 
resistance. 

7. A cylinder 18 in. in diameter floats with its axis vertical in water (62.4 
lb./ft. 3 ). When the cylinder is depressed slightly and released, the period of vibra- 
tion is found to be 0.S6 sec. Neglecting resistance, find the weight of the cylinder. 

8. The attraction of a spherical mass on a particle within the mass is directed 
toward the center of the sphere and is proportional to the distance from the center. 
Suppose n straight tube bored through the center of the earth and a particle of 
weight w lb. to be dropped into the tube. If the radius of the earth is 3960 miles, 
find how long it will take (a) to pass through the tube; (6) to drop halfway to the 
center. Neglect resistance. 

9. A 1 0-lb. weight is suspended by a spring which is stretched 2 in. by the 
height. Assume a resistance whose magnitude (lb.) is 40/ times the speed 
(ft. 'see.). If the weight is drawn down 3 in. below its equilibrium position and 
released, fmd the equation of motion of the weight. 

10. A 104h. weight suspended from a spring vibrates freely, the resistance (lb.) 
ln v ing numerically equal to twice the speed (ft./scc.) at any instant. If the period 
of the motion is to bo 4 sec., find the suitable spring constant (lb./ft.). 

11. A body executes damped vibrations, Its motion being represented by an 
equation of the form (D- + 2aD 4* b 2 )x =* 0, where D = d/dL If the period is 
1.25 h' c. and the damping factor decreases by 25% in 8.2 sec., find a and b . 

12. A weight w (lb.) suspended by a spring whose constant is 20 lb./ft. The 
motion of the weight is subject to n resistance (lb.) numerically equal to twice the 
velocity (ft. /sec.). If the motion is to be oscillatory with period 1.00 sec., find the 
two possible values ir may have. 

13. A Lib. weight suspended from a spring causes an elongation of 2 in. It is 

grating anti the period is measured as 0.5236 see. Assuming resistance pro- 

prtionM to the velocity, find the time required for the damping factor to decrease 
by /5%. 

, U \ A ror, '" in frw vibration has a period of 1 see., in which time the 

« ,W C BI: {“rtw hr !»%. If the period h made 10% creator by chanpinc 

" ,nt " r * 11 lv> t,u " va,u( ' of ,!le dampinc factor nl the end of the first 
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15 A weight, hung on a spnng and vibrating with negligible damping has a 
period of 1 sec Next it is set yj bratmg with a practically w eightless damping vane 
attached to it, thereby causing a resistance proportional to the speed, and the 
period is then found to be 1 5 sec Determine the differential equation correspond 
ing to the damped vibrations 

16 The damped vibrations of a weight suspended from a spring have a penod 
of 1 sec , and the damping factor decreases by half in 5 sec Find the acceleration 
of the weight when it ts 3 in below its equilibrium position and is moving upwards 
with a speed of 2 in /see 

17 A body weighing g = 32 17 lb is suspended from a spring which is stretched 
gr/12 ft by the w eight Assume a resistance (lb ) equal to 7 tunes the speed (ft /sec ) 
at any instant The body is displaced 2 ft below its equilibrium position and is 
given an initial velocity to (ft /sec ) directed upward (a) Find the value of vt 
which will bring the body into equilibrium position in 1 sec (6) Find the numen 
cally smallest value of vq which mil prevent the body from reaching its equilibrium 
position in any finite time 

18 A container weighing 1 lb is half filled wath 5 lb of mercury and is hung on 
the end of a spring which is thereby stretched 1 m The penod of oscillation ia 
found to 0 350 sec When 5 lb more of mercury are added the penod becomes 

0 454 sec Determine whether the resistance can be proportional to the velocity 
under these conditions 

19 The small oscillations of a simple pendulum with penod 2 sec are subjected 
to a resistance producing an angular deceleration equal to 0 10 times the angular 
velocity If the pendulum is released from rest at an angular displacement of 1 , 
find the displacement at the end of 2 complete vibrations 

20 An 8-lb weight of specific gravity 2 stretches a spnng 3 in when immersed 
in water Because of resistance proportional to the velocity, the penod of vibra 
tion is 0017 sec longer than it would be without damping By what percentage 
wall the damping factor be decreased in 1 sec ? 

21 A 5-lb weight is to be supported by a spring and made to execute damped 
vibrations m which the resistance is proportional to the velocity If the damping 
factor is to decrease by 90% in half a cycle, and if the period ts to be 0 30 sec more 
than it would be if there were no resistance, find the amount by which the weight 
should stretch the spnng 

22 A weight of 32 17 lb is suspended from a spnng whose constant is G lb /ft 
There is a resistance (lb ) equal to 5 times the velocity (ft /sec ) at any instant 
The weight is drawn down 6 in below its equilibrium position and then released 
(o) Find the equation of the ensuing motion, and sketch its graph (6) Determine 
the displacement from equilibrium position when 4 sec has elapsed 

23 A particle moves along the z-axis in accordance with the equation 
(D 5 4- 10D + 9)x = 0 where D *= d/di At time t = 0 the particle is 2 ft to the 
right of the origin and is projected toward the left at the rate of 20 ft /sec Tind 
(a) the time required for the particle to reach its leftmost position, (6) the total 
distance traveled by the particle at the end of 1 sec 

24 A particle moie3 along the a: axis in accordance with the equation 
(4D 2 + 4D + l)z = 0 where D = d/dt If it starts from a point 2 ft to the 
right of the origin with a speed of 3 ft /sec directed toward the left find the time 

1 when the speed is zero and the displacement x at that time 

2E A body executes damped forced vibrations given by the equation 
(D' -{- 2aD 4* = Ce~ at sin ul, where the impressed force is damped by a factor 
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€*** equal to the damping factor for the nat ural vibrati ons. F ind a particular 

integral for this equation if (a) a? ^ Vb 2 — or ; (b) u ~ vV — a\ 

26. A 10-lb. weight is hanging at rest on a spring which is stretched 3 in. by the 
weight. If the upper end of the spring is given the motion y — sin tat (ft.) and if 
resistance is neglected, find the equation of motion of the weight when (a) 
u *= y/Tg rad. /sec.; ( b ) w = 2yfg rad./sec. For both (a) and (b) find also the 
displacement of the weight from its equilibrium position when t = rr/y/g sec. 

27. Solve Problem 2G(a) assuming a resistance whose magnitude in pounds is 
equal to 20/\/# times the velocity in feet per second. 

28. A body weighing 32.17 lb. is supported by a spring whose constant is 3G 
lb ./ft. Assume a resistance (lb.) equal to 13 times the speed (ft. /sec.) at any in- 
stant, and take the downward direction as positive. The bod}" is displaced xo ft. 
from its equilibrium position and released, while at the same instant the upper end 
of the spring is given the motion y » sin (ft.). If the body then executes simple 
harmonic motion, determine whether the initial displacement xo was above or below 
the equilibrium position, and its amount. 

29. A weight of g =» 32.17 lb. is suspended from a spring which is stretched g/2o 
ft. by the weight. At a given instant an external vertical force, which is propor- 
tional to the function cos 5f, is applied to the weight. The motion of the weight is 
subjected to a resistance (lb.) equal to G times the velocity (ft. /sec.) of the weight. 
If the weight is 0.1 in. below its equilibrium position at the end of v/2 sec., what 
was the initial external force? 

30. A body weighing g = 32.17 lb. is hanging at rest on a spring which is stretched 
U/Ml ft. by the weight. Assume a resistance (lb.) equal to 8 times the speed (ft./sec.) 
at any instant of the motion of the weight, imparted by giving the upper end of 
the spring the motion y » sin co/ (ft.). After the transient motion, represented by 
I lie complement ary function, has died down, the displacement x (ft.) of the weight 
will he given by the particular integral xp. (a) Find the amplitude of xp when 
the period 2 r/w of the external force is equal to the natural period of vibration of 
the weight, (b) Find the amplitude of xp when w ® 3 rad./sec. (c) Discuss the 
relative values of the two amplitudes from the standpoint of resonance. 

31. A weight of g = 32.17 lb. is hanging at rest on a spring which is stretched 
3 in. by the weight. The upper end of the spring is given the motion y = sin 2 y/g t 
(ft), and the resistance (lb.) is K times the velocity (ft./sec.). (a) Find A' such 
that any smaller value would make the transient motion (represented by the com- 
pkanf-nlary function) of the weight oscillatory, (b) Using the value of K found in 
(o), find the equation of motion of the weight. 

32. A particle undergoes vibratory motion in accordance until the equation 
(I> 4 0AD 4- 13)x *=* 0, where x (ft.) is the displacement at time t (sec.) and 
I) t-. <f/dt. If the velocity at n certain time is 1 ft./sec., find the velocity one 
prhxl later. 

33. A 2-lb. weight is hanging at rest on a spring which is stretched g/25 ft. by 
the weight («? ■» 32.17). The tipper end of the spring is given the motion 
v ** 1 - UU and the resulting motion of the weight is subjected to a resist- 
ance (hx) equal to 20/g times the velocity (ft./sec.). Find the displacement of the 

from equilibrium position at the end of 1 sec. 

35. A particle undergoes non-vihnitory motion in accordance with the equation 
OU 4 2«I) 4 ?*).r « 0, where x (ft.) is the displacement at time t (sec.), D *= d/dt f 
t n > h t At time / « o, x » x 0 > 0 and Dx *= re (ft./sec.). Show that the 
particle remains to the right of the oripn if i* ^ — xda 4- V? - b 2 ) t but that 
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it passes through the origin, reverses its directi on of m otion, and ultimately ap- 
proaches * = 0 from the left if fa < —xo(a 4* Vo* — b s ) 

3 5 Dlscus3 the motion of a particle satisfying the equation (D* + 2aD+ «*) j «* 0 
and the lmtial conditions x = Xo > 0, Di « t>o, for i — 0 (Cf Problem 34 ) 

36. A coil of inductance I henry and negligible resistance is connected m senes 
with a capacitance 10 -8 farad and an e m f B volts Taking Q = / = 0 for 
t = 0, find the charge Q and current I when < *= 0 001 sec if (o) E = 100, (6) 
E =100 am 500:, (c) E = 100 sm 10001 

37 An inductance of 1 henry, a resistance of 1600 ohms, and a capacitance of 
10 -8 farad are connected in senes with an e m f 100 sm 600f volts If the charge 
and current are both aero n hen l = 0, find the current when i *= 0 001 sec 

38 An inductance of 1 henry, a resistance of 1200 ohms, and a capacitance of 
10 -8 farad are connected in series with an e m.f 100 sin lOOOi volts The charge 
and current, are both zero initially Tor t «* 0 001 sec,, determine whether the 
transient current or the steady-state current value is numerically the larger 

39 Using the data of Problem 38, find the ratio of the current actually flowing 
to that which would he obtained if there w ere no resistance, when t => 0 001 sec 

40 An inductance of 1 henry, a resistance of 3000 ohms, and a capacitance of 
5 X 10~ 7 farad are connected in senes with an e m f of 100c -1Mot volts If the 
charge and current are both zero when t = 0, find the current when t = 0 001 sec 

41 An inductance L hennes, a resistance R ohms, and a capacitance C farads 
are connected in series with an e m f Eq sin t»t volts If the charge Q and current 1 
are both zero for t = 0, and if 4L > R*C, find expressions for Q and I at any time L 
Tor convenience, let a = R/2L, «i = V4LC ~ R?C?/2LC, X « Lu - 1/Ca, 
Z* = ft 5 + X 2 What value of u will produce resonance? 

42 Solve Problem 41 if 4 L = R 2 C _______ 

43 Solve Problem 41 if 4L < E?C (Here let ** = V&C 2 -4LC/2LC) 

44 * The pnmary of a transformer has inductance h\ hennes and resistance Ri 
ohms, the secondary has inductance Lt hennes and resistance Rt ohms, and the 
mutual inductance is M hennes, where L\ln > Ilf 2 The free oscillations in the 
two circuits are then given by 

Inpl\ -f- J/D/j 4- Rif i = 0, 

JtfD7 t 4- LaD I 3 + Rih = 0, 

where 7i and It are the currents in pnmary and secondary, respectively, and 
D = d/dt (o) Show that 7i and It numencally dimmish as i increases (6) If 
Li, Lt, and M are I, 2, and 1 henries, respectively, JZi and Rt are 5 and 24 ohms 
respectively, and I\ *» 1 amp , 7j = 2 amp when t « 0, find 7j and I 2 I'ken 
i = 0 I sec 

45 A condenser of capacitance C farad3 and anemf Eo sin <•>{ are connected in 
senes with the primary of Problem 44 and the secondary is short-circuited, so that 
the equations for fi and It become 

Z<iDJi 4 - HfD7j 4- R\f\ 4* J*fi dt = Ea sm wt, 

ITDIi 4- L 2 D /2 4* Rtlt *■ 0 

* The differential equations of Problems 44-40 can be derived by the method? 
of Art 109, Chap XI 
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By what amount must the inductance L\ of the primal be changed if the forced 
oscillations, represented by particular integrals, are to be the same when the con- 
denser is short-circuited as they are here? Hint: Take the particular integral for 
Ji in the form A sin («i + <*)• 

46. When the primary and secondaiy circuits of the transformer of Problem 44 
rontain capacitances Ci and C*, respectively, and the resistances jRi and Z ?2 are 
negligible, the currents 1\ and / 2 are given by 

laD 2 /! + ilfD 2 /* + h/Ci « Ew cos U t 

MT>*h + L»D 2 h + J 2 /C 2 = 0. 

Find the steady-state current values represented by the particular integrals. Show 
also that the complementary functions represent periodic oscillations when 

UU > 

47. Tank A contains 100 gal. of brine in which 100 lb. of salt are dissolved. 
Tank B contains 100 gal. of water. Water flows into A at the rate of 3 gal. /min., 
and the mixture flows into B at the rate of 4 gal. /min. From B , the solution is 
pumped back into A at the rate of 1 gal. /min. and also flows into a third tank at 
the rate of 3 gak/min. Find the maximum amount of salt in tank B. 

48. A body falls from rest in a liquid whose density is one-third that of the body. 
If the liquid offers resistance proportional to the velocity, and the velocity ap- 
proaches a limiting value of 40 ft./scc., find the distance fallen in I sec. 

49. A projectile of weight w lb. is fired from a gun at the origin O. If the initial 
velocity is ro ft./scc, in a direction making an angle a with the horizontal x-axis, 
show that when resistance is neglected the path is a parabola, and find the maxi- 
mum height and the range of the projectile on a horizontal plane through O . 

60. If resistance proportional to the velocity is taken into account, find the para- 
metric equations of the path of the projectile of Problem 49. Find also the maxi- 
mum height reached. 

61. Two bodies, each of weight 1 lb., slide freely in horizontal grooves perpen- 
dicular to each other, and are connected by a spring 1 ft. long and with a 50-lb./ft. 
constant. If the weights are placed 9 in. from the point of intersection of their 
groove* and released, find their equations of motion. 

62. A particle lies on the line connecting two centers of equal attraction. If 
each attractive force is proportional to the distance of the particle from the corre- 
sponding center, and if the particle is released from rest at a point nearer one 
center than the other, show that the resulting motion is simple harmonic. 

63. If the particle of Problem 52 starts with velocity to along u line perpendicular 
to the line connecting the centers of attraction, show that the path of the particle 
is nn ellipse. 

6b A particle slides freely in a tube which rotates in a vertical plane about its 
midpoint with constant angular velocity w. If or is the distance of the particle from 
tic* midpoint of the tube at time t , and if the tube is horizontal when t « 0 , show 
that the motion of the particle along the tube is given by D 2 x — w 2 x = — g sin ut 
"here D d/di and g is the gravitation constant. Solve this equation if x = xq 
P- « when i ** 0. For what values of xo and t»,> is the motion simple harmonic? 

65. A particle of unit mass is attracted toward a fixed point O by a force F. If 
f%*) are the imlnr coordinates of the particle at any instant, and if u = 1/r, then 
thv motion of the particle, is given by the equation (D 2 4 - 1)?/ » F/frtr , where 
l> «« tl'd* and h h a constant representing twice the area! velocity. Given that 
*' " 0 "’hen *« ** l/r<% solve, this equation if (a) F « ku-\ (b) F *= ku*. In 
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(a), where the force vanes inversely as the square of the distance r, show that the 
path is a conic 

66 (a) Tor steady heat flow through the wall of a hollow cyhndncal steam pipe 
whose inner and outer radu are Ti and rj, respectively, show that the temperature u 
at a radial distance r Ol < r < rj) from the axis of the cylinder is given by 
rD 2 u + Du * 0, where D = d/dr (f>) If ui and U 2 are, respectively, the tempera 
tures at the inner and outer surfaces of the pipe, find u as a function of r (c) If 
ri ** 6 cm , r 2 = 8 cm , «i = 100° C , u 2 *» 90 * C , find « for r ~ 7 cm 

57 (a) For steady heat flow through the wall of a hollow sphere of inner and 
outer radu rj and r 2 , respectively, show that the temperature u at a distance r 
(n < f < ri) from the center of the sphere is given by rD 2 u 4- 2Du = 0, where 
D = d/dr (6) If and u 2 are the temperatures at the inner and outer surfaces 
of the shell, find u in terms of r (c) If r 2 ■» 6 cm , r 2 =» 8 cm , «i ** 100" C, 
uj ** 90° C , find u for r » 7 cm 

68 The small oscillations of a certain system with two degrees of freedom are 
given by the equations 

Dlx + Zx — 2y «• 0, Dir +■ D*y — 3z Sy * 0, 
where D = d/di If x = 0, y = 0, Da: «= 3, Dy = 2 when l «* 0, find x and y when 
f « 2 

69 A weight u.i (lb ) is suspended by a spring whose upper end is fastened to a 
second weight u* (lb ) The weight wj is in turn supported by a second spring the 
upper end of w hich is fixed A force A sm wt (lb ) is applied to v>i Show that the 
displacements xi and xj (ft ) from equilibrium positions of u»i and ui respectively 
are given by 

(icj/ff)Dlri = — fcrfxi — * 2 ) + A sm wt, 

(wt/g)D*X2 = ki(n — x 2 ) — &ixi, 

where ki and k 2 are the spring constants and D = d/di Find the forced vibrations 
represented by the particular integrals for xi and xi For how many values of w 
does resonance occur? 

60 If the external force is removed the elastic double pendulum of Problem 59 
executes free oscillations Take wj — fif/100 lb , ui = jr/50 lb , fci = 2 lb /ft , and 
k 2 =» 4 lb /ft , and suppose the equilibrium positions of the two weights to be 1 ft 
apart If — 4 in , x% ** 2 m , Dxi «= 0 and Dxi *= 0 when t = 0, how far apart 
are the two weights when ( = 01 sec ? 

61 For small displacements the motion of the bob of a gyrostatic pendulum js 
given by the equations 

D ! x + 2oDy + b 2 z «= 0, 

D J y - 2oDx + b 2 y = 0, 

where a and 6 are positive constants and D « d/di (a) Show that the solution 
of this system is 

X •» Cl COS (wj( + <*) + C2 cos (tt»t + 0), 
y «* ci sin (wit + a) — C2 sm (wit + 0), 

whefe wi = Va’ + b 2 + a wj i= Va ! + b 2 — a, and ci cj a, and 0 are arbitrary 
constants (6) If a «= 3 and 6 = 4, discuss the motton w hen the initial conditions 
are (i) x = 2, y »» 0, Dx — 0, D y = —4 tor 1=0, (u) x *= 0, y • I, Dx *■ 8 
Dy =» 0 for t = 0 
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62. In Thomson’s experimental determination of the ratio m/c of the mass to 
the charge of an electron, in which the electrons were subjected to an electric field 
of intensity E and a magnetic field of intensity //, the equations 

m D 7 x + HcDy — Ee, mD 2 y — HcDx — 0, 


where D = d/dt, were employed.* If x — y = Dx ~ Dy = 0 for t = 0, show that 
the path is a cycloid whose parametric equations are 


x 


Em / 
JFc\ 


1 


— cos 


Hct \ 
m ) 1 


V 


Em /Hci 
We\m 


— sin 



63. A cantilever beam of length L in. and weighing w lb. /in. is subjected to a 
horizontal compressive force of P lb. applied at the free end. Taking the origin 
at the free end and the y - axis positive upwards, the differential equation of the 
elastic curve is Ely " — —Pjy — -Jtrx 2 . (a) Show that the maximum deflection is 
given by the formula 

wEJ / 0 2 \ 

VL » -p 2 “ l 1 — j — sec 0+0 tan Oj , 

where 0 «= L^/pJWl. {b) Find the maximum deflection of a wooden beam 2 in* 
by 4 in, by 10 ft., with E « 15 X 10 s lb./in. 2 and weighing 40 lb. /ft. 3 , if the 2-in. 
side is horizontal and P ~ 500 lb. 


♦ See Phil . Mag., Vo!. 48, p. 547, 1899. 
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15 Introductory remarks Hyperbolic functions are useful in a 
variety of physical problems The hyperbolic functions, hyperbolic 
sme, hyperbolic cosine etc , are connected with a hyperbola in a man 
ner analogous to that in which the circular functions, sme, cosine, etc , 
are connected with a circle Corresponding to the formulas of ordinary 



trigonometry, a dual set of formulas can be developed in hyperbolic 
trigonometry In order to exhibit this duality, the idea of sector area, 
rather than angle, is fundamental 
We recall from calculus that a sector element of area POQ (Tig 11) 
is 

dA — 2 r 2 d9, 

or, in rectangular coordinates, since 

»* = X s + jA 

, V x/ ar-fr 

we have 

dA «= I (xdy—ydz), 

where x, y are the rectangular coordinates of the point P 
16 Definitions of the six hyperbolic functions Now consider a unit 
circle and a umt equilateral hyperbola (Tig 12) 

Representing by u the sector area OPAP', with OA = 1, we shall 
express the rectangular coordinates x, y of P in terms of u As the 
94 
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sector opens out, P moves to Q and P' to Q'. Thus the differential of 
the sector area u is twice the area of the sector element POQ, that is, 

du — xdy — y dx. 

ar + if = 1 ar — y 1 2 = 1 



Substituting first the value of y from the equation of the circle, then 
the value of y from the equation of the hyperbola, we have: 


For the circle 


du » x dVl — x~ — \/l — x 2 dx 



x *=* cos u. 


»-/ 


For the hyperbola 
x rfVar — 1 — Var — 1 dx 

p * 

dx 

dx 


du = x <fV ar- 1 — Var-lc 


V* 2 - 


In (x + Vs 2 - 1 ), 


c u = x + Vr - 1, 
c 2 “ - 2xe u + ar *= * 2 - 1, 
+ f -u 

x — = cosh ti. 


1 iuih, in order to express x in terms of it, wo are led in the case of the 
rmie to the familiar circular function, cosine. Usually we think of a 

C '*! no 51S ***“£ t,ie cosine of an angle, but we could just as well think 
o. it a- being the cosine of the number representing an area. For 
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instance, if OA = 1 m , the number of square inches in the circular 
sector u equals the number of radians in the angle POA , so that the 
length OB in the circle can be regarded as the cosine of either number 
In the case of the hyperbola we arm e at the fact that a: is a particular 
exponential function of u (c“ -f c~ u )/2 It is natural to call this, by 
analog}, the hyperbolic function, hyperbolic cosine, of the area ti 
Thus we hav e the first definition in hyperbolic trigonometry 


In order to express y in terms of u, we have 



The second definition in hyperbolic trigonometry is 


Hence we have the first derived formula in hyperbolic trigonometry 
cosh 2 tt — 1 =* smh 2 u 

The other four hyperbohc functions, hyperbohc tangent, hyperbolic 
cotangent, hy perbolic decant hyperbolic cosecant, we define as follow 1 *, 
by analogy to the circular functions 


csch u - 

smh u 

We regard the<e six definitions as defining the six hyperbohc functions 
also when u is negative 
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17. Some formulas of hyperbolic trigonometry. Following are 
twenty-three of the formulas of hyperbolic trigonometry, some of 
which we proceed to derive. 


cosh 2 u — sinh 2 u = 1, 

sech 2 v = 1 — tanli 2 u, 
csch 2 v — coth 2 v — 1, 
sinh (—w) = — sinh u, 
cosh (— u) = cosh u, 
tanli (— u) = — tanli it, 
sech (— u) = sech u, 
csch (— w) = — cscli v, 
coth (— v) — — coth u, 
sinh (u + t>) = sinh v cosh v + cosh u sinh v, 

sinli (« — v ) = sinh v cosh v — cosh v sinh v, 

cosh (» + v) = cosh v cosh v + sinh u sinh v, 

cosh (» — t>) = cosh u cosh t< — sinh a sinh v, 

sinh 2 u = 2 sinh •» cosh u, 


cosh 2w = cosh 2 u -f- sinh 2 u, 


d 

fa 

d 

dit 


■ sinh u = cosh v, 
cosh v — sinh u, 
j ' sinh v du — cosh u, 


f 


cosh it du — sinh u, 


. , u° u J i/ * 

svnli u — n A ! 1 p 

3! 5! 7! 


cosh it — 1 -j n 


oi 


7t 4 it 6 

F + m+' 


sinh iu — { sin v, 
cosh iu - cos it. 


( 1 ) 

( 2 ) 

(3) 

( 4 ) 

(5) 

( 6 ) 

(7) 

( 8 ) 
(9) 

( 10 ) 

(ID 

( 12 ) 

(13) 

(14) 

(15) 

(16) 
(17) 
(IS) 

(19) 

( 20 ) 

( 21 ) 

( 22 ) 

(23) 
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Formula (1) was obtained in Art 16 To obtain (2) from the defini 
tions, we have 

/ G** C 4 

1 - tanh 2 If *» 1 - (■■ ,,-_ ) “ T — = sech 2 w 

\e + c / (e w + <r“) 2 

To obtain (4) from definition. (2) of Art 16, we have 


smh (— u) = 


■ = — smh u 


To obtain (10) we first add and subtract (1) and (2) of Art 16 
e u = cosh u + smh u, 
e - “ = cosh u — smh u 
Then, from (2), Art 16, 

smh (u + v) = hie**’ - <T<“+»>] = \(fe* - 
Hence, from (24), 

smh (u + v) = ^[(cosh u -f smh u) (cosh v + smh v) 

— (cosh u — smh «)(cosh v — smh v)] 
— smh u cosh v d- cosh u smh i> 

To obtain (16) and (19), we have 

e u + e~ 


d d e“ — e 

— smh u — 

du du 2 


- cosh u, 


and therefore 


To obtain (20), (21), (22), (23), we have 
smh u = ~ e ~*) 


(24) 


^cosh u d 
2), (23), wi 

)-(— • 44 * )1 




co s h« = -(e“ + c“ t ‘) = l + ~ + — + 
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We may regard these series as defining the functions sinli u, cosh u, 
when u is imaginary. Letting u — iv, we have, 


i 3 i? i 5 v 5 

sinh (iv) « iv + — + — 4 


( if 3 v 5 \ . . 

( v ! ) = !Sini) 

\ 3! 5! / 


*V iV 

cosh (iv) « 1 + — + — -f 1 - 


V 2 V 4 

2! + 4! 


COS V. 


From (22) and (23), we obtain 

1 1 . 

sin v — - sinh (tv) = — (e' v — e lV ), 
i 2 1 

cos v = cosh (iv) = l ;(e iv + c~' v ), 


(25) 


the exponential expressions for the sine and cosine. By adding and 

subtracting the second of equations (25) and i times the first, we obtain 

the Euler relation , . . . 

c ±,p = cos v ± i sin v. (26) 


PROBLEMS 


1. Derive all the formulas (l)*-(23) which are not derived in the text. 

2. Find the values of sinh 0, cosh 0, tanh 0, sinh -l 0, cosh -1 1, tanh -1 0, 

iirn tanh x, lim (sinh"' 1 x — In x). 

1 — • 2 « 


3. Draw graphs of the equations y ~ sinh x,y — cosh x, y = tanh x, y = coth x, 
y « such x, y ® csch x. 

4. Find the derivatives with respect to x of the six inverse hyperbolic func- 
tion**: sinh -1 x, cosh** -1 x, tanh"** 1 x, eoth -1 x, soch - 1 x, csch -1 x. 

6. Show that, for a > 0, 


sinh 1 - « In 


x 4* \/j- -f a 2 


a 


tanh -1 ~ = i In 
a 2 


a 

o+J 

’ t 

a — x 


. . x + Vx^ - a 2 

cosh 1 - = zb In , 

a a 


csch 1 - =» In * 




(x ^ 0 ). 


6. Show that 

sin (x + iy) *= sin x cosh y + i cos x sinh y, 

cos (x + iy) *= cos x cosh i/ — t sin x sinh y, 

sinh (x 4- i» *= sinh x cos 1/ + t cosh x sin ?/, 

cosh (x -f »»/) cosh x cos */ + i sinh x sin t;. 


A tangent line is drawn to the curve y » sinh -1 x at a point on the curve 
*Ahf*re t - Find the distance from the origin to the point where the tangent- 
line ruts' tie* x-axis. 

( 8. A tanRi-nt line F drawn to the curve >./ « tanh -1 j- at a point on the curve 
' m '• Find the coordinates of the points in which the tanpent line cuts 
the asymptotes to the cum*. 
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9 Fmd the area m the first quadrant between the curves y = smhi and 


y « cosh a: 

10 Transform (1 + tanh x)/(l — tanh x) into cosh 2x + emh 2x 


IS Rectilinear motion with acceleration proportional to displace- 
ment In Art 14(a), Chapter I, we obtained the general solutions of 
the following differential equations 


<?x 

dt 2 


- -J&c 


General solution x — Ay cos kt + B i sm kt, 


( 1 ) 


— - — k 2 x General solution x = cye kt + c 2 e kt , 
dt 


(2) 


in which Ay, By, ci, c 2 are arbitrary constants These equations (1) 
and (2) represent respectively rectilinear motion of a particle under 
attractive and repulsive forces proportional to the displacement 
In order to exhibit the analogy between the solutions (1) and (2) we 
replace the exponentials by their hyperbolic equivalents as given by 
equations (24), Art 17 


Cie** + C 2 e kt = Ci (cosh kt + sinh It) + C 2 (cosh It — sinh kt) 


= A 2 cosh kt + B 2 smh kt, 

where A 2 and B 2 are arbitrary constants related to the original con- 
stants by the equations, A 2 = Cy j- c 2 , B 2 = Cy — c 2 Instead of 
(2) we may then write 
d 2 x 

— = k 2 x General solution x — A 2 cosh It + B 2 smh kt (3) 
dt 

For an attractive force we have the solution (1) expressed by circular 
functions, for repulsion we have the analogous solution (3) expressed 
by hyperbolic functions 

Consider two particles each start mg from rest at a distance a from 
centers of attraction and repulsion respectively, the accelerations being 
numerically equal m both cases at x — a We have for the two cases 

Repulsion 

- k 2 x, 

=* At cosh kt + Bt srnb kt, 

= A 2 , (x = a, t =■ 0) 

» ai smh kt + Btk cosh kt, 

-«■ (I" 0 ’ —) 

= a cosh 


g.-j*, 

df ' 

x = Ay cos Ai + By sm kt, 
a = Ay, (x = a, f = 0) 
dx 

37 = — aK em Kt + cos Kt, 

at 


0-B„ (|-0, l-o) 
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The displacement is n circular function of the time for the attractive 
force, and the corresponding hyperbolic function of the time for the 
repulsive force. 

If <1 and / 2 are respectively the times required by the particles to 
travel the first a/2 units of distance, let us find the ratio l\/h- We have 

J; t\ cos -1 0.5 ti 1.0472 

— = — , - = = 1.09. 

7; t 2 cosh 1.5 to 0.9625 

19. Motion under resistance. Suppose that a body falls from rest 
in a medium offering resistance proportional to the square of the 
velocity, and that the limiting vclocit}' (when the acceleration becomes 
zero) is V (ft./sec.). If w (lb.) is the weight of the body and we meas- 
ure y positive downwards from the starting position, we have for the 
differential equation of the motion 



where A is a constant of proportionality to be determined, and g = 32.17 
ft./sec. 2 Replacing dy/dt, the velocity, by v, we have 


u> dv 

ta — Air, 

a dt 

and. since v = Y when dv/dl = 0, w — AF 2 = 0, or A = w/V 2 , so that 
the equation becomes 

dt \ V 2 ) 

Separating the variables, we obtain 

F 2 dv 


gdt, 


t/2 2 

r* — tr 

which, upon integration, yields 

v 

V tanh -1 — = gt •+• c. 


V 


Since t- - 0 when 7 = 0, we find c = 0, so that 

gt 


v = U tanh-- 

V 


( 1 ) 


Ilf placing v by dy/dt and integrating again, we have 

V 2 gt 

y = —In codi — , (2) 

the constant of integration again being 0, since y = 0 when t = 0. 
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We may eliminate i from equations (1) and (2) as follows 

11 1 V 






Substituting m (2) we have 

V 2 

y = — In 


Vv 2 - V 2 


( 3 ) 


Equations (1), (2), (3) give the v, t relation, the y, t relation and the 
y, v relation, respectively for this problem 

20 The tractnx. A heavy particle P is dragged along a rough 
horizontal plane by a string PQ of length a (Fig 13) Find the path of 



P if Q moves along the x-axis and starts at the origin when P is on the 
2/-axis at a distance of a from the origin 
The equivalent geometric problem is Find the curve the length 
of whose tangent, from pomt of tangency to #-axis, is constant The 
curve is called the tractnx 

Denotmg by 9 the inclination of the tangent line PQ to the positive 

x-axis, we have , 

dy , „ y 

rr = tan 9 . 

dx Vo 2 — y 2 

Separating the variables, 

dx = - Va ~ y2 dy 

y 

Integrating (Peirce, 130, fn ), 

x =■ —Vo 3 — y 2 + a sech“ l - + c 
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Since y = a when x = 
tractrix, 

x — 


0, c - 0, and we have for the equation 

— V O 2 — y 2 + a cosh -1 -• 

V 


of the 

( 1 ) 


Denoting by s the length of the arc AP, positive in the direction AP, 
we have, since s increases as y decreases, 


* - - V 1 + Q ^ - - V 1 +f_ 7 JLi! ' 

Then for the length AP we have 




( 2 ) 


21. Schiele’s pivot. Consider a vertical shaft rotating in a bearing 
(Fig. 14), which is to be so constructed that the vertical wear between 
pivot and bearing is to be uniform at 
all points. 

Let R (lb./in. 2 ) be the vertical 
pressure per unit horizontal area, 

H r (lb.) the weight of the shaft, and 
.4 (in. 2 ) the horizontal projection of 
the rubbing surface; then R — W/A 
- const. Let N (lb./in. 2 ) be the nor- 
mal pressure exerted on the bearing 
by an area of pivot whose horizontal 
projection is a unit area; let 
F (lb./in. 2 ) be the corresponding hori- 
zontal thrust on the bearing. Then 
r and R are the components of N. 

Taking the x- and y - axes as shown in the figure, if PQ is the tangent 
from the point P of the curve LM of the pivot, to the r-axis, we have 
by similar triangles PQ/y = N/R ; hence PQ is proportional to Ny, 
since 7? is constant. But. the wear is proportional to the work done 
by friction in one revolution, viz., yN • where y is the coefficient of 

friction; since this wear is to be constant, it follows that PQ is of con- 
stant length and the curve LM is a tractrix, equation (1) Art. 20, 

x — — Va 2 — t/ 2 a cosh -1 -, 

V 

where a « pQ « OL is the radius of the shaft. The pivot so con- 
structed is known n? Schick's pivot. 
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22 A cantilever beam problem Suppose that a cantilever beam of 
length L m and neighing to lb /in is subjected to a horizontal tensi/e 
force of P lb applied at the free end (Fig 15) Taking the origin at 



the free end and the y axis positive upwards, we have for the differ 
ential equation of the beam 

W3? 

Ely = Py - 

where E (lb /in 2 ) is the modulus of elasticity and I (in 4 ) is the mo- 
ment of inertia of the area of a cross section about a horizontal line 
perpendicular to the axis of the beam Then 


(D 2 - a 2 )y - 


iva 2 
2 P 


where D = d/dx , a — "VP /El The general solution of this equation 
is, by Art 11, Chapter I, and Art 18, Chapter II, 


w w 

y — A cosh ax + B sinh ax x z -\ 

2 P Pa* 

Since y — 0 when x = 0, A = —w/PoP f and 


Since y' 


V* = 


w wx 

sinh ax + Ba cosh ax -) 

Pa P 


0 when x = L, 
B - 


W volt 

— smh ah 

Pa P_ 

a cosh aL 


and the equation of the curve of the beam becomes 

wL\ smh ax 
sinh aL — ) 


w / to 

___ coshra+ (_ 


J i 2 d 

Pa/ cosh aL 2 P P a 
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Aht, 22] 

The maximum deflection is 

t w ( w wL\ 

— - cosh aL + l — - sinh aL — — 1 

iz-z. Per \Par Pa/ 


V 


tanh aL 


wl 7 


w 


2 P Pa 2 


w 

1 V 


w r 


1 + 

1 -f- 


a 2 L 2 

~2~ 

a 2 L 2 


-f- sinh aL tanh aL — cosh aL — aL tanh aL 


— sech aL — aL tanh aL 


]■ 


or 


V 


Ji=L 


wEI f 0 2 

— — (id sech 6 — 0 tanh 6 

P 2 \ 2 


')• 


where 6 — aL — L\/ P/ El. 

If P had been a compressive force instead of a tensile force, the dif- 
ferential equation of the beam would have been 

*2 


Ely" = -Py - 


war 


Since this is like the first, differential equation except that — P replaces 
P, we can immediately deduce the expression for the maximum deflec- 
tion in the new case by changing P into — P in the above result. We 
then have 0 = LV —P /El = iO', where O' = L'V'P/EI and i = V 7 — 1, 
whence * 


y] 


r-r, 



O ' 2 

sec O' -J- O' tan O' 

2 


since sech iO' — sec O' and tanh iO' = i tan O'. 

This is another instance of the advantages of dealing with hyper- 
bolic functions as such, instead of with their equivalent exponential 
expressions. Analogies between two related physical problems whose 
differential equations arc of nearly the same form, the difference in- 
volved being that of an algebraic sign in a key term, can often be 
emphasized when circular functions on the one hand and hyperbolic 
functions on the other arc suitably utilized in the respective solutions 
of the differential equations. Moreover, it is then frequently possible 
to avoid the necessity of solving both differential equations separately: 
the solution obtained for one of them can be transformed, as was done 
here, into the corresponding solution of the other. Additional examples 
of such analogies will be found in the following problems. 

* Vi. Problem 03 following Art. 1-1. 
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PROBLEMS 

1 A body falls from rest in a medium offering resistance proportional to the 
Square of the velocity If the limiting velocity is 32 17 ft /sec , find (a) the velocity 
at the end of 1 sec , (6) the distance fallen at the end of 1 sec , (c) the distance 
fallen when the velocity is half the limiting velocity, (d) the time required to fall 
200 ft 

2 A body falls from rest against resistance proportional to the square of the 
velocity at any instant If the limiting velocity is 160 ft /sec , find the time re- 
quired to attain half that speed 

3 A body falls from rest m a medium offering resistance proportional to the 
square of the speed The limiting speed is 120 ft /sec Tind the speed attained 
after falling SO ft and the time required to reach that velocity 

4 If a body falling from rest encounters an air resistance proportional to the 
square of the velocity and acquires a velocity of 110 ft /sec m fading a distance 
of 300 ft. find the time elapsed and the limiting velocity 

6 The downward acceleration of a falling body is equal to 32 — where v 
is velocity (ft /sec ) If the initial velocity is zero find the velocity and distance 
from the starting point at the end of 1 sec 

6 A body falls in a medium offering resistance proportional to the square of 
the velocity If the motion starts with an initial velocity of 5 ft /sec and if the 
limiting speed is 20 ft /sec find the distance fallen in 0 1 sec 

7 If motion under resistance proportional to the square of the velocity starts 
with a speed »o (ft /sec) and if the limiting speed is V (ft /sec), show that the 
distance fallen m t sec is 

Jr - ^ U . («>*(!+ 2 «*£) 

g \ V V V / 

8 A body falls into a liquid which offers resistance proportional to the square 
of the speed If the hmittng speed is 10 ft /sec , and if the body attains a speed 
of 8 ft /sec 0 1 sec after entering the liquid what was the speed at entrance? 

9 A body falls in a medium offering resistance proportional to the square of 
the speed If the initial speed is 1 ft /sec and if the limiting speed is 20 ft /sea, 
fmd the time necessary for the body to acquire a speed equal to one-third of its 
limiting value 

10 A body weighing \g = 16 1 lb suspended from a spring whose constant is 
32 lb /ft is put into motion by giving the upper end of the spring the displace- 
ment V = h sinh 8t (ft ), where t (sec ) is time Tind the displacement and velocity 
of the body £ sec after the motion starts 

11 A body v eighing g = 32 17 lb is repelled from a point O by a force (lb) 
numerically equal to the distance x (ft ) of the body from that point This motion 
is retarded by another force (lb ) numerically equal to the function e* — e~‘ where 
t (sec ) is time If the body starts from rest when t = 0 at * *= 2 ft , find the dis- 
tance it has traveled and its velocity w hen t *= § sec 

12 If a partiele is acted upon b> a force \irying inversely as the square of^the 
distance from a point O the differential equation of motion is (fx/dt* = —I /* 
for an attractive force and ffx/dC = I 1 /* 3 for a force of repulsion Assume that 
the force has the same magnitude for both motions when r ** a so that the same *• 
applies in both instances and that the particle starts from rest at x = a in each 
ease (a) Sohe the differential equations using tl e substitutions x = a cos 8 ana 
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j « a cosh 2 u, 
xrrittcn os 


respectively, and hence show that the two x y t relations may be 
t - ^ ^ £ Vx(a - x) + a cos ”* 1 , 

/. = i £ a/ x(x — a) + a cosh ” 1 * 


(t) Find the ratio of the time intervals required to travel the first a/2 units of dis- 
tance in the two motions. 

13. For the tractrix, if the length of the tangent PQ is 1 ft., how far have P 
and Q traveled from their initial positions if (a) P is 4 in. from the z-axis; (b) P is 
4 in. from the j/-axis? 

14. If a particle is moving along the tractrix with a constant x-component of 
velocity, ite/dt « u, find the value of y when the speed along the path is 2 m. 

16. If the upper radius and length of Schiele’s pivot are 2 and 1 in., respectively, 
find the lower radius. 

16. A wooden cantilever beam 2 in. by 4 in. by 10 ft., with E = 15 X 10 5 
lb./in. 2 , and weighing 40 lb./ft. 3 , is subjected to a horizontal tension of 500 lb. 
Find the deflection of the free end if the 4-in. side is horizontal. 

17. Find the deflection of the free end of the beam of Art. 22 to which a vertical 
load of Q lb. has also been applied at the free end. 

18. The replacement of k by ik in one of the differential equations of Problem 
12 produces the other. Show that this replacement in either of the x f t relations 
obtained in Problem 12(a) likewise transforms it into the second, so that only one 
half of that problem need be solved, the other then being immediately deduciblc. 

10. Establish the relations 

A corii u 4* B wnh w « V7i 2 — /l 2 sinh [it 4* tanh*** 1 (A/B)], \ B | > | A |, 

A cosh u 4* B sinh n = VA 2 — B~ cosh [u 4* tanh” 1 (B/A)], j A \ > \ B j, 

(a) by using formulas (10) and (12) of Art. 17; (b) by transforming the trigonometric 
identities cited on page 52. 


23. The suspended cable. We now consider a uniform flexible cable 
suspended from two points and hanging under its own weight (Fig. 
lb). Let Ik (lb.) be the weight of a portion of the cable measured 
toward the right from the lowest point A to any point P, T (lb.) the 
tension in the direction of the tangent at the point P, 0 the acute angle 
'vhich this tangent makes with the horizontal, and H (lb.) the hori- 
zontal tension at the lowest point A. Then, resolving vertically and 
horizontally the forces acting on the portion AP of the cable, we have 

Tsinfl « Jr, 

T cos 0 » IL 


TP 


tan 6 — — 

H 


Divi sion gives 
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Taking the y-axis positive upwards and the r-axis positive to the 
nght (although we have not yet located the origin), tan B — dy/dx, 
also, letting w (lb /ft ) denote the weight per unit length of the cable 


and s (ft ) the length of arc AP, 
W = u?s, hence 

dy w 

This is the differential equation of 
the cable, but it contains three 
variables x, y, s In order to 
eliminate s we differentiate with 
respect to x and replace ds/dx by 
Vl ■+■ (dy/dx) 2 , then 




To solve this differential equation, write dy/dx = p, d 2 y/dz 2 = dyjdx 
(Art 6), and separate the variables 

dp W 

vr+p 5 " h dx 

Integrating, we have 

, w 
sinh 1 p — — x + ci 
H 

"We now choose the y-axis through the point A so that p *= dy/dx =* 0 
when x = 0, and c t = 0 Then 

dy w 

— = smh — x 
dx H 

Integrating again, we have 

H w 

y - — cosh — x + c 2 
w H 

Now choose the z-axis through a point at a distance H/w below A , so 
that when y ~ H/w, x = 0, and c 2 = 0 Writing a = H/w, we have 
for the equation of the cable 

y = a cosh - , 
a 


(1) 
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which is the standard equation of a catenary; x and y are now the 
coordinates of any point P, referred to the origin which is at a distance 
a ft. below A. The length of the arc AP is 


= | Vl + y' 2 dx = I ■ \/ 1 + sinh 2 - dx 

J 0 Jo a 


r oc oc 

cosh - dx = a sinh — 
a o 



Fig. 17 


Let d (ft.) be the dip of the cable suspended from two points at the same 
level, L (ft.) the span, and S (ft.) the length of the cable (Fig. 17). 
Then 

L 

S — 2 a sinh — , (2) 

2a 

d - *u - “ - “ ( c ° sh | - O' <3) 

IHc tension at any point is 

T = 11 sec 0 — 11 x/l -\y 2 = 11 cosh ~ = wy. (4) 

a 

Lxtimpk, A wire is fastened at the same level to two posts 100 ft, apart and 
the dip is 25 ft. (a) Find the length of the wire. ( b ) Find the tension at the 
lowest jxjint if the weight of the wire is tr = 0.10 Ib./ft. 

(°) From equation (3), 

25 - a ^cosh ~ — 
er 

^ + 1 “ co<h X, where X — — * 
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We solve this equation by trial and error, using the table on page 125 (Peirce) 


X 

*/2 + 1 

cosh X 

10 

1500 

1543 

09 

1450 

1433 

0930 

1465 

1465 


X — 0 930, a = 50/0930 


Substituting in equation (2), 

S = Q^ggQ st °k (0 ®30) = = 115 ft , the length of the wire 

(5) From a = ^ , fl = 0^5 = ® 37 lb , the tension at the lowest point 

24. The capillary curve , one vertical plate We first state the two 
laws of capillarity on which the derivation of the equation of the capil 
lary cur\e is based 

I At the bounding surface separating a gas from a liquid, there is a 
surface tension which is the same at every point and in everj direction. 

II At the boundmg surface of a gas and a liquid with a solid, the 
surface of the liquid is inclined to the surface of the solid at a definite 
angle depending only on the nature of the solid, liquid and gas 

Given a flat vertical plate MN partially immersed in a liquid In 
Fig 18, OA represents a vertical line in the plate We tale the y - axis 



Fig 18 


along OA and the x-axis perpendicular to the plate and in the distant 
horizontal surface of the liquid The xy plane cuts the surface of the 
liquid in the capillar} curve AB, whose equation we proceed to find 
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Take a strip ABA'B' of the liquid surface whose width A A' = 1 cm. 
Cut out a small element PQP'Q' of the strip, whose dimensions are 
PQ = As, PP' = 1, and whose area is therefore As cm. 2 Consider the 



column of liquid PQP'Q'RSR'S' capped by this surface element. Refer- 
ring to Fig. 19, let 


T (dynes/cm.) = surface tension = force tangential to liquid sur- 
face per unit length of cut. 

0 — acute angle between tangent and vertical at any 
point P. 

a = fixed angle of contact between liquid surface and 
plate, as given by the second law. 
r (cm.) «= radius of curvature, PC, of curve AB at point P. 

P (gr./cm. 3 ) = density of liquid. 

By the first law the surface tension T will be the same on both edges 
of the surface element. Due to these tensions the resultant force nor- 
mal to the surface element will be 

AO 

2-Tcos Z.PKC = 2T sin APCK = 2Tsin — , 

2 


mid the limiting resultant normal force on the surface element PQP'Q’ 
per unit area, will be 


lim 


2T sin 


AO 


•w - o As 


T 

— lim — 
ij-o r 


AO 

sin — 
2 


AO 

~2 


T 


r 
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The vertical component of the normal force on the surface dement, 
namely (T/r) As sm fi, holds up the column of liquid PQP'Q HSR S , 

of height y and cross section area As sm d, and hence of weight 

y As sin 0 pg, where g (980 5 cm /sec 2 ) is the gravity constant 
Therefore ^ 

— As sm d = y As sm 6 pg, 
r 

or _ 

T 

— - pgy 

T 

Letting pg/T = 4/c 2 , that is, c = 2 T/pg , and substituting (1 -f 
y' 2 )^/y" for r, we have the differential equation of the capillary curve 

*L— _ m 

(1 + y*) K I? 

To solve this equation let y’ ~ p, y" <= p dp/dy (Art 6), then 


Integration gives 


Smce p — dy/dx 



( 2 ) 


Before continuing with the solution of equation (2), suppose that ve 
let ho represent the height to which the liquid rises on the plate, i e , 
the value of y when x — 0 At x — 0 we also have p = — cot a 
Substitution of these values m equation (2) yields a formula for b 




ho * 




i ( 45 ”~i) 


( 3 ) 


Returning to equation (2), we have, squaring the reciprocals of both 

s,des ' 1+P ’ 

_dy 2yV<? - y 2 

dx c 2 — 2 y* ’ 


V 
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choosing the negative sign when extracting the square root, since the 
slope of the curve is negative. 

Separating the variables, we have 

2f - c 2 ydy c 2 dg 

( X 2 7/V c 2 — if J Vc 2 — y 2 2 y V C 2 — f 

Integrating, we have 

x + co = — V c 2 — f + - sech -1 -• 

2 c 

Since y — ho when x = 0, C 2 = — V c 2 — hi + -sech -1 — . Hence we 

j-t c 

have for the equation of the capillary curve 

x - Vc 2 - Ag + g sech -1 — = -Vc 2 — y 2 + | sech -1 - , 

2 c 2 c 

or 

x -f Vc 2 — y 2 - Vc 2 — ho = g ( cosh -1 - — cosh -1 — ) , (4) 

2 \ y ho/ 

where /io is given by (3), and c = 2 vT/pg. 

26. The rotating shaft. Consider a horizontal shaft (Fig. 20) of 
length 2 L (ft.) and weight w (lb./ft.). Set it rotating with angular 



velocity w (rad. /see.). If the rotation is slow and the shaft is jarred 
out of line the elastic forces will overbalance the centrifugal force and 
restore the shaft to its original position. But if u is gradually increased, 
it will roach a critical value such that if the shaft is displaced out of 
lino the distortion will persist and the shaft will form a curve revolving 
about, the axis which was its original position. We say that the shaft 
will buckle at this critical angular velocity u e . Take the x-axis in the 
original position of the shaft, the y-axis through the middle point of the 
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Solving this equation by trial and error gives kL = 2 365 Hence 
<J e , the critical value of w, is obtained by substituting k — 2 365 /L in 
equation (3) 



(15) 


The ratio of the critical angular velocity with fired ends to the critical 
angular velocity with flexible ends is, from (10) and (15), 


<4 _ (2 365) 2 
ti c 37^/4 



2 27 


Solving (12) for ci and substituting in (5) gives 

) 


/ cos kL 

y = C 3 1 cos kx cosh kz 

\ cosh kL 


c 3 (cosh kL cos kx — cos kL cosh kx) 


When x = 0, y — y a> so that c 3 = 


cosh KL 
ya cosh kL 


cosh kL — cos kL 


, and the equation 


of the curve of the shaft is 

cosh kL cos kx — cos kL cosh kx 


cosh kL — cos kL 


(16) 


where k is given by (14), 1 e , k = 2 365 (L 
In the derivation of the differential equation ( 1 ), y" was used as an 
approximation for the curvature, which is justifiable only for small 
displacements Hence equations ( 1 1 ) and (16) should be used as equa 
tions for the shaft only for small displacements As u is increased 
beyond the cntical value the shaft is bowed out further from its original 
position until the equations ( 11 ) and (16) no longer furnish valid 
approximations as equations of the respective curves 

26 Voltage and current relations in a uniform transmission line 
under steady-state d-c conditions Consider an underground insulated 


k 


FA» 

L — 

Fia 21 


R 


cable of length L (mi), S and It denoting, respectively, the sending 
and receiving ends (Fig 21) Let P be any point on the cable at 
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distance x from S, and Ax the corresponding small piece of cable. Let 


r (ohms/mi.) = resistance of cable; 
g (mhos/mi.) = lcakance between conductor and sheath; 
c, Ei, E 2 (volts) respectively = potential at P, S, R; 
i, h, U (amp.) respectively = current at P, S, R. 

It is assumed that r, g, E u E 2 , /j, and I 2 are constant, and that steady- 
state conditions prevail, so that c and i vary only with x and not with 
time. 

AVc apply Ohm’s law to get the changes in potential c and current i 
across the small piece Ax . These changes are given approximately by 


Ac = —ir Ax, 
At = — eg Ax. 


( 1 ) 


The minus sign in the first equation indicates a drop in potential 
across Ax due to resistance; the minus sign in the second equation 
indicates a decrease in current due to leakance. Dividing by Ax, 
passing to the limit as Ax approaches zero, and using D to denote 
d/dx, we get the differential equations 


Dc + ri — 0, 
gc 4- Di = 0. 


Wc have here a system of first-order differential equations with 
constant, coefficients. The method of solution (Art. 13, Chapter I) is 
to eliminate one of the variables and solve for the other. First multiply 
the first equation by D, the second by r, and subtract; then multiply 
the first equation by g, the second by D, and subtract; we obtain 

(D 2 - rg)c = 0, 

(D 2 — rg)i = 0. ^ 

Thus r and i satisfy the same differential equation of second order, but 
the constants of integration which appear in the solution will be 
different in the two equations owing to different end conditions. 

I he general solutions of equations (3) are, respectively, 

c = A cosh Vrg x •+• B sinh Vr# x, 

( 4 ) 

7 — A' cosh V777 x B' sinli V ~rg x. 

but equations (1) with 4. B, A', B' arbitrary do not represent the 
general solution of equations (2); the relations tying up the four con- 
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slants A , B, A', B' must be found by substituting the values of e and i 
from (4) m one of the equations (2), say the first, we have 

A Vrp smh y/rg x + B^/rg cosh y/rg x + A'r cosh y/rg z 

+ B'r sinh y/rgx = 0 

Equating to zero the coefficients of cosh Vrj? x and sinh VTj x, we find 

A* B J* , B'^-Ayfe 

\ r v r 

Substitutmg these values of A ' and B ' m equations (4), we have the 
general solution of equations (2) 

e = A cosh VTg x -f- B smh y/rg x , 

fay— £ /_ W 

i = — B \l- cosh V rg x — A ai smh y/rg x 
y r ’ r 

To determme the values of A and B we make use of the en d con ditions 
AtS(:r = 0), e — E x , i «= I lf hence E x = A, I x = — By/gjr , and'ue 
have 

e = E x cosh y/rg x — I\ sinh y/rg x, 

9 ( 6 ) 

i = I\ cosh y/rg x — E x \ smh y/rg x 

These equations (6) give the values of the potential and current at 
any point P of the cable at a distance x from the sendmg end 

We may wish, however, to tie up the values of potential and current 
at S, and potential and current at R, with the length of the cable, L 
For this purpose we make use of the other end conditions. 

At R (z = L), e — Ez, i — / 2 Substitutmg m (6), 

Eg — Ei cosh y/rg L — J x smh y/rg L, 

g (7) 

h = h cosh y/rg L — E x ^ smh y/rg L 

These equations (7) give the potential and current at the receiving end 
m terms of the potential and current at the sendmg end and the length 
of the cable 
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We may solve equations (7) for E\ and 7j in terms of E 2 , h, and L. 
We solve by determinants, first writing equations (7) in tlie form 



We note that the determinant of the coefficients is unity, namely 



by virtue of relation (1), Art. 17. Hence 



jrhese equations (S) give the values of the potential and current at the 
sending end in terms of the potential and current at the receiving end 
and the length of the cable. 

Special cases of equations (8) : 

(a) If the receiving end is open, Jo = 0, and 



(t) If the receiving end is grounded, E« = 0, and 



1 1 = 7 2 cosh V^rg L. 

27, Ionization of a gas. Suppose a volume V (cm. 3 ) of a gas to be 
‘■objected to an ionizing agent , such ns X-rays, and placed in an electric 
held. It has been found by experiment that a current will then flow 
through the gas. the variation of current with potential being that 
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shown in Fig 22 For a small potential E (statvolts), the current 1 
(statamp ) is approximately proportional to E As the potential is 
increased, the current increases more slowly than E until a stage is 
reached at which there is no appreciable increase of current with m 
creased potential, the current is then said to be saturated When E 
has been increased sufficiently to produce additional ionization, a 
second stage is reached during 
which 7 increases very rapidly 
with increase in potential 
For a given ionizing agent, let 
there be produced, in 1 cm 3 of 
the gas, Q positive and Q nega- 
tive ions per second, and let e 
(statcoulombs) denote the charge 
on an ion If a current 7 is flow- 
ing across the field between two 
plates, I/e positive ions are dm en 
agamst the negative electrode, and 7/e negative ions against the 
positive electrode, m 1 sec , that is 7/e positive and I/e negative ion° 
are taken out of the gas m 1 sec by the current Since the number 
of ions taken out cannot exceed the number produced m the same 
tune interval, we have I/e £ QV, or I g QeV Consequently the 
saturation current 7, has the value I, — QeV 

Now let P and N, respectively, denote the number of free positive 
and free negative ions in 1 cm 3 of the gas at time l These free ions 
will tend to recombine owing to collisions between them, the number 
of collisions per second between positive and negativ e ions being pro 
portional to the product PN If some of these collisions result in the 
formation of a neutral system, the number of positive (also the number 
of negative) ions which disappear per second m 1 cm 3 will be equal to 
aPN, where the constant of proportionality « is called the coefficient 
of recombination This number a wall depend upon the pressure of 
the gas, its temperature, and other physical properties of the system, 
but will be independent of P and N 
We then have the relation 



whence 


dP 

dt 


Q - aPN 


dN 
~dt ' 


P ~ N — const 


( 1 ) 

12 ) 


Now, if the gas is initially uncharged, as many positive as negative 
ions wall be present at time t Making this assumption, and Betting 
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„ _ p = A' ? we obtain the single differential equation 


dn 

Tl 


= Q - cctr 
= «(7; 2 - n 2 ), 


(3) 


where A -2 = Q/ce. 

Evidently (3) is of the same form as the differential equation of 
motion under a resistance proportional to the square of the velocity 
(Art. 19). Solving (3), we get 


dn 


a dt, 


- tanh 1 — 
k k 


at -f* c. 


Since n - 0 when t = 0, c = 0, and therefore 


n — k tanh hat. 


(4) 


As i becomes infinite, tanh kat will approach unity, so that the steady- 

state value of n will be 

??Q — k = V Q/a. (5) 

Using the above-mentioned empirical results and relation (4) 
It Amelin * performed the following experiment for the determination 
of A gas was exposed continuously to an ionizing agent, and an 
electric field applied intermittently by use of a rotating sector, the field 
being zero during part of the revolution of the sector and large enough 
to produce complete saturation during the remainder of the revolution. 
The resultant current over a complete cycle of this periodic process was 
measured by an electrometer. 

Let T (sec.) be the time of revolution of the sectc r , 7\ the part of this 
time during which the gas is not exposed to the field, and — T — T\ 
the time during which the field acts. Then the number of ions in 1 cm. 3 
when the field is first applied is « i — k tanh ktxTi, so that tlie total 
charge to the electrometer for the time r J\ is 


n,cF «= keV tanh kaT x . 

During the lime 7’ 2 , saturation prevails, so that the total charge to the 
electrometer for this interval is 


7.7* 

M-V r. doeu-ion 0 f various ways of finding a, sec J. J. nn( | Q. p. Thomson 
‘FonduM'nm of D.'ctririiy through Ga«cs,” VoL 1. Rumclin’s results are given in 
m-.i'.U in hi' )»a[K'rs;w Phyihtlitche ZriUd.rift, IPOS, and Annriten dir Phyrik, 1014. 



122 HYPERBOLIC FUNCTIONS [Chap II 

Hence the current 7 as measured by the electrometer is given by 
IT « keV tanh kaT x + I,T 2 
Now e = IJQV = I t /k 2 <xV, so that 

IT — — tanh kaT x + I,T 2 
ka 


Finally, let T 2 — rT, uhere r < 1, so that T x = (1 — r)T, and let 
x = kaT x Then we ha\e 


and 


7.7’, 1,(1 - r)T , 

(7 - rI t )T tanh x = — tanh x t 

x x 

I - r/, 

— x — tanh x 

(1 - r)I, 


( 6 ) 


Consequently, if 7, I„ and r are known, x may be found by tnal and 
error from (6) Then, knowing the values of e and V, we get Q = 7,/eF, 
and, since x =* kaT x = T x “y/Qa , there is found 


x 2 eVx 2 
“ ~ Q7 1 " I*Tj 


( 7 ) 


PROBLEMS 

1 A cable has its ends fastened at the same level to two posts 30 ft apart 
(a) Find the dip in the cable if it is 40 ft long (6) How long is the cable if the 
dip is 10 ft ? (e) Find the tension at the low est point, and at a point of suspension, 
of the cable of part (6) if the weight is 1 5 lb /ft 

2 A cable 20 ft long is suspended from two supports at the same level If it 
dips 3 ft , find the distance betw een supports 

3 A cable, suspended from two vertical poles 25 ft apart, has the equation 
y =» 10 cosh (x/10) referred to an x-axis passing through the feet of the poles. 
Guy wires, attached to the tops of the poles, are perpendicular to the cable at its 
end points and run down to the ground Find the distance between the lower ends 
of the guy wires 

4 Show that the right member of equation (4), Art 24, is the length of the 
arc AP of the capillary curve 

6 Show that the length of the tangent o f the capillary curve, drawn from 
to the x-axis, approaches a limiting value 1 jpg as P moves out on the cunc, 
and that the area under the curve is (T/pg) cos a 

6 A vertical glass plate is partly immersed in water If the surface tension is 
74 dynes/cm and the contact angle is 25° 30', find (a) the maximum height of e 
water above the distant horizontal surface, (6) the distance from the plate at whir 
the water is half the matimum height aboie the horizontal surface 
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7, Show that an alternative form of equation (16), Art. 25, is 


sinh kL cos kx + sin kL cosh kx 


V = Vo 


sinh kL + sin kL 


8. Find the coordinates of the points of inflection on the curve of the rotating 
shaft with fixed bearings. 

9. Given a rotating steel shaft 1 in. in diameter and 3 ft. long, weighing 4S0 
jb./ft. 3 , with E = 3 X 10 7 lb./in. 2 (a) Find the critical angular velocity for the 
shaft with flexible hearings and for the shaft with fixed bearings, (b) For each 
riiaft, find the deflection at the quarter point in terms of the deflection at the 
center. 

10. Given a conductor 150 mi. long, r = 10 ohms/mi,, g ~ 10“ 7 mho/mi. (a) 
If the receiving end is open and the potential there is to be 100 volts, find the im- 
pressed potential and the current necessary at the source, (b) If the receiving end 
U grounded and the current there is to be 0.1 amp., find the potential and current 
at the source. 

11. Arabic 100 mi. long has ft resistance r = 1 ohm/mi. and a leakance g = 10~ c 
mho/mi. The potentials at source and load are, respectively, 500 and 440 volts. 
Find the current through the load. 

12. A conductor for which r - 4 ohms/mi. and g = 10~ 6 mho/mi. is 200 mi. 
long. The potential at the receiving end is 220 volts, and a current of 0.5 amp. is 
flowing through a load. ( a ) Find the necessary potential and current at the source. 
(6) With the same data as in (a), except for length of conductor, find how long the 
conductor must be if the impressed e.m.f. is 400 volts, (c) Determine the length 
if the current nt the source is to be 1 amp. 

13. In an ionization experiment similar to P urn din’s, suppose that the current 
to the electrometer is O.OGOO statamp., the saturation current is O.OG75 statamp., 
and the time of revolution of the sector is 0.840 sec. when 300 cm. 2 of air are sub- 
jected to an ionizing agent and to a saturating electric field during one-tenth the 
revolution of the sector. Find the coefficient of recombination, given that the 
charge on an ion is 4.77 X 10~ 10 stat coulomb. 

14. A particle moves toward a center of attraction 0 with an acceleration pro- 
jHirtional to the function sedr f, where l (sec.) is time. When l ~ 0, the particle 
F Ift ft. from O, and its speed and acceleration are numerically equal to 1 ft./sec. 
and 5 ft./sec ?, respectively, directed toward O. Find the velocity and position of 
the particle 2 sec. later. 

16. An inductance of 1 henry and a variable resistance R are connected in series 
with an e.m.f. of 10 sinh J:( volts. If li = k tanh kt (ohms) at time / (sec.), and if 
the current / « 0 when l « 0, find the value of k in order that the current be 5 
amp. when t ® 1 see. 

1G. i or u certain curve, the length of the radius of curvature at any point P is 
mum ri rally equal to the length of the normal drawn from P to the r-axis. (a) 
Know that the differential equation has one of the forms 1 -f y f2 == ^byy'k (5) 
Ilxphiin the significance of the positive and negative signs, and show timt one 
rimW of sign leads to n family of catenaries whereas the other choice leads to a 
family of circles. 

17. A pirtirie starts from rest at the point (4, 0) and moves thereafter subject 

,n lh " IV\r « y, pV « r, win-re D = d/dl. Obtain parametric oqua- 

ti-nr of the path of the particle in term's of trigonometric and hyperbolic functions 
t'f litre- f, ami find the position (r, y) of the particle at the end' of 1 sec. 
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18 A particle starts from rest at the point (—1, 0) and moves thereafter in 
accordance with the equations D 2 x = 2 y Tt 2 y — —2 z, where D = d/dt (a) Ob- 
tain parametric equations of the path of the particle in terms of trigonometric and 
hyperbolic functions of time t ( 6 ) Plot the path up to the point where it crosses 
the 2 -axis, and find the coordinates of its maximum point 

19 A beam 2L in long lying on an elastic foundation, is subjected to a concen- 
trated load of P lb at its center, which causes the entire beam to be depressed 
below its original position Suppose that the load P causes a depression of yj m 
at the center of the beam, and that P is so large that the weight of the beam may 
be neglected Assuming the elastic force due to the foundation to be proportional 
to the displacement of the beam at any point, we have taking the y-axis positive 
downward Ely" «=» —ky (a) Taking the origin at the Center of the beam find 
the elastic curve equation and the relation connecting P, E, T, k, yo and L (b) 
For a steel rod ^ in by \ in by 24 in , with E >=■ 3 X 10 7 lb /m 2 , P = 100 lb , 
and ya = -5 m , find the value of k and the depression of the ends of the rod. 
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28. Rectification of the ellipse. In the calculus, the student encoun- 
tered the problem of finding the length of an arc of a given curve, and 
was able to rectify a wide variety of curves by the evaluation of familiar 
integrals. He may have noticed, however, that one of the commonest 
curves, the ellipse, was not considered. If he asked about that curious 
omission, he was probably told that this apparently simple problem 
leads to a new kind of function, different from the "elementary” func- 
tions dealt with in a first course in calculus. 

Let us now undertake the solution of the problem previously ignored, 
and investigate the new function wo thus obtain. For later conven- 
ience, and in order to avoid subsequent transformations and manipula- 
tions, we shall deal with a pair of parametric equations for the ellipse, 
rather than the rectangular equation 



( 1 ) 


in which a ~ OA , the semi-major axis, and b ~ OB, the semi-minor 
axis (Fig. 23). Let OP' be any radius of the circle with center at the 
origin 0 and radius a, and take as parameter <f> the angle between OP' 
and the positive direction of the t/-axis. From P' drop a perpendicular 
P'Q onto the x-nxis, cutting the ellipse at P(x, y). Then from the 
figure we get 


and 


x ~ OQ — a sin </>, 


y — PQ — - Vn 2 - r = b cos 4>, 


( 2 ) 


hv equation (1). Measuring are length s from the upper extremity B 
of the minor axis, wo therefore have 
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since dx ~ a cos tp dp and dy = —b smp dp, and where the upper limit 
is the value of <f> corresponding to the point P(ar, y) Replacing cos 2 P 
by 1 — sin 2 <f>, we then have 


s = BP = P Va 2 -(a? - 
Jo 


b 2 ) sm 2 p dp 


I ” 

" V 1 P — sm * d<t> ’ 

) = af Vl k? sin 2 p d<p, 

Jq 


(3) 


where k = Vo 2 — b 2 /a is the eccentncity of the ellipse, and is eu- 
dently less than unity 

We may search m vain for a method whereby the integral (3) may be 
evaluated in finite form in terms of the elementary functions of P 
It has, in fact, been conclusively proved that do such evaluation is 
possible The integral of equation (3) therefore does define a new 
function, denoted by E(K, p) 


E(k, <p) = ] Vf- fc 2 sm 2 p d<t> (0 < k < 1), 00 

Jo 

which, because of its origin, is called an elliptic integral It is to be 
noted that E(Jc, p), as is indicated by the functional notation employed, 

* Algebraic, trigonometric, inverse trigonometric, exponential and logarithmic 
functions 
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is a function of two arguments: the number k, which is called the 
modulus of the elliptic integral, and which here represents the eccen- 
tricity of the ellipse; and the upper limit 4>, called the amplitude of the 
elliptic integral. 

The French mathematician Legendre was the first to make a sys- 
tematic and thorough study of the integrals called elliptic, the name 
obviously arising from the connection of the integral (4) with the 
ellipse, as we have seen. Researches subsequent to Legendre’s, notably 
those of Abel and Jacobi, have resulted in the present-day classifica- 
tion, according to which the function E(k, <f>) is called the elliptic integral 
of the, second hind, that of the first kind being the function considered 
later in this chapter. 

It is evident from the figure and equation (3) that the total length 
of the ellipse will be 

L = 4a f Vl — fc 2 sin 2 4> d<f> 

do 


= 4aZ2 



(5) 


This particular elliptic integral with upper limit equal to tt/2 is 
called the complete elliptic integral of the second kind and is denoted by 
E(k ) , or simply by E: 

E = E(k) m f ' Vl - Ir sin 2 <f> d <t> (0 < k < 1). (6) 

do 

In the next chapter we shall show how it is possible to evaluate the 
integrals (-1) and (6) by use of infinite series, and so construct tables of 
the. elliptic integrals just as tables of the logarithmic function are 
formed. On pages 121 and 123 of Peirce’s “Tables” the student will 
find values of E(k) and E(k, <p) for various values of k and <f>. 


hmmplc. Given the ellipse x- -J- 3y- = G; find (a) its entire length; ( b ) the 
length of are from x = 1 to x — 1 .5. 

(a) Here the semi-axes of the ellipse arc a - -\/g, b — -y/2. Consequently 


, = Vo- - b- 

a 

and the total length is 


Vo 

3 


0.81 G5, 


L - -to /?(/■) = 4 VO E(0.S1G5). 


Unerring to Peirce's “Tables.” page 121, wc see that the values of E there given 
rorrc^wml to values of sin" 1 k in steps of 1°, rather than to values of k itself. 
Hence w get, from tables of trigonometric functions, sin -1 0.S1G5 = 54° 44'. 
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Now i?(sm 54®) =* 1 2681, and E(sm 55®) = 1 2587, by interpolation we then 
have L?(sin 54® 44') = 1^2612, and 

L = 4\/6 X 1 2612 = 124 

(5) To find the length of arc from x — 1 to i = 1 5, we have 


Now since x = a sin tp, 


-j x«=l 5 $ -|J«1 

3 = 3 -3 

-1 1=1 Ji=0 -Jx=0 

<t>> 

d> J *= sin -1 — 24® 6', 


«/>l ~ sm- 1 ^ = 37° 46' 

-L-i s 4 

sj 1 *= a/6 [£(0 8165 37® 460 - £(0 8165, 24° 601 


To evaluate these two elliptic integrals requires double interpolation from the 
table on page 123 of Peirce To this end it will be found convenient to arrange 
the work as shown below, where we interpolate first with regard to a — sin -1 h 
and then with regard to 4> * 



We then have 

sj* = y'e (0 6285 - 0 4124) = 0 529 

29 The pendulum. We turn now to a physical problem, which will 
introduce the elliptic integral of the first kind The problem we are to 
consider is agam a familiar one, and one which could, without elliptic 
integrals, be only approximately solved m elementary mechanics 
Let there be given a pendulum (Tig 24) in which the weight w 0b ) 
may be considered concentrated at a point distant L (ft ) from the 
pn ot, swinging through an angle 2 a We suppose the pendulum to be 

* Interpolation in the reverse order would do as welL The student should try 
this alternative method also 
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rigid, so that its center of gravity describes a circle arc, of radius L, 
for which a may have any value between 0° and 1S0°. Take the pivot 
A at the point (0, L) , the coordinate axes being situated as shown. Let 
the weight w be, at any arbitrary time t (sec.), at the point P(x, y) 
of the arc, and let 0 denote the angle between AP and the y-axis ; 
evidently we have —a 
measured from 0, the accelera- 
tion d 2 s/d ( 2 along the arc will be 
produced by the tangential com- 
ponent, of magnitude w sin 0, of 
the force w acting downward. 

Now if the body is in the first 
quadrant and is moving upwards, 
s is increasing, and ds/dt is 
positive but decreasing, so that 
dh/di- is negative; again, if the 
motion is downwards, then s is 
decreasing, and ds/dt is negative 
and increasing in magnitude, that 
is, ds/dt is algebraically decreas- 
ing, whence d 2 s/dt 2 is negative as 
before. Thus d 2 s/dl 2 is negative whenever 0 is positive; the student 
may show in the same manner that d 2 s/dt 2 is positive when 0 is nega- 
tive. Hence, equating the product of mass and acceleration to the 
force, wo have 

w d 2 s 

y *= -wsinfl, (1) 

g dt- . 

where g is the gravity constant (32.17 ft./sec. 2 ). 

In elementary mechanics it is usual to assume the angle of swing 2 a 
so small that sin 0 may be replaced by 0 without much error. Then 
since s = LO, equation (1) reduces to a linear differential equation, and 
the pendulum is found to oscillate with simple harmonic motion, the 
period being 2 ■s\> r LTg, which is independent of a. Wo shall not make 
that, assumption here, but shall try to solve the non-linear equation 
arising from (1). Letting t? = ds/dt denote the velocity of the body in 
its path, we have d 2 s/dt 2 = dv/dt — v(dv/ds). Also, sin 6 = dy/ds, 
so that (1) becomes 

dv dy 

ds Q ds 

Multiplying both sides of this equation by ds, we sec that we have a 


If s represents the arc length OP 
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Simple first-order differential equation in the variables y and v Inte- 
grating this, we have at once, 

v 3 

- = -gy + ci 

Now let h be the maximum height of pomt P above the x-axis, here h 
may have any value less than 2 L Then since v = 0 for y = h, we 
have 0 = —gh + Ci, and 

t; 2 

- = g(h- y), 


v - — “ ±V2 g(k - y) 
at 

But ds — dyf sin 6, and smee, from the figure, 
Vl 2 ~(L~ y) 2 


|ff , L dy 

V2g Vh - yV2Ly - y 2 

Now if the body is moving upward so that dy is positive, we take the 
plus sign in the preceding equation, and write 

Jv-M " V2g y/ h _ y V2Ly - y 2 

for the time required to go from P\(xi, y{) to P% fe, Vz) If| ° n the 
other hand, the body is moving in the opposite direction, dy will be 
negative, and we should take the minus sign in the expression for dt, 
whence 

i?-" ^ f d y - 

Jy-Vi V 2 a Jvi Vh - yV2Ly - y 2 


s r t 

n dvt V h — vV 2 1 


as before That is, 


V% Vh - yV2Ly - y 2 ’ 


tY~ n = 

JV“Vl J»-H 

so that the direction of motion is immaterial, the two internals of time 
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required for the same arc to be traversed in opposite directions being 
equal. The student may feel that this fact is obvious on the grounds 
of physical intuition, but it is well to notice that such physical sensibil- 
ities should be logically verifiable. 

In particular, the time required to go from 0 to any point P ( x , y), 
(or from P to 0) , will be 

r d -i 

\/~2g Jq Vh^yV 2Ly — y~ 

Xow if we let 

y — h sin 2 4>, (2) 


wc have dy = 2 h sin <p cos </> d<f>, V/i — y = Vh cos <j>, and 
L f+ 2 h sin 4> cos 4> d<f> 

V: 2 cj *^o y/h cos 2Lh sin 2 <f> — /r sin 4 4> 

__ 2L f* d<f> 

V¥g Jo V / 2L — Ji sin 2 <p 



where k - V/i/2L < 1, and the upper limit <f> corresponds to the 
point P(x, y)* The integral in this expression is the function called 
the elliptic integral of the first kind, and denoted by F(k, <j>) : 


Thus we have 


d(f> 


and 


o Vl - Jr sin 2 <j> 
'L 

0 


(0 < k < 1). 


L 

= y]-F(k, </.), 

’ (i 


t] v " M = tl 
jv-ii j 




\p ink, $ 2 ) - F(h, 00], 


vdierci/j = h sin 2 <j>i and y? — h sin 2 d> 2 . 


( 3 ) 

( 4 ) 


* rival is, * corresponds to y in virtue of the relation (2). The angle <? introduced 
a ' 5 PWiinieter should not he confuted with the angular displacement 0 corresponding 
l"'* ‘tc relation between <t> and 0 is given by equation (G). 
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To interpret the modulus k and the amplitude <j> in this problem, 
wo note from the figure that h — L{ 1 — cos a) Hence 


IT _ IT- 

' *2 L ~ 


(5) 


fy jl — t 

a * - \h = _ c 


(6) 


If we denote by T the period of the pendulum, we have 

-iv-A (L r * f2 d4> 

T = At\ = 4 *Vf — I 

J v~o 'g J 0 


Vl — & z sin 2 0 


= 4 ^ 


When, as here, the upper limit if> of the integral (3) is equal to ir/2, the 
function is called the complete elliptic integral of the first kind, and is 
denoted by K(Jc), or merely K 

d4> (0 < k < 1) (7) 


K = K(k) 
Thus we have 


■r 


V"l — L 2 sm 2 4> 
T»4^K(k) 


( 8 ) 


The elliptic integrals (3) and (7) have likewise been tabulated, Peirce, 
pages 321 and 122, gives values of these functions for certain values 
of L and 4> 

Example A seconds pendulum is one taking I sec to awing from one end 
of its arc to the other, so that its period is 2 sec Find (o) the length of a seconds 
pendulum that swings through an angle of 120°, (6) the time required by this 
pendulum to descend through 30° of arc from its highest point 

(a) Here a ~ 60°, T = 2 sec Consequently k ** sm (a/2) = and 1 ' e 
get from (8) 




whence 
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(b) When 0 - G0°, 4> is evidently 90°; when 0 = 30°, we have, also by 
equation (G), 


sin $ — • 


. e 

sm- 


sin 15° 0.25SS 


a sin 30° 0.5000 


*= 0.5176, 


sm- 


$ = 31° 10'. 

Tlicrefore equation (4) gives us 


- 0.5000 - 


9 

0.5505 
2 X 1.G85S 


= 0.337 sec. 


30. Discussion of elliptic integrals and functions. If, in equation 
(3), Art. 29, which is known as Legendre’s form, we make the substitu- 
tion x = sin 4>, we get as another (Jacobi’s) form of the elliptic integral 
of the first kind, 


m <» » Ft®, x) 


-/ 


dx 


V(1 - ar)(l - Irx 2 ) 


(0 <*< 1 ), ( 1 ) 


where Fj is the function obtained from F by our substitution. Likewise, 
setting x — sin cf> in equation (4), Art. 28 (Legendre’s form), we have 
as alternative (Jacobi’s) form of the elliptic integral of the second kind, 


EQ;,4>) 


Ex( k,r) 




(1 — Irx 2 ) dx 
Vu - ar)(l - V® 2 ) 


(0 < k < 1 ). 


( 2 ) 


We notice that in each of the expressions (1) and (2) the integrand is a 
rational function of x and the square root of a quartic expression in x, 
that is, each integral is of the form 



flo-'r' 1 + Ctix 3 + a 2 x‘ + o ;) .r -f- o ( )‘dx, 


(3) 


whore /? denotes a rational function of its two arguments. Some 
integrals of the type (3) may be evaluated in terms of elementaiy 
functions; for example, 


f 


•Ioqt' 1 + 3a ^.r 2 -{- 2a 2 r 4* a 3 


VOo? + 


QiX + + o^x + a i 


dx 


cnn obviously bo so integrated. In general, however, (3) vail include 



ELLIPTIC INTEGRALS 


134 


[Chap Ur 


in its expression the two functions (1) and (2) and the elliptic integral 
of the third kind, 


IIi(n, k, x ) 


-f; 

Jo I 


dx 


’o (1 + nx 2 )V(l ~ x 2 )(l - k 2 x 2 ) 


(0 <k<l), (4) 


where n is anj constant Specifically, if, m the integral (3), the coef- 
ficients Oo and ai are both zero (and for certain other functions, as in 
the abo\e example), the integral may be expressed in terms of ele- 
mentaiy functions alone, w hile if c 0 , «i, or both are different from zero, 
the elementaiy functions augmented by the functions (1), (2), and (4) 
will surely suffice for the expression of any such integral The dis- 
cussion of this problem, as well as of the elliptic integral of the third 
kmd (4), will be omitted in this book since we shall have no occasion 
to make use of these topics m our applications * 

Let us now inspect the graphs (Tig 25) of the integrands of the 
elliptic integrals of the first and second kinds as functions of <f>, 



We see that the first function is periodic with period v, with axes of 
symmetry at <f> — 0, ±ir/2, =fcir, , and that it oscillates between its 
minimum value, unity, and its maximum value, depen ding upon the 
\alue of the modulus k Similarly, the function y — vl - kr sm 4> 
is periodic with period ir, with axes of symmetry at <t> = 0, =bv/2, 
tt, , but has unity as its maximum >alue, the minimum value 

* See, for example Goursat Hedrick ' Mathematical Amlysw * Vot I 
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depending upon h. Because of the periodicity and symmetry exhibited 
by each graph, and since the elliptic integrals F(k, 4>) and E(k, </>) are 
represented geometrically by the areas under portions of the respective 
curves, it is necessary to tabulate F(k, o) and E(k, <f) only for values 
of between 0° and 90°. 

Just as in elementary work it is often necessary or desirable to deal 
with the inverses of the trigonometric functions, and with the two 
functions inverse to each other, the exponential and logarithmic func- 
tions, so we sometimes speak of the function inverse to the elliptic 
integral of the first kind. Suppose the modulus k fixed, and consider 
the integral (3), Art. 29, as a function of its upper limit <j>: 

r* d<f> 

u m 1 <W>) m ~ 7 == ===== f=» 

J 0 V 1 — At sin 4 > 

Since 4> is the amplitude of it, we call the inverse of u by this name, and 
denote it by 

<j> = am it, (5) 

or, sometimes, when the modulus k is to be brought into evidence, 

<fj = am (tt, mod k). 

Also, since may be regarded as an angle, we sometimes deal with the 
trigonometric functions of <£; in particular, we use the notations 

sin <j> = sin am u m sn it, (6) 

cos 4> m Vl - sn 2 u m cos am u = cn it, (7) 

Vi — k 2 sin 2 4> s A <f> ss dn it. (8) 

The functions (0), (7), (8) we call elliptic functions of it. They are 

connected by formulas somewhat similar to the trigonometric formu- 
las.* 


PROBLEMS 


1. Show that A (I:) continually increases, whereas E(k) continually decreases, 
as l varies from 0 to 1. By examining the integrals defining K and E, for k = 0 

..ml I. i, find the maximum and minimum values possessed by the two complete 
elliptic integrals. 

v 2. The integral 


f 

Jo 


VI 


— fr sin 2 


‘h'hned as the elliptic integral of the first kind when 0 < k < 1. If k > 1, 
* fve, for example, Peirce, “Tables,” 705-734. 
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this integral maj also be expressed in terms of an elliptic integral By means of 
the substitution A, sm <t> = sin x, show that 


c 




■Ml*) 


(* > 1 ), 


where the amphtude x is evaluated from the upper limit of integration asxc sin” 1 
(k sin <f>) and the integral has a real value when k sm ^ 1 
Express the integral 


(0 < k < 1) 


in terms of elliptic integrals What is the result when the upper limit of integra- 
tion has the value ir/2? 

Si Show that 


a Vl - k* sin 2 






when 0 < k < 1 and evaluate the result for k — \ <f> = 1 
\Su The integral 

f Vl — A 3 sin* <t> d<j> 

J o 

was defined as the elliptic integral of the second hind when 0 < A < 1 If A > 1, 
this integral may also be expressed in terms of elliptic integrals By means of the 
substitution k sin 4> ~ sin x show that 


jVl - A* sin** d* = (j[ - *-) F (J . x ) + kE (px) (k> 1), 

where the amplitude x is evaluated from the upper limit of integration as x = sm 
(A sin 4>) and the integral has a real value w hen k sm $ ^ 1 

Using the same notation and substitution as in Problem 5 show that 




**7 By means of the transformation x ** v/2 — y, show that 



r r/ ' ’ dy 
'a V cos y 


Hence by letting cosy = cos*r show that these integrals are elliptic and find 
their common value 

S 8 Using the identity C03 x ■= 2 cos 3 (x/2) — 1, and then letting x/2 = r/2 - V 
show that the integral 



(Ol) 


w elliptic and evaluate it for r = 7, = tt/2 
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9. Show that the integral 

f r/4 dx 
Jo \/3 + cos x 
is elliptic, and compute its value* 

^10, By means of the substitution x — la(\ — sin 0), show that 



11* As an alternative derivation of equation (3), Art. 28, begin with the rectan- 
gular equation (1), and show that the integral for the length of elliptical arc is of 
the form (2), Art. 30, whence the result follows* 

12. Given the ellipse x 2 4- 4?r = 4, find (a) the length of arc from x = 1 to 
x « 2; (6) the abscissa of the point bisecting the quadra ntal arc. 

13. An ellipse of eccentricity \ and a circle have the same area. Find the ratio 
of their circumferences. 

14. Given the curve y » sin x, find (a) the length of one arch; (6) the coordinates 
of the points trisecting the arc from x = ~/2 to x — 3rr/2. 

16. The length of a certain ellipse of eccentricity i\/2 is twice that of one arcli 
of the curve y « sin x. Find the length of arc in the first quadrant between the 
points on the ellipse with abscissas l and 1, respectively. 

16. Find the period of a pendulum 2 ft. long oscillating through an angle of 40°, 
By wlutt percentage must the length be changed if the period is to be the same 
but the angle of swing is doubled? 

17. A pendulum, swinging through an arc of 00°, has a period of 1 sec. Find 
the time required to fall from the highest point of its swing through an arc of 10°. 

18. A pendulum 9 in. long has a period of 1 sec. Find («) the angle through which 
the pendulum swings; (6) the time required to descend through the first quarter of 
ib. swing from an extreme position. 

19. A pendulum bob, swinging through an angle of 240°, starts from its extreme 
position, which is 3 ft. above its lowest level. Find how long it takes the bob to 
acquire a velocity of 13.27 ft. /sec. 

20. Two pendulums, of equal length, swing through angles of 1G0° and S0°, 
respectively. Find the ratio of the limes required to fall through the first quarter 
of the respective swings, from the corresponding highest points. 

21. A pendulum is 8.01 ft. long. Determine the vertical distance through which 
Uw bob must fall to its lowest position if it starts from rest and if the time ncces- 
wrv to fall the first half of that distance is 0.401 sec. 

22. Find the area hounded by the curve jr(l — 2sin 2 x) = I and the lines 
* ^ drc. Wlmt is the limit of this area ns c approaches *r/4? Hint: See Problem 2. 

23. Find the area enclosed by one loop of the curve 3?r — 3 4- 4 sin 2 x = 0. 

24. A particle, starting from rest, slides from the edge to the bottom of a smooth 
Iw'mi'pheriral bowl of radius r (ft.), (a) If 0 (rad.) is the angular displacement in 
lav* ( show that the differential equation of motion is rlFfl 5 = g cos 0, where 
)) d?dt and g » 32.17 ft. /sec. 2 (6) If r - 2 ft., find the time of descent. 

26. A bow), 2 ft. in diameter and 1 ft. deep, is in the form of a paraboloid of 
Evolution. Find the time required for a particle, starting from rest, to slide from 
the edge to fh.> bottom of the bowl. 

^2G. Given the lemimmte p 2 » cos 20, find (a) its entire length; (6) the length of 
the arc from e ^ 0 to 0 ^ r /c. 
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27 (a) Find the length of one leaf of the rose curve p = sin n6 {&) Using the 
result of part (a) find the entire length of each of the curves p = sin 26 p = sin 33 
2$ The center of a sphere of radius a lies on the surface of a nght circular cjl 
inder of diameter a/2 Tind (a) the surface area of the cylinder intercepted by the 
sphere, (6) the surface area of the sphere intercepted by the cylinder 
^ 29 Establish each of the following relations (Cf Peirce 530 532 534, 536) 


(0) ( 


V(1 - xW - V-) 


= = F ^ Vl — I 1 sin l «y — 


(5) f * dX =* 2 F(fc sra -1 Vx), 0<*<l,0<s<L 

Jo Vz(l - i)(l - k'x) 

(c) f* , ** =»2F(vT^,sm- 1 Jj— ^V o<A 1 <»<1, 

J* Vx(\ -x\(x -¥) V \l-fcV 


) f .. dx = - F (- ]»Vo<x<6<a 

Jo V (a* - z’Kb 1 - z 4 ) a ka 


31 A mechanical brake problem 



* An analysis of this problem was given 
p 443 Aug -Sept ,1941 


We consider now a mechanical 
type of brake,* a portion of which 
is shown diagrammatically in Fig 
26 A rigid cylindrical shell C, of 
inner radius R (ft ), rotates about 
a fixed axis A A second cylin- 
drical shell, on part of which the 
brake lining is mounted, is inside 
C, and has its center onginallj 
at B, we suppose the brake lining 
to be an elastic strip obeying 
Hooke’s law Let r (ft ) be the 
distance from the center B to the 
outer surface of the undeformed 
lining 

Now suppose the brake to be 
applied, thereby moving the point 
B to B\ and let a (ft ) denote the 
distance A B' Let P be anj point 

by I Opatowski Am Math MonMj 
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of contact of the lining with the surface C, and let 0 (rad.) denote the 
variable angle PAB’. If the constraining surface C were not present, 
the point P would be situated at D' , where B'D' = r. Thus the de- 
formation of the elastic strip at P, measured along the line AD', is 
x — PD' (ft.). From the figure we get for the deformation, 

x — PD' — AM + MD' - AP 

— a cos 0 + VV 2 — a 2 sin 2 8 — R. (1) 

Now the radial force Af acting on an element of arc R AO is, by 
Hooke’s law, cx AO (lb.), where c is a constant of proportionality. 
Consequently, if p is the coefficient of friction between the brake 
lining and the surface C, the force of friction is AF — p Af — pcx AO 
(lb.), and the torque exerted by the braking action is AT = R AF 
- Rficx AO (ft-lb.). Therefore, if a and ft are the values of 0 corre- 
sponding to the extreme positions of the contact point P, the resultant 
torque is 

T — Rfic f ( a cos 0 + VV 2 — a 2 sin 2 0 — R) dd 

J a 

= Rpc[a (sin ft — sin a) — R(ft — a)] 

+ Rpcrf'Vl - (a 2 /?- 2 ) sin 2 0 dO. (2) 

If, in particular, r = a, (2) reduces to 

T — Rnc[2a (sin ft — sin a) — R. (ft — a)]. (3) 

If «/r < 1, the last integral in (2) is an elliptic integral of the second 
kind, and we have 

T ~ Rnc[a (sin ft — sin a) — R(ft — a) + rE(a/r, ft) 

- rE(a/r, a)]. (4) 

finally, if a/r > 1, the integral appearing in (2) can be expressed in 
terms of elliptic integrals of both the first and second kinds. (See 
Problem 5 following Art. 30.) 

32. Capillarity: two parallel vertical plates. In Chapter II, Art. 24, 
vro discussed the theory of capillarity, and derived the differential equa- 
tion of the capillary curve in the form 

V" P0 4 

(l + y’-f ~ T U ~ c- V ’ (1) 

'’-'here p is the .specific gravity (gr./cm. 3 ) of the liquid, g the grav- 
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ity constant (9S0 5 cm / sec z ) , T the surface tension of the liquid 
(dynes/cm ) f and c — 2 V T/pg We also solved the differential equa 
tion (1) subject to the conditions prevailing when a single vertical 
plate is partly immersed in a large expanse of the hquid, and found 
that the height to which the hquid rises on the plate, measured from 
the distant horizontal surface of the liquid, is given by 



where a is the contact angle between liquid and plate 

Let us suppose now that we have two parallel vertical plates AC and 
BD immersed in the hquid at a distance 2a (cm ) apart (Fig 27), we 



Fig 27 


wish to find the equation of the capillary curve AB between the 
plates We may do this by again solving the differential equation (l)i 
subject now to the new physical conditions imposed by the present 
problem We choose the x-axis Iymg w the distant (outside) horizontal 
Ah? AtjW’.e? Alvr iTnufofi?/ ser ALf* /dates Let 
the y-intercept of the capillary curve be yo and let h be the maximum 
height to which the liquid rises between the plates 
As before, let y' *= p, y" = p dp/dy, so that equation (1) becomes 


a+p*)“ 


7 vdy ’ 


whence, by integration, we have again 




Ant. 32] CAPILLARITY: TWO PARALLEL VERTICAL PLATES 141 

where C\ is the constant of integration. Since now p = dy/dx = 0 
when y = yo, we find ci = — 1 — (2yl/c~), and consequently 

1 , 2 , o * 

vrT7 = i- ? (r-yo). 

Wc note here, for later use, that since p — cot a when y — h, 


sin a = 1 (h 2 - yl), 

<r 


h 2 — yl = cr 


by equation (2). Thus h, the maximum height to which the liquid rises 
between the plates, is always greater than the capillary rise h 0 outside 
the plates, provided yo is not zero. 

Solving now for p, we get 

1 -1- - — 

+ p lc 2 - ay - rn)f ’ 

(ly = V e 1 - [c- - 2(y- - gF 
dx c~ - 2 (;/ 2 — yo) 

_ ~ y») ~ 4 fa 2 ~~ P5) 2 

C 2 - 2(y 2 ~ yl) 
and 

fr- 

2VcV “ 2/5) - (2T - 2/o) 2 

In extracting the square root, we have chosen the positive sign for 
dy/dx. This means merely that we are confining our attention to the 
rieht-hnnd half of the capillary curve, which is certainly permissible 
m view of the symmetry of our figure with respect to the y-axis. 

, lo integrate t)jo last equation above, make tiic substitution 
y~ — r/o sa c~ cos 2 wliencc 

y = vVo -f o 2 cos 2 b. (4) 


ydy= — c 2 cos <£ sin <£ d$, 

A / c 2 (y- - y*) - ()/- — y 5 )- = cr cos 6 sin 6, 
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c 2 — 2c 2 cos 2 <t> ( c 2 cos <t> sm<j>d<f> \ 


2 <r cos sin <f> \ 4- c 2 cos 2 4 


2 VW+ cr cos 2 <f> 


obviously k < 1 We therefore have, by (5), 
c 2 — 2 c 2 sin 2 

az = n — - — d<t> 

- 7 - Vl — L 2 sin 2 4> 
k 

_ a c 1 — 1 + A , 2 sin 2 0 ^ 

2 Vl -l - 2 sin 2 & Vl — X 2 sin 2 0 

.- d * -tfsmUdt 

\2 V Vl- gm^ T A 

Consequently, since £ — tt/ 2 when y = yo, or when x = 0, integration 
beta een limits gives us 

f rf x = i = f* , d \ =§=+ 1 f* Vl - L 2 6in 2 <>c# 

•^0 V 2 fc/ •'ar /2 V 1 A# sm 0 fc ^j /2 

- ft _ a r% * - j rvnra# * 

\L 2 / J* V 1 — L 2 sm 2 0 k J* 

[K(fc) - F{k, 4>)] - [tf(L) - E(k, *)] J (6) 

It is seen that both k and <j> in tms expression for x depend upon yo 
which is so far unknown But e have not as yet used the fact that t’nc 
plates are a distance 2 a apart This means that x = a when y =* h, 
and therefore fa, the value of 4> corresponding to x = a, is gn on bj 

VL 2 -“iS h 0 1 1 - sm « 
cos^ 7 = V“T“» W 

from equations (3) and (4) Hence 

a = (l~l) [K(l) ~ F(k ’ * l)] " I IZ7(t) “ ^ * l)1 (§i 
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We may thus proceed in the following manner. We first find, by trial 
and error, the value of k from the implicit relation (8), in which 
c = 2 V Tjpg and 4>i is given by (7). Then the definition (5) of k yields 
y 0i and finally the equations (6) and (4) give us x and y in terms of the 
parameter <p. In particular, the maximum rise h between the plates is 
given by (3). 

In connection with the relation (3) between the capillary rises out- 
side and between the plates, we noted that h > h 0 provided y 0 ^ 0. 
Mow if 7/0 were zero, we should have k = 1 by (5). Then K (/;) would 
become infinite (see Art. 30, Problem 1), while F(k, <£i), E(k), and 
E(k, 4>\) all remain finite, so that by (8) we should have a infinite, con- 
trary to supposition. Hence the liquid will always rise to a higher 
level between the plates than it will outside them. 

33. The elastica. As another application of elliptic integrals, we 
consider the elastica, the curve assumed by a uniform elastic spring, 
originally straight, the ends of which are subjected to two equal and 
opposite compressive forces (Fig. 28). Let the x-axis be taken through 



die ends of the spring and the y-axis through its midpoint. Let the 
magnitude of the force applied at each end, along the x-axis, be F (lb.), 
and let the tangent at any point P(x, y) of the curve make an angle 0 
vith the negative direction of the x-axis, x and y being measured in 
incites, Then the bending moment equation [Chapter I, Art. 7(f)] 
gives us 

ET 

T = M = ~ f v> (D 

where E (lb./in. 2 ) is the modulus of elasticity, I (in. 4 ) is the moment of 
nmia of the cross-sectional area of the spring with respect to a line 
peqK'mhcular to the xy-planc and through the neutral section, and 
‘ ' m 'J die radius of curvature at the point P. 
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If s (in ) is the arc length AP, we have 

1 dB dy dB dB 

— = = asm 6 — , 

R ds ds dy dy 

hence (1) may be written 

El sm Odd = —Fy dy, 

or, letting c 2 = EI/F, 

ydy = — c 2 sm B dB (2) 

Integration yields 

<y* 

- = c 2 cos 8 -f- Ci 
2 

Denotmg by a the value of 6 at the end of the spring where y *» 0, we 
find ci = — c 2 cos a, and therefore 


Replacing sm 6 bj —dy/ds m (2), we obtain 


as = e — = y= — -- 
V V2V COS 8 — cos a 

Substituting cos 0 = 1—2 sm 2 (0/2), cos a = 1 — 2sm 2 (a/2), this 
becomes 

c d9 

ds — , 

2 „ a TO 


Lettmg k = sin (a/2) and sin (0/2) = k sm <f>, whence 


cos = k cos 4> dd> 

2 2 


2K cos 4> d<f> 
Vl — fc 2 sm 2 4> ’ 


and (3) reduces to 


r* d< 

'- C l'vr=i 


y — 2c \/sin 2 sm 2 - = 2 ck cos 4 

y 2 2 
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To find x in terms of <f>, we have 
(lx - cos 0-ds = (1 — 2/r sin 2 <j>) 


cd<}> 


Vl — A' 2 sin 2 4> ’ 




2(1 — A: 2 sin 2 <f>) — 1 


- d* = c[2£(/;, </>) - F(fc, 0)]. 


V l — 'r sin 2 4> 

Summarizing, we have for the parametric equations of the elastica, 
x — c[2E(k, 4 > ) — F(k, «#>)], (4) 

y — 2 ck cos 4>> (fi) 


and for the arc length /IP, 


s — cF(/c, </>), 


( 6 ) 


where 


\E I 

C = Vl 


F ’ 


a 

7; = sin - , 
2 


sin 


_ x sin (P/2) 
sin (a/2) 


If 2a, b, and L, measured in inches, are, respectively, the distance 
between the ends of the spring, the maximum deflection, and the length 
of the spring, we have, since <f> — ir/2 when 0 = a and <7> = 0 when 


0. 


a = c[2E(k) - K(k)l 
b m 2 ck, 

L - 2cK(k). 


(4') 

(50 

(60 


Equation (60 is also of particular interest in that it indicates a 
critical value for L. For, the function A' (sin a/2) must be greater than 
~/2 (see Art. 30, Problem 1), and therefore L must be greater than ttc 
to produce the supposed bent form; if L < -c, we have simple compres- 
sion without, bending. An equivalent statement is that, for a given 
value of L, the number c = V EI/F must be sufficiently small if bend- 
ing is to result; this may be brought about by decreasing E or J, or 
more simply by increasing the force F. 

34. The swinging cord. Our next problem is the determination of 
the curve assumed by a shipping rope (Fig. 29). Consider a uniform 
cord or chain rotating about a horizontal axis to which the ends are 
fixed at two points a distance 2a (ft.) apart. Let « (rad./sec.) denote 
the constant angular velocity of rotation, winch we suppose so large that 
Centrifugal force predominates over the gravitational force due to the 
Hnrdl weight of the cord; we accordingly consider only the former 
torce. Ut ic (Ib./ft.) be the weight per foot of cord, and let t (pdl.) 
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be the tension at any pomt P(x, y) of the cur\e Take the x axis 
through the two ends of the cord, the origin 0 being at the left hand 
end, and let 0 be the angle of inclination of the tension t * If s (ft ) 
is the arc length measured from 0, consider a second pomt Q at a dx 
tance As along the curve from P The three forces acting on the arc 
As are then the two tensions t and t -{- At at P and Q , respectnelj, 
and the centrifugal force F — w As u 2 y x (pdl ), where y x (ft ) is some 



ordinate between y and y + Ay Since the element As must be in 
equilibrium under these three forces, we have, by resolving the forces 
into their horizontal and vertical components, 

(t + At) cos (6 + A0) = l cos 8, 0) 

(/ 4* At) sin (0 -j- A0) = t sin 6 — w As u 2 yi P) 

Now the first of these equations tells us that the horizontal component 
of tension must everywhere be the same Let T denote this constant 
force, so that / cos 0 = T, it is seen that T mu^t be the thrust in pound 

als in the axis of rotation due to the pull of the cord Dividing (2) 

by (1), we have 

w ds 

tan (8 4" A0) = tan 0 — » 

or 

tan (8 4- A0) — tan 9 wu 2 yi 
As T~ 

The limiting value of the left member of this equation, as A ? *P“ 
proaches zero, is d(tan B)/ds = (sec 2 9) (d$/ds) , also, since yt approach^ 

• We confine the discussion to the left half of the cord, points on tho right half 
may be dealt with by consideration of symmetry in the line x — a 
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y, we get, as the differential equation of the left half of the cord, 


„ dO wai~y 

sec 2 0 - H - = 0. 

ds T 


Now dO/ds is the curvature, y"/{ 1 + y'~Y~, and sec 2 0=1+ tan 2 6 
= 1 + y' 2 . Hence the differential equation takes the form 


V 


Vl + y’~ + 


usury 


T 


= 0. 


(3) 


Since the independent variable x is lacking, we set y' — p, y' 
p(dp/dy ) (Art. G), whence we have 

p dp wu 2 y dy 

+ — = 0 . 


Vl + p 2 


I.ct the maximum value of y be b, so that p = 0 for y = b. Then 
integration between limits yields 

/ -op wf -ii/ 

vr +H+^ ! a = 0 ' 


where 

Vl + p 2 — 1 + c(y 2 — b 2 ) = 0, 

(4) 

Therefore 

tt’co 2 

C ~ 2T 

(5) 


Vl + p 2 = 1 + c(b 2 - if), 



1 + p 2 = 1 + 2 c(b 2 - y 2 ) + c 2 (b 2 - iff, 


Now let 

p 2 = c(b 2 - if )[ 2 + c(b 2 - 7 /)]. 



y — b sin <£, 

(6) 

so that p — 

(b cos 4<) (d$/ dx) . Then 



0 JJ 

= lrc( cos 2 +) (2 + b 2 c cos 2 <£), 



= c(2 + Ire - b 2 c sin 2 «p) 


- c(2 + Ire) 



b 2 c 

2 + b 2 c 
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If we write, for simplicity, 


2 + b 2 c 4 T + 6W * 

by (5), then k < 1 and c(2 + & 2 c) *= b^/fc 2 Consequently 

Mf >\ 2 bV 


/d<f>y b 2 (f 

(-) = — (l-^sm 2 ^), 
\dx/ k 


be \^I — k 2 sin 2 <f> 

Integrating between limits, we have, since x — 0 when y = 0, 


f„ = A/V 

Jq be Jq V 1 - 


rr ~ F(k, 0) (8) 

be 

Equations (6) and (8) are the parametric equations of the left half 
of our curve, c and k being given by (5) and (7), respectively 
Now, from (4) and (6), 

ds r— 

— = Vl+p 2 = l + c(b 2 — y 2 ) = 1 + b 2 c cos 2 
dr 

= 1 + b 2 c — b 2 c sm 2 <f> 

But, from (7), b 2 c — 2it 2 /(I — L 2 ), and therefore 


1 - k* 1 ~k 2 
I + fc 2 — 2 fc 2 sm 2 <f> 

* 1 -h 2 

e -1 + 2(1 -k 2 sm 2 <t>) 
1 - it 2 


= -1 + t (1 ~ A 2 sin 2 
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Dividing this by the expression for d(j>/dx given above, we get 


ds k I 

d$ bcV 1 — 1? sin 2 4> bc( 1 — k 2 ) 


VT — Ar sin 2 4>, 


ds 


k d$ 

be Vl — fc 2 sin 2 4> 


+ -vT 

k 


k~ sin 2 <t> d4>, 
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8 = lE(k,4>) - ~F(k,4>). 
k be 

Consequently, if the total length of the cord is L, 
relation 


( 9 ) 


we have also the 


2s 


1 = 2s l 

Jl/=i J<j 


r/2> 


2b 2k 

L = — B(k) --K(k). 

k be 


( 10 ) 


It may be shown by the calculus of variations that the cord will take 
the form which, with given length L, has the maximum moment of 
inertia about the axis of revolution. 

35. Field intensity due to a circular current. As an application of 
elliptic integrals to electrical theory, we shall take the problem of 
computing the magnetic field intensity at any point of the plane of a 
circular loop in which current is flowing. The basis of our analysis is 
Ampere’s law,* which states that the magnetic field intensity at any 
point P is 


dll - 


7 sin a ds 

o 

r* 


a) 


dynes per unit pole,t or, convcntionall} 1 -, lines per square centimeter, 
'"'hero ds (cm.) is a circuit element carrying a current I (abamp.), 
r (cm.) is the radius vector from P to ds, and a is the. angle between r 
and ds. The direct ion of dll is at right angles to both r and ds. 

Suppose that the current 1 is flowing in a circular loop of radius • a 
(cm.) and that the point P, at which the field intensity is desired, is 
distant b (cm.) from the center 0 of the loop. We have to consider 
two cases, according as P is within or without the circle. 

(o) In the first case (Fig. 30), let P be inside the circle, so that 
b < o. Let 0 denote the angle between the radius vector r from P 
to any point Q of the circle and the line through 0 and P. If As — QA. 

♦ \v° Vi ‘ rinU ‘‘ iy C1 dlcd Laplace's lav.- or the Biot-Savart relation, 
t rinll in‘ e.g.s. units throughout this article. 
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is an arc of the circular loop, angle APQ will be AO With P as center 
and radius r describe a circle arc cutting PA at B, and let 0 be the 
angle between QB and As Since QB is perpendicular to r, and a 
is the angle between r and As, we have a = 90° — 0 Hence As sin a 
= As cos 0 But As cos 0 is approximately equal to r A 9 Thus 



r 


is an approximate expression for the field intensity at P due to the arc 
As If w e sum up all such expressions around the circle, and take the 



limit as the number of such arcs becomes infinite while each As up* 
proaches zero, w e have exactly 

* dO ftn 


Hi -if* 
Jo 


Now from the triangle OPQ, we ha\e bj the law of cosines 
a 2 = b 2 + r 2 — 26r cos (180° — 0) = b 2 + r 2 + 2hr cos 6 
If we solve this quadratic equation for r, w e get 


r = —b cos $ =fc V b 2 cos 2 6 + a 2 - 


= —b cos 6 Va 2 — b 2 sm 2 0 

Since r is positive, wc must choose the plus sign, inserting this ial ue 
of t in (2), we find 

J o 


d0 


J 0 Va 2 — b 2 sin 2 6 — b cos 0 
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Multiplying numerator and denominator of the integrand by 
(V^ b 2 sin 2 0 + b cos 0) so as to rationalize the denominator, we 
obtain 

7/j as — C ( V" a 2 — b 2 siii 2 9 -f- b cos 0 ) 

o~ — b~ J o 

T rt2- 

= - I Va 2 — 6 2 sin 2 0 c70, 

a 2 - 5 2 J 0 

since I cos 0 do = 0. Moreover, because of the symmetry of the 

Jo 

graph of y - Vo 2 — & 2 sin 2 0,* we may write 

47 f r/2 / 

IJ V — — I Va 2 — & 2 sin 2 0 d0, 

a" — 5“ Jo 

= ■ Y~p f Vl — kf sin 2 0 dO, 

® J 0 

where fci = 5/a < 1, and therefore, dividing numerator and denom- 
inator of the coefficient of the integral by a 2 , we have finally 


Ih - 


47 E{h) 
a 1 - h\ 


(3) 


For 1; v — 0, i.e., when the point P is at the center of the circle, there 
is found, since E( 0) = tt/2, the familiar formula 


a 

approaches unity, which occurs when the point P gets closer to 
tlw current-carrying conductor, 77(7.-,) approaches unity, and Ih be- 
comes infinite, as may be expected from Amp&re’s law (1). 

(5) In the. second case (Fig. 31), P is outside the circle, and b > a. 
As before, let 0 denote the angle OPQ, As = QA, AO = angle A PQ, and 
h't the arc QH of radio* r be drawn. Since As sin a — As cos (a — 90°) 
rr r At? approximately, we have again 


Alh 


7 AO 


ut, \r\. an. 


r 
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as the approximate expression for the field intensity at P due to As 
A H z dH 2 

and smce Iim = , 

A0 dd 

dd 

dH 2 — I ~ (4) 

So far our work has been exactly analogous to that of the first case 
Now, however, if E and F are the two points in which the hue OP 
produced cuts the circle, and D is the point of contact of the tangent 
line to the circle from P, we have two expressions for the radius vector 



r, according as the pomt on the circle is between D and E, as Q, or 
between D and F, as Q' * If OC is perpendicular to r, we have OC 
= b sm 0, PC = b cos 9, QC = Q'C = Vo 2 - b 2 sin 2 9 Consequently 
we get for the position Q, 

r = PC - QC = b cos 9 — Va 2 - b^sin 2 ^, 
and for the position Q', 

r = PC + Q'C = b cos 0 + V^o 2 — b 2 sin 2 6 
Also, since sin. OPD — a/b, the angle 0 \anes onlv between ± arcsitt 
(a/b) , hence, substituting for r m (4) and summing up around the 
circle, we get, letting 9i = arcsin (a/b), for convenience, 



•A) 4 b cos 6 4- Va 2 — b 2 sm 2 6 J -"i b cos 0 — Va 2 — b 2 sin 6 J 

* We have a similar distinction when the lower half of the circle is c0 ?^ crc< ^ 
but because of the symmetry of our figure with respect to the line OP , no additions 
discussion is necessary 
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"\Ye nest rationalize the denominators, change 0 into — 0 in the third 
and fourth integrals, and reverse the order of integration in the second 
and fourth integrals. There is obtained 

Hr, - — - j f 9 (b cos 0 + Va 2 — & 2 sin 2 0 ) dO 

b 2 — a~ LVo 

— f (b cos 6 — Va 2 — b 2 sin 2 0 ) dO 

Jo 

— f 1 (b cos 0 — Va 2 — b 2 sin 2 6 ) dO 

Jo 

+J* (b cos 0 + V a 2 — b 2 sin 2 0 ) dO j 

= — — — - f a 2 — b 2 sin 2 0 dO. (5) 

i)“ — a" Jq 


«> 

b — a 


!r sin 2 0 dO. 


This integral is not obviously elliptic as it stands since b > a. But, if 
we let b sin 0 = a sin <£, we have 

b cos 0 dO = a cos <£ d<£, 

va? — b 2 sin 2 0 = a cos <£, 
and 

47 a cos 4> • a cos d<f> 

Hi , n o I , 

o“ — a~ J o o cos 0 

47 f ' a 4 * — a" sin 

= h(h 2 - a 2 ) J 0 / a 2 T^' 

^1 --sin‘0 

Finally, let /> = o/6 < 1, whence 

„ „ -1/ r /2 - *§ sin 2 4> , J 


47 p /2 " ftg sin 2 

— /:•;>) J 0 V^l — //o sin 2 0 
47 f r/2 /; 2 — 1 + 1 — /.-o sin 2 4 > 


/,-S sin" 


41 r a - 1 + 1 • 

h(l — A-S) J 0 V] — 

“fljvnl Vl 

_ r % „ ] , 

% 'o VI sin 2 <>J * 


( 0 ) 
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As k 2 approaches zero, so that the point P recedes indefinitely from 0 
equation (6) shows that H 2 approaches zero, as we should expect As 
k 2 approaches unity, the expression (6) becomes indeterminate, but it 
is easy to see from (5) that H 2 wall become infinite, as would natural]) 
be the case as the point P approaches the circle. 

PROBLEMS 

1 In the brake problem of Art 31, take r =* 2a, R >= Sa/2, and a *» 30* 
Find the angle (? for which the torque has its maximum value, and determine the 
value of P, to the nearest degree, for which the torque has half its maximum value 

2 Two parallel vertical glass plates are partly immersed in water The surface 

tension is 74 0 dynes/cm , and the contact angle is 25° 30' (a) Find the distance 

between the plates when the maximum height to which the w ater nses between the 
plates is 05 cm above the outside horizontal surface (6) Find the minim um 
height of the curve above the outside horizontal surface when the maximum height 
of the capillary curve is 0 5 cm (c) Find the maximum height of the capillary 
curve when the plates are 1 cm apart 

3 A flexible stnp of length L in is bent into an elastica m which the two ends 
touch Find (a) the angle a, (b) the maximum ordinate in terms of L. 

4 Find the maximum breadth of the elastica of Problem 3 

E A stnp of steel for which E = 3 X 10 7 lb /in 2 is J in wide, -g** in thick 
and 10 in long Find (a) the thrust at the ends which will produce a maximum 
deflection of 1 m , (6) the maximum deflection produced by a thrust of 1 lb at the 
ends 

6 A stnp of steel for which E = 3 X 10 7 lb /in 2 is \ in wide and -fa m thick 
Fmd the thrust at the ends which will produce a maximum deflection of 1 in when 
the ends are brought 5 in apart 

7 A strip of steel 7 in long is deflected by applying at each end a force of F lb 
such that c = El IF « 2 in Find (o) the distance between supports, (h) 
the maximum deflection, (c) the deflection at a point P on the me one-quarter 
of the horizontal distance from one support to the other, (d) the length of the curve 
from its midpoint to P 

8 A strip of steel 10 in long is deflected into the form of an elastica, the thrust 
being such that the maxunum deflection is equal to the distance between the ends 
of the stnp Find the maximum deflection 

9 A stnp of steel for which E *=> 3 X 10 7 lb /in 2 is ^ in wide, fa in thick, and 
20 in long It is bent by means of a string connecting the ends so that the steel w 
perpendicular to the string at the ends Fmd the tension in the etnng and ft® 
maximum deflection 

'/lO A swinging cord weighing lib /ft rotates at an angular velocity of 20 rad /see 
The distance between the ends is 2 ft (o) If the honzontal thrust at each cud is 
200 pdl , find the maximum displacement and the displacement at a honzonta 
distance of 6 in from an end (6) If the maximum displacement from the axis o 
2 ft find the horizontal thrust at the ends and the length of the cord. 

11 A current I abamp is flow mg in a circular loop of radius a cm A point i 
m the plane of the circle u at distance b<a from the center If Hi » the ' e 
field intensity at Pi, plot values of aIh/41 against values of It = b/a taking sin * 
m 15* steps From the graph determine the value of fci for which Hi has twice i 
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value at the center of the circle; using this value of h\ as a first approximation, 
obtain a more accurate value by use of tables. 

12. If Hz is the intensity at distance b > a from the center of the loop of Problem 
11, plot values of alh/AI against values of = a/6. From the graph determine 
the value of k* for which Hz has ten times its value for k« — and then get lz« 
more accurately by use of tables. 

13. A particle moves along the x-axis from x ~ 0 to x — §■ under the action of a 
force F « 10 V 2 cos 2z — 1. Find the work done by the force. 

14. In the flow of water through a pipe, the mean hydraulic radius (m.h.r.) is 
defined ns the ratio of the area of the cross-section of the stream to the wetted 
perimeter. Calculate the m.h.r. for an elliptical pipe flowing full, the axes of the 
ellipse being 4 in. and 3 in., and find its ratio to the m.h.r. for a circular pipe of the 
same cross-sectional area. 

16. A sphere of radius 0 in. floats half submerged in water. Neglecting the 
resistance of the water, find the period of vibration of the sphere if it is pressed down 
so as to he tangent to the water surface and then released. 
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36 Introduction. In this chapter, we shall investigate some of the 
properties of infinite senes paying particular attention to power series 
and shall consider two powerful methods for the solution of ordinary 
differential equations by means of infinite series Our purpose m study 
ing this topic is twofold first, infinite series in themselves make pos- 
sible the numerical solution of many important physical problems which 
would otherwise be extremely difficult to handle, secondly, some 
knowledge of the behavior of infinite senes will be necessary for the 
treatment of topics diocussed later in this book We shall give in this 
chapter several examples and problems illustrating the use of infinite 
senes, and refer to them again in subsequent chapters, m particular 
the topic of Founer senes will be reserved for Chapters V and VII 

37 Definitions We begin by reviewing a few definitions and facts 
c oncer mng infinite senes * 

Let «2 , «n be any unending sequence of functions of a 

vanable x (or of numbers in the special case in which each u is inde- 
pendent of x ) Then the symbol 

SS Ui(x) -f U 2 (x) -j- + U n (x) -f (1) 

is called an infinite senes In order that this symbol shall have 6ome 
significance, it is first of all necessary to know the law of formation of 
the successive u’s, or w'hat is equivalent, to know the manner m which 
the general term u n depends upon it« position as nth term m the series 
In what follows we suppose this information given 

Let s n (x) denote the sum of the first n terms of (1), 

s*(x) = ui(x) + u 2 (x) 4- 4- u n {x) (2) 

For some particular value of x for which the «'s are defined, say x ~ x 0 
the sequence of numbers Si (x 0 ) Sa(ro) , s»(x 0 ), may or may not 
approach a limit as n becomes infinite By a limit is meant a number, 

* The student will be aided in making this review by referring to a textbook on 
calculus in which fuller discussions and proofs may be found 
156 
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depending in general upon the value x — xo, so that it may be denoted 
by s(x 0 ), such that, for n sufficiently large, the difference between 
s n (x 0 ) and s(xo) may be made numerically as small as we please. More 
precisely, we say that s(x 0 ) is the limit of s„(x 0 ) as n becomes infinite, 
if, given a positive number e, however small, there exists a positive 
number A r (xo, e) such that 

| s(x o) - s n (x 0 ) | < € 

for every n greater than A 7 (x 0 , e). Here wc arc employing functional 
notation for the number N(x o, <) to emphasize the fact that its value 
depends, in general, on both the value xo of x and e. 

Thus, the sequence of numbers 3.1, 3.01, 3.001, • • •, 3 + 10~ n , • • • 
approaches the limit 3; for, given any e > 0, the quantity | 3 — (3 
+ 10 ”") | = 10“ n can evidently be made less than e by talcing 
n > N(t), where 10“* (<) = e, i.e., N(e) = -(In e)/(ln 10). 

Now, if the sequence Si(x 0 ), s 2 (x 0 ), • • •, s„(x 0 ), • • • does approach a 
limit s(x 0 ), we say that the series (1) converges for x = Xo, and we call 
i(xo) the sum of the series when x — x<>; if the sequence does not 
approach a limit, the series (1) is said to diverge for x = x 0 . 

It should be noted that, for a sequence of functions of x, the defi- 
nitions of convergence and divergence involve the value xo of the 
variable x. That is, given the number e > 0, the quantity N(x, e) 
in the definition of limit will in general be different for various values 
of x. We shall discuss in Art. 39 the situation arising when the series 
is such that an N(e), independent of x, exists. 

When, as occurs most frequently, we are dealing with merely 
real values of x, we shall have as a range of values of x, an interval, say 
from x — x, to x = x 2 ; sometimes the interval will include one of the 
end points Xj, x 2 , sometimes both, and sometimes neither. If, however, 
l! becomes necessary to consider x as a complex variable, our range of 
vahies will be a two-dimensional region of the complex plane; again, a 
region may or may not include one or more of its boundary points. We 
‘'ball use the letter R to denote the range under consideration, whether 
tbi'i be an interval of the real x-axis or a region of the complex plane, 
and speak of R in either case as a region. 

Now a series (1) may converge for even" value of x of a certain region 
H and diverge for every x not in R; then R is called the region of con- 
urgt'nc? of the series* 

To be in /?, so that the series 

V n(?o) ~ It l(xo) + « 2 (x 0 ) -f f U„(x o) d 

r> ** 1 


(3) 
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converges If, when we replace the terms m (3) by their absolute 
values, the resulting senes 


r ( w nfa>) [ — [ «lfo>) [ + | U 2 (Zo) [ + 4" l « B (x 0 ) [ 4* (4) 

also comerges, then (3) is said to be absolutely convergent If (4) is 
convergent, then (3) must also converge 
We state two frequently employed tests for comergence, the com- 
parison test and the ratio test 
Comparison Lst Let 


cij + 02 4* 4* 4- 


be a given senes of positive numbers If we can find a convergent 
series of numbers, 

cj 4* ^2 4" 4* c» 4" t 


such that a n ^ c n for every n from a certain point on in the senes the 
given senes must converge If on the other hand, w e can find a diver 
gent senes of numbers, 

D% 4“ A: 4“ 4* Dn 4" > 


such that a n ^ D n for e\ery n sufficiently large, the given senes must 
diverge 

Two senes frequently useful m applying the comparison test are the 
geometnc senes, 

a 4* or 4- or 2 + + ar n 4- > 


which converges and has as sum o/(l — r) when J r | < 1 and diverges 
when | r | & 1, and the p-senes, 


11 1 

1 4- — 4 — -4* 4 — -4- 

2 P 3 P n p 


which is convergent for p > 1 and divergent for p S 1 

Cauchy's ratio test Let there be given a senes of continuous func- 
tions 

2 Un = Ul 4* «2 4- 4- «» 4- » 

and form the ratio u»+i /u n If the limit of j u n+ i/u n [ as n becomes 
infinite exists and is lc«s than unity, the gnen senes comerges ah^o- 
luteh, if this limit docs not exist, or if it is greater than unity, the 



Art. 3S) 


THEOREMS ON POWER SERIES 


159 


given series diverges; if the limit is equal to unity, the test gives no 
information. 

By a -power series is meant a series of the form 
« 

"y ^ a n x n = ao + 0-1% + aox 2 H f - a n x n + • * *, ( 5 ) 

n=0 

where the coefficients a 0 , a u a 2 , • • • are constants, independent of x. 
The ratio test given above is particularly valuable in determining the 
region of absolute convergence of a power series. 

A scries of real constants whose terms are alternately positive and 
negative is called an alternating series. If, after a certain point, the 
terms of an alternating series decrease in numerical value, and the nth 
term approaches zero, the series is convergent. Of particular impor- 
tance in gauging the accuracy of numerical work with a convergent 
alternating series is the fact that the sum of the first n terms of such 
a series differs numerically from the sum of the scries by less than the 
absolute value of the (n + l)th term. 

A function /(x) possessing derivatives of all orders at a point x = x 0 
may be expanded in a Taylor's scries, 


f(T) -/(.T 0 ) + /'(*#)(* - To) - T 0 ) 2 +• 


2! 


/ ( ">(t 0 ) 

+ — (x - T 0 ) n H , (6) 

n\ 


convergent for | x — t 0 | sufficiently small. If x 0 = 0, (G) reduces to 
I acla tirin’ s scries, 

/"( 0 ) „ f in) ( 0 ) 

/(x) - m + /'(0)x + x 2 i f- J —~ x n + . . . . (7) 

2! n\ 

This is a power series of the form (5), with a n = / ( " 5 (0)/n!. 

For convenience, in the following article we shall deal with Mac- 
lnurin’s scries, the generalization to Taylor’s series offering no difficulty. 

38. Theorems on power series. We collect here some theorems 
regarding power series. The proofs of these theorems belong properly 
to a course in the theory of functions, rather than in a book on engi- 
neering mathematics, as some of the proofs are rather difficult and 
require considerable background. Consequently we shall omit all 
proof*,* giving merely statements of the theorems useful to us, with 

* 7 ;' r : render may find proofs in K. Knopp’s “Theory and Application 

t*. Jimmie Series,” or L. It Gmail's “Elements of the Theory of Infinite Processes.” 
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simple illustrations to bnng out concretely the meanings and applies 
cions of the theorems 


Theorem I If, for the power senes 

cto + aix + fl 2 X 2 + + a„x n -f 

we have 



then the senes is absolutely convergent for J x | < r and divergent for 
] x ] > r The behavior of the senes for | x | *= r must be determined 
by other means 

This theorem may be easih proved by applying Cauchy’s ratio te4 
As an illustration of the theorem consider the senes 


we find 


and 



_»+i 

+ (^i) B ^rr + 

n + 1 


an - 1 
On 




Urn — 

n -* «> a n 


« 1, 


so that the given senes com erges for | x | < 1 and diverges for | x | > 1 
For x — 1, the senes becomes 


1 



+ (-«* 


1 

n + 1 


+ , 


which is an alternating senes whose successive terms decrease numer 
lcally, with the nth term approaching zero, so that we have con 
vergence for x = 1 For x = —I, we get 



1 

3 


1 


n + 1 


which is the negative of the p-senes with p ■* 1 and therefore dn 
Hence we have, finallj , comergence for — 1 < x 1, and divergence 
for all other real \ alues of x 
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Theorem II. Lctf(x) be represented by a power scries 

fix ) — ao -b a x x + a 2 x<1 4 f a n x n 4 , 

convergent for | x | < r u and let g(x) be given by a second power series 

g(x) — bo 4- b x x + b 2 x 2 4 b b n x n 4 — ", 

convergent for | x | < r 2 . Let r be the smaller of the two numbers r x and r 2 , 
so that both scries converge for \ x \ < r. Then the sum fix) + g(x) is 
represented by the power series 

fix) + g(x) - (a 0 + b 0 ) + ( ai + bi)x -} b (a„ 4- b„)x n 4 , 

convergent at least for \x \ < r. That is, two power scries may be added 
term by term, and (he resulting series is valid for those values of xfor which 
both of the given scries converge. 

As an example, let 

f(x) = <? = 14-34- — 4 b — H 5 

and 

g{x) = c~ x = 1 - x + b (-1)" — 4 . 

2! 71! 

Then 

r ar l + (-l) n x n 1 

c* + c — 2 1 + 0*a; 4- — 4- * — b :4~--- 

L 2! 2 Til J 

= 2 cosli x. 

Here, since the series for c* and c~ x converge for all values of x, the 
scries for their sum, 2 cosh x, converges likewise for all x, as may be 
readily checked by means of the ratio test. 

Theorem III. If 

f{x) - a 0 + a x x -b a 2 xr -} b a n x n 4** • * 

and 

g(x) = b a 4- b,x -b b 2 x~ -f ■ • • 4- b n x n -f • • • 

both converge for | x J < r, the product /(*) -g(x) is given by the power scries 

/( x ) *(?W — Oo l>o + (aobi + a x bo)x + (aob 2 4* a x b x + a 2 bo)x 2 + • • 

u-htrJ, also converges at least for | x j < r. Thus, one power series may be 
multiplied by another to obtain (he expansion of (he productof the two func- 
tions. the coefficients being formed just as in (he multiplication of two 

polynomials, and (he product series converges whenever the two given series 
ttr? convergent. 
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To illustrate this theorem, consider the senes 
x 3 

smh x = x 4 — -4 — - 4- • • • 4 — + • 

3 ! 51 ( 2 n - 1 )' 


coshx = 1 + — -f — +• 
We then have 


•4* ■ ■ 4* 

(2 n - 2)1 


/i i\ , n l i\ 

sinh x cosh x=x + (— - 4* — : I ar 4- 1 — 4 : 4* — 1 x 

V2f 31/ \41 3*21 SV 


= x 4- 4- 'rs x ^ 4- * 


.I[ 2l + e£ + <?£ + 1 

2 L 31 51 J 


Again, each of the ongmal senes converges for all x, as does the product 


Theorem IV If 

f(x) — ao 4- aix 4- 02 X 2 4- 4- a„x" 4- 

and 

g(x) = J fl 4 bix + b 2 x 2 4- 4- b n x n 4* 

both converge, and if, in addition, b 0 ^ 0, then the quotient f(x)/g(x) U 
represented by the senes 

/(x) a 0 aib 0 — flo&i <x 2 b 2 — aibo&i 4* Qob] — CoMa -> , 

= x 4 5 — — ‘Str-r i 

g(x) b 0 bo fro 

obtained by dividing the senes for /(x) by that for g(x) The resulting 
quotient senes must itself be examined to determine its region of convergence, 
since no conclusion can be drawn from knowledge of the regions of con 
tergence of /(x) end g(x) 

To illustrate, consider the senes 

x 3 x 5 c-ir-v*- 1 , 

smi = i 1 -| — b '» 

3! 51 (2 re - 1)! 


' 21 + 41 ’ 


( _ ir ~l x 2»~2 
+ (2 re - 2)1 


Then we find by division, 


x 3 2x 6 

= x 4 1 b == tan x 

3 15 
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Although the series for sin x and cos x converge for all values of x, that 
for tan x is convergent only for | x | < ~/2. 

If, in the expansion of g(x), b Q = 0, we may sometimes obtain a 
power scries as quotient. For example, suppose that g(x) = x, so 
that its series is finite rather than an infinite one, together with f(x) 
= sin x = x — x 3 /3! + x 5 /5! •. Then we get the power series 


sin x 

x 


= 1 - 


X 2 X 4 


X 2 "- 2 

( 2 n - 1)1 


+ • 


In tills case, the series for sin x and for x (x itself) converge for all values 
of x, and the series for (sin x)/x does likewise. On the other hand, 
although the quotient may not be a power series when b 0 — 0, the in- 
finite series may be obtainable and useful for various purposes. Thus, if 

x 2 x 4 

/(x) = cosx=l- — + 77 , g(x) = x, 

2! 4! 

we have 

cosx 1 x x 3 . x 2n-3 

« f - f - (- 1)"- 1 +. . .. 

x x 2! 4! (2n — 2)1 

This is not a power series because of the presence of the term 1/x, but 
since the power series beginning with the second term is convergent for 
all values of x, the above infinite series may be used for any x other 
than x = 0. 


T imoauM V. Let 


z = o 0 + fill/ + « 2 ZT -1 h a n y n 4 

coimrgr for j y | < n, and let 


y = ho + b\x + bnx 2 -J \- b n x n 4 , 


converge for | x j < r 2 . If | bo j < rj, ire may substitute for y in the first 
serin its value in terms of x from the second scries so as to obtain z as a 
ponrr series in x, convergent for j x j sufficiently small. In particular, if 
Ihr given series for z converges for all values of y, the scries for z in terms 
of x may then ahrays be found, and (his trill converge, for [ x | < ?•„. 


For example, let 


“ 1 4“ v + 


and 


V , r 
2! ' 3! 


„ n ~i 


4 - . 


' + 


(« ~ 1)1 


+ • 


x 3 2r 5 

y ~ tan i = — 4- i 

3 15 
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Here the senes for & converges for every y, and consequently we get 


x 2 x 3 3z 4 37 z 5 

‘ 1+x + J + J + T + m + 


which converges for | x j < v/2 since the series for tan z has this region 
of comcrgence 


Theorem VI If 

fix) = o 0 4- aix + a 2 x 2 + + a a i: n + 

converges for \ x | < r, the derivative of fix) may be obtained by km by - 
term differentiation of the senes, 


— fix) = Oi + 2a 2 z 4- 4* na„z" 1 4- 

dx 

and the resulting senes also is convergent for ( x \ < r 
As a simple example, let 


f(x) - smx = x - — + + (-l) nl - rrH 

31 5» (2n — 1)1 


d x 2 z 4 z 2n “ 2 

— Bin z = 1 1 + (— l) n— 1 — + 

dx 2« 4! v (2n - 2)! 


= cosx 

Here the senes for smz converges for e\ery x, and that for cosz 
does likewise 


Theorem VII If 

fix) — a 0 + aiz -J- a 2 z 2 -f- + a n x n 4- 

converges for | x \ < r, the integral of fix) may be found by integrating the 
senes term by term , 

ffix)dx - c + aox + ~x 2 +— x 3 -f 4 ~-* n+1 + » 

J 2 3 » + 1 

where c is an arbitrary constant, and the integral senes converges for 

1*1 < r 
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To illustrate, let 


f(x) = — - — r = 1 -x 2 + x 4 + (— l)” - 1 x 2 ” -2 +•••, 

1 + x z 

whence 

dx 


x 3 x 5 x 2n 1 

n-l + . 


/ dx ~ . „ v 

= c + x 1 h ( — 1) 

1 + x 2 3 5 2n- 1 


= arctan x + c. 


Since the series for 1/(1 + x 2 ) converges for | x | <1, the series for 
arctan x has the same region of convergence. 


Theorem VIII. If two poioer series 


M 



OnS" and 


b n x n are 

n = 0 


equal for every | x j < r, the cocfficicnls of like powers in the two scries 
must be. equal, i.e., an = bo, a\ = b\, a 2 = bn, • • •. Tints, if a function 
is expanded in a power scries by two different methods, the series obtained 
must be identical. 


For example, consider the function fix) = 1/(1 — .r). By Mac- 
iaurin’s formula (7), Art. 37, we have 

fix ) « (i -x )- 1 m = i, 

fix) = (i - x)- 2 , no) = i, 

f"{x) m 2(1 - x)- 3 , no) - 2!, 

fix) - 3-2(1 -x)- 4 , /'"(0) = 31, 


/ (M) (x) - n!(l - x)-"- 1 , / (n5 (0) = nl, 

1 

1 +x + x 2 H ha:’ 1 +•••, 

1 — x 

convergent for | x J < 1. Alternatively, if we divide 1 by (1 — x), 
"o have 

1 +x +x 2 + ••• 

1 -x)l 

1 — X 



X 

X 


X* 
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which is the same expansion W e might also obtain our senes bi use 
of the binomial formula 


(a -J- 6) n = a n 4- na n l b + 


n(n — 1) 
2* 


a"“V + 


with a = 1 , b = — x, n = — 1 , since this formula holds for eierj n 
when J b/a \ < 1, but this is not essentially different, the binomial 
series itself being obtainable from equation (7), Art 37 

Theorem IX Let y =* f(x), uhere ya — f(xo), &c expanded maTaj 
lor s senes 


V = Vo + ai(a? — ar 0 ) -f as (x - x 0 ) 2 -f 

convergent for \ x — xq \ sufficiently small 
x — g(y) *8 obtainable as a power series 

X = Xo + ht(y - y Q ) + b 2 (y - y Q ) 2 + 


*f a n (x — x 0 )" + , 

Then the inverse function 

+ K(y - yo) n + i 


uhere 

_ J_ 02 202 - a t g 3 

d] of Ct| 


convergent for | y — yo | sufficiently small, provided only that a\ 0 
Thus if 

y = In (1 4- x) = x — — + - — + (—l)"'" 1 — h , 

2 3 n 


this theorem yields bj reversion 


x 


y + * + i7 + 



= e ?- l 


39 Other types of infinite senes We have seen in the preceding 
article that power senes ha\e many of the properties of polynomials 
this fact enables us to make use of such senes in a number of problems 
encountered in engineenng work However it sometimes happens 
tint a gnen problem is more naturally or more comementlj in\e«ti 
gated bj the aid of other types of infinite senes Thus we shall find m 
Chapter V that various functions not representable bj power series 
valid throughout the entire range of values of our \ an able can never 
theless be easilj represented bj certain forms of trigonometric sene* 
Moreover when solung certain types of partial differential equation* 
useful solutions are obtained in the form of infinite senes of functions 
other than power functions 
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It therefore becomes desirable to inquire into the properties of more 
general types of infinite series. As in Art. 38, we shall omit proofs * 
of the theorems stated, but shall give illustrations of their content. 

For a proper understanding of the theorems of this article, we must 
first discuss the concept of uniform convergence. It was pointed out in 
Art. 37 that, in the definition of limit there given, upon which rested 
in turn the definitions of convergence and divergence, the number A r 
corresponding to the stipulated e depends in general upon the value of 
the variable x appearing in the terms of the series. To illustrate, con- 
sider the series 

x -}- x(l — x) + x(l — .r) 2 H f- x(l — x)" -1 H , 

which converges for all values of x in the interval 0 ^ x iS 1. Using 
the formula for the sum of a geometric progression, we find 

s„(.t) = 1 - (1 - .r) n , 

and for any x between 0 and 1, and for .r = 1, we have 

s(x) — lim s„(x) = 1. 

71 — * ee 

Hence 

| *„(*) - s(x) I = (1 - x)». 

Mow, if we examine this series from the standpoint of our fundamental 
definitions, we see from the foregoing that, for a given e > 0, n must 
he such that (1 — x) n < «, or 

In £ 

n > 

In (1 — x) 

Suppose, for definiteness, that we are given € = so that we must 
have n > —(In 100)/ln (1 — .r). It is evident that A r (x, e) will depend 
upon .r. Thus, if x - we may take A'(iV> e ) = — (In 100)/ln-j% 

~ '3.7 approximately ; similarly, A r ( nV<i- «) = 459, ATjoVoV £ ) = 4G03, 

and so on. The smaller the value of .r, the greater A r (x, e) must be. 

H frequently happens, however, that an A r may be chosen which will 
NTve for a given £ whatever the value of x. Thus consider the series 


r+x 2 2 + x~ 3 -f- .r 2 


n + x 2 


whirh converges for any real x. Since, for any real x, the series is 
alternating. 

i ,<! n(x) - S(X) i < — - 

M + 1 + X* 

mw Im‘ found in the textbook*.- by Knnpp and Snuiit, previously cited. 
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whence we must have 

1 

n + 1 + ^ 

or 

n > - — 1 — z 2 
€ 

It is seen that we may put N — 1/e — 1 here, no matter what value 
x may ha\ e 

The difference m the behavior of the above tw o series is due to the 
possession or non possession of the property of uniform convergence 
We frame the following definition 
The series of functions 


s 


Unix) = u,(a:) + u 2 (x) + 


+ Unix) + 


convergent in some region and representing the function s(a:) in its 
region of convergence is said to be uniformly coniergent over a region 
12 if given any < > 0 there exists a positive numbei Nit), depending 
upon £ but independent of x such that | s n (z) — s(z) | < « for ever) 
n > Nit) and for every x in R 

Thus the first series ^ z(l — x) n_1 is not uniformly convergent 


wv (—1)" 1 

over the interval 1, the second series / — “ 13 unl 

n + x 

formly convergent over any interval Note however, that the former 
senes is uniformly convergent over some intervals, eg the intern! 
\ S x ^ 1 

It should also be remarked that the function defined by the series 


) ^ x(I — x) n 1 is discontinuous at x — 0 For the value of the func 

tion when x — 0 is 0, whereas as we have seen, the scries converges to 
the value 1 for 0 < x ^ 1 But the function is continuous over anj 
interval, such as \ ^ x ^ 1> f° r which the series is uniform!) comer 
gent, in fact, if a senes of functions continuous throughout a region R 
is uniformly conv ergent ov er R the function represented by the senes 
is always continuous in R 

Although some series may be easily tested for uniform convergence 
by means of the definition giv en above, it is usually simpler to emploj 
the following test 
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Theorem I. Weierslr ass’s M-tcst. Lei 


^ u n (x) 33 ui (x) + u 2 (x) f u n (x) d 

n»l 


he a given 
rmslanls 


scries of functions defined in a region R. If the series of positive 
M\ + M 2 4 ~ •• • + 1*1 n + * • ■ 


is convergent, and if | v„(x) | ^ M n for every n and for ail values of x 
in R, the given scries is uniformly convergent in R. Moreover, the series 
of it's is absolutely convergent in R. 


To illustrate the use of the fittest, consider first the power series 


X~ X X 

[ 

2 3 3 3 n 8 


Xow, since J x n /?fi | ^ 1/w 3 for | x j ^ 1, and since the series 


1 1 

1 + + ' 
2 3 3 3 


1 

'+ "5 + ' 
n 3 


is convergent, we may use the latter series as our il /-series, whence it 
follows that the given series is uniformly and absolutely convergent 

for J a- 1 g 1. The absolute convergence of — for | .r | < 1 may, 

n « 1 ^ 

o{ course, be readily established by means of Cauchy’s ratio test. 

As a second example, consider (he series 


cos 2x cos 3.r cos nx 

cos T + —x- + — rj- d b d . 


Since j cos nx | g 1 for all values of x and for any n, we may take as 
iV-series the series 


1 1 1 

J J 1 j 1 U. 

^ 2~ 3 s u 2 


and consequently the trigonometric series is absolutely and uniformly 
convergent for every x. We shall meet trigonometric series of this sort 
in Chapter Y; thus this example is particularly pertinent as an illus- 
tration of the use of Wcierst rass’s il/ —lest. 

The first example. 2_j "J . being a power series, suggests a question 

U *» l ** 

a*- to the pre-ible uniform convergence of power series in general. The 
tsevi theorem we cite serves as an answer to this question. 
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merely a few of the ways in which senes may be used in computational 
problems 

(a) One of the most common uses of power senes is in the evaluation 
of definite integrals For example consider the integral 


/ 


smr 

dx 

x 


Now the indefinite integral of the function (sin x)/z cannot be ex- 
pressed in terms of a finite number of the elementary functions, and 
consequently we are forced to evaluate the above definite integral by 
other means We have 


X 3 X s , X 2 ”- 1 

1- — - — -f- ( — 1 ) — — ~ 

31 5» (2 n- 1)1 


+ (-1 r~ 


x 2 "- 


(2n -1)! 


This power senes is absolutely convergent for every value of x, and 
hence bj Theorem VII, Art 38, we are justified in integrating tens 
by term We therefore get 


r l sm x / x 2 x 4 x 6 

J 0 ~!T dX “Jo V + ” 71 + 

T x 5 x 5 x 7 
L 3 31 5 51 7 71 


1 x — 1 — 

33! 5 51 

1 1 

~’ilF + 5 - 5' 


7 7t 
1 


^ dx 
1 


By taking sufficient terms of this senes we may e\ aluate our integral 
to anj desired degree of accuracy Moreover, since the senes is an 
alternating one, we have a definite criterion as to the maximum 
possible error introduced by breaking off the series at any given point 
(b) Infinite senes mav also be used to find the numerical v alues ot a 
function for different values of the vanable Thus from senes expan 
sions for the tngonometnc, exponential, and logarithmic functions 
tables of these functions may be evolved To evaluate e° *, we may 
use the Maclaunn expansion 


,1+x+ ^ + + (Tr«r 


«° 1 5=1 1 + iV + shy + shnj + 


whence 
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If, however, we wish to find the value of e 2 ' 1 , say, the Maclaurin series 
may not converge sufficiently rapidly for accurate and rapid computa- 
tion. We should therefore expand c* in a series of powers of (x — 2) 
by Taylor’s formula, 


c* 


r (a - 2 ) 2 

= <r 1 + (a — 2) H — b ■ 


2! 


(x - 2) n_1 

•+- + • 

(» - !)• 


so that we get 


c 2 - 1 = e 2 (l + 


i 

TO' 


1 

i!OU 


0000 


+•••). 


If we have found c 0A by a previous computation, we should of course 
write e 2 ' 1 = c 2 -o 0A , which is equivalent to the preceding equation. 

As a particular problem in evaluating a function for tabulating pur- 
poses, we return now to the elliptic integrals discussed in Chapter III. 
Consider the elliptic integral of the first kind, 


me, 4>) 


■f 

Jo 




Vi - F 


sin 2 4> 


(0<k< 1). 


In this integral, the function (1 — k 2 sin 2 <f>) ” may De expanded into 
ft series by means of the binomial formula, 


, n(n — 1) 

(n + h) n = a" + ?i a" -1 6 + — a"~ 2 b 2 + ■ 

2! 


flic expansion being valid for any n if | b/a | <1. For, since k < 1, 
and sin <f> j£ 1, we have here | b/a j = | Ir sin 2 <j> | < 1. Then we get 
the series 


(1 — lr sin 2 <£)~ 5 * 


1 H sin 2 <f> -f- 

2 


3h' . 

sin 4 <b -j , 

8 ’ 


( 1 ) 


vhieh holds certainly for k < 1 and for any value of <£. In particular, 
>f we put <£ *= ~/2, wc get the convergent series 

l: 2 3 k* 5 k° 

1+ T + T + Ic‘ + ''" (2) 

Now since | sin <f> j g 1, the terms of series (1) are less than or at most 
^pial to the corresponding terms of scries (2). Hence, by Weierstrass’s 
ic^t (Ihcorcm I, Art. 39), scries (1) is uniformly convergent in nnv 
ounw-rval, and consequently (Theorem III, Art. 39) we may integrate 
U ' rm !, * v tortl, ‘ ln ,ll5s "av the function F(k, may he evaluated for 
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any specified values of k and 4>, the integration being performed by 
means of recursion formulas for J'sm n a:dx (Peirce, 263) 

In dealing with the complete elliptic integral of the first hind, 
/* T,S dfi 

K(k ) = I , I -r= (0 < k < 1), 

VI - k 2 sin 2 

we may materially shorten the work by making use of Wallis's formula 
(Peirce, 483) We then have, from (1), 

r* 12 / k? , 3k 4 . 5k 6 . \ 

K = I ( 1 H sin 2 <j> + — sin 4 + — sin® H- } 

Jo \ 2 8 16 / 

If, for example, k = sm 10°, equation (3) gives us 

K » ^ (1 -f 0 00754 + 0 00009 + ) « 1 5828, 


which checks with the \ alue given in Peirce s “Tables ” 

(c) As an engineenng apphcation of infinite senes, we consider next 
the problem of designing a proportional flow weir, such as the Sutro 
weir,* for which the discharge of 
■n ater is proportional to the head 
3uch a weir is of use as a control 
or a gnt-chamber outlet, as a 
control for a float-regulated clos- 
ng device, and as a flow meter 

Let the weir opening bebounded 
ry the vertical edges DR — a (ft ) 
md CE = a 4* h (ft ), the hori- 
zontal crest CD — b (it.), and the 
airve RS whose equation relativ e 
;o the axes shown (Fig 32) is de- 
wed Let the total discharge of st 
vater through the weir in 1 sec 
ie Q (ft 3 / sec )> and suppose that 
he line il/AT, placed for conveni- F 10 32 

* See E A Pratt "Another Proportional Flow Weir, Sutro Weir ’ 

Vint* p 462 August 27, 1914, E Soucck H E Howe and F T Mara 
Veir Investigations Furnish Discharge Coefficients' Engineering Newt- f 
> 679, November 12 1936 
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cnee of calculation and of actual operation at a distance a/3 (ft.) above 
the crest, is taken as datum line, so that we are to have 


Q = k 



(4) 


where h is some constant of proportionality whose value is to be found. 

Now the theoretical discharge in cubic feet per second through a 
rectangular strip of area w dz (ft. 2 ) a distance z (ft.) below the water 
surface is given approximately by \^2gzwdz* where g = 32.17 
ft./scc. 2 Hence the discharge Qi through the rectangular opening 
CDRO is 


Qi 




-§bV2i[(a + h)*-h*l, 

(5) 

and that through the opening ORSE is 



r h 

Qo = V2 g 1 V It — y x dy. 

do 

(6) 

Equating ( 

3 to the sum of Qi and Q o, we get 


, (, 2(1 
T + I 

) - \ [(a + h) H - h*] + V%f Vh-yxdy. 

/ 6 J 0 

( 7 ) 

'1 his relation is to hold for all non-negative values of h. Setting h 

- 0 , 

we have 




2 ah y — a ^ 

« 26 V 2g — , 

o J o , 


whence 

6 6 



k « b^2ga. 

(S) 

Substitution of 1 his value of /; in (7) yields 


0 , ''iA / 2;7 ^ 

}l + ~ ^ bV2g[( a -f h) H - h H ] + Vty J V/i - y , 

rdy, 

f'vT 

•-'o 

- yrdy = h\a*h + 5 n ?i - 5 (a + h) H + f/,M| 



“ ah[a‘ 3 4- H« H /i -f- /r 5 — (a -j~ h) H }. 

(0) 

* nny 

‘ textbook on hydraulic**. 
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PROBLEMS 

1 Expand each of the following functions in a power senes by a direct appb 
cation of Maelaurm s formula Also obtain each senes by another method and 
determine the region of convergence in each case, making use of the theorems of 
\rt 38 


(a) x cos x, 
(c) e* cos x , 
(e) tanh 1 z, 


(b) sin a:*, 

(d) e* nh *, 

(/) cosh (e* — 1) 


2 Fvaluate the following definite integrals citing the theorems on which each 


step is based 



(a) ^ e“**dx, 

( b) ^ 

f l sm x , 

h vj" 1 ' 

Jp X 

(d) ^ 

r > V°*dx > 

>0 

(e) 1 sm x 1 dx, 

Jp 

CO J 

2 cosh x 


3 Using Theorem I\ Art 38, find the inverse of each of the following func- 
tions by reversion of senes 


(«)!l-x-- + — - 
(b) V 


2 1 3’ 4 2 

bounded by the curve xy = sm x, the fines x = 


f and z *2, 


4 Find the a 
and the x axis 

6 Tind the centroid of the area of Problem 4 

6 Find the area bounded by the curve xy — sinhx, the hne x “ 1, and the 

coordinate axes 

7 Find the area bounded by the curve y = Vg — x 3 , the line x = 1, and tbo 
coordinate axes 

8 If (1 — x) dyfdx =* e~ x , and y — —0 1 when x = 0, find the value of y "hen 


9 A rectilinear motion i: 


given by the equation 

A« 9.t 

+ - 


dt ’ 1 4 - f ’ 

where l (sec ) is time and v (ft /sec ) is velocity If v = 
velocity when t = 

by expanding (1 — J cos x)~ 2 in an mfimte scn« 


= 0 when t - 0, find the 


10 Evaluate 


r r dj 

Jo (4-c 


- cos x) 2 

and integrating term by term Use W allis s formul i (Peirce 483) 

11 Obtain a power senes in i representing the complete elliptic integral oi 
second kind E(I), and use this senes to compute E(\) correct to four sigroficnn 
figures 
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12. Compute the value of the elliptic integral 



d<*> 

\/l — k 2 sin- $ 1 


where k = sin 8°, 


{«) by u*e of series; (b) by double interpolation with the tables. 

13. A particle moves from rest at a distance 1 ft. towards a center of attraction 
0 in accordance with the equation (Px/dl 2 « -2x 3 , where x (ft.) is the displacement 
from 0 at time l (sec.). Find the time required to travel from the halfway point 
to the center 0. 

14. According to Planck’s radiation law, the radiation density f is 

* - ~ fVV r/A ' r - l) -1 du, 

r J o 


where v « frequency (see.^ 1 ), T ~ temperature (deg. abs.), h — Planck’s constant 
« G.551 X 10~ 27 erg sec., c = velocity of light = 2.998 X 10 10 cm./sec., and K — 
Boltzmann's constant = 1.372 X 10~ 16 erg/deg. By expanding the binomial ex- 
pression in the integrand and integrating term by term, show that the above for- 
mula reduces to the Stefan-Boltzmann law, ^ « aT A . Compute a, and specify the 
units in which it is measured. 

16. By direct substitution and integration, show that the functional relation (13), 
Art. 40, satisfies equation (9) identically for all positive values of a and h . 

16. (a) If the upper and lower horizontal dimensions of the Sutro weir arc to 
be 1.5 in. and 6 in., respectively, and the desired theoretical discharge is to be 
2 ft. 3 /sec., find the vertical dimensions a and h. ( b ) If the height h of the weir 
and the lower horizontal dimension b arc to be 24 in. and 12 in., respectively, and 
the theoretical discharge is to be 3 ft. 3 /sec., find the upper horizontal dimension. 

17. A transition spiral, used in highway engineering, is defined as a curve whose 
curvature varies directly as the arc length. Let the initial point of this spiral be 
the origin 0, and let the tangent at 0 be the x-axis. (a) Show that parametric 
equations of the spiral can be written as 


x 



cos 0 
\/0 


(I0 t 



* sin 0 

Vo 


do , 


where k h a constant. (6) Evaluate the ratio x/y for » -s-/4. 


41. Picard’s method. We shall devote the remainder of this chapter 
to a discussion of Uvo methods of solving ordinary differential equations 
hy means of infinite series. The methods given in Chapter I apply only 
to certain standard forms of differential equations, and aim at the deter- 
mination of solutions in finite form. Frequently, however, the differ- 
ential equations arising in a physical problem do not fall into one of 
the familiar types, and it may not be possible to find solutions in terms 
of a finite number of the elementary functions. It is natural, then, to 
a i tempt a solution in the form of an infinite series, or to try for an 
approximate solution when we arc concerned primarily with numerical 
imputations. 

One method of pelting a numerical approximation is that known as 
iunls method of successive approximations, after the French mathe- 
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matician who evolv ed it Although the method is useful onlj for those 
equations for which the success e integrations can be easily performed, 
it has great theoretical value in that it also prov ides a proof of the exist- 
ence of solutions of differential equations of very broad type We do 
not, in this book, consider the problem of the existence theorem * but 
confine ourselves to the application of Picard’s method to numerical 
approximations 

Consider the equation of first order, 
dy 

-r=f(* y)> (i) 

dx 

and suppose that we desire a solution of this equation such that y = b 
when x — a, that is, we are seeking not the general solution of (1), 
containing an arbitrary constant, but a particular solution satisfying 
the additional condition Jf] Zc=0 = & If we multiply (1) by dx and 
formally integrate between limits, we get 

J dy - f Six, y ) dx, 

OT X 

y - & + J Six, y) dx (2) 

This is an integral equation equivalent to the differential equation (1) 
together wnth the boundary condition the unknown function y appear 
ing now under the integral sign instead of in a derivative If we re- 
place y in fix, y) by b, and perform the indicated integration in reh 
tion (2), we get a first approximation to the desired solution, 

Vi = b J* Six, b ) dx 

TepJi&tfc v& Wvt TrgbV’iY&Tiri trantaei by yi, tharnky chtaw. 

ing a second approximation, 

Vi = b +J Six, yi) dx 

We continue this process, replacing y in the function Six, y) of (2) by 
the nth approximation y„ to obtain the (n 4* l)th approximation, 

y n +i = b 4 f Six, y„) dx (3) 

• Such proofs may be found mil T H PiaRRio a 1 Differential Equations or 
E L luce s * Ordinary Different ml Equations 
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Wo thus obtain a sequence of functions of x, namely, y j, y 2 , ***» 2/n- 
y nA ,, ... as approximations to the solution of equation (1), and for 

each of these functions we have, by (3), 2/»+i] r=0 = The theory of 

Picard’s method shows that the sequence y u V 2 , * • * tends to a limiting 
function Y as n becomes infinite, and that this limiting function is the 
solution of equation (1) which satisfies the given condition, 

Hm y n = Y, 10, Y] =6, 

n «s (iX J 


whenever the function /(.x, y) of equation (1) ohej\s certain restrictions 
which we shall not state but which are met in all the cases with which 
wc have to deal. 

A simple example will serve to illustrate the method. Let there be 

given the differential equation 

♦ 

dy 

~ = 2 xy- 2z, (4) 

ax 

and suppose that wc require that solution of (4) which takes on the 
value 2 when x — 0. The integral equation corresponding to (4) is then 


y - 2 + 


' f (2 xy — 2x) dr. (5) 

•■'o 

Putting y = 2 in the right-hand member of (5) and integrating, we get 
?/i =2 + f (4x - 2x) dx 

»'o 

« 2 + X 2 . 

Setting >/ *= 2 4- x 2 in (5) and integrating again, we find 


21s = 24 - f (-lx 4- 2x 3 - 2x) dx 
»'o 


« 2 4*x 2 + — 

2 

I ontimung in this fashion, wc easily obtain the following successive 
approximations 


J/a 

I'* 


O « V* 

- T X 


-j ; 

2 * G ' 


x 4 x° X H 


j. 

0 24 
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In this particular example (but not in general), the successive approx- 
imations are all polv normals in x, each one containing precisely the 
same terms as the preceding approximation but with one additional 
power term A little study of the first few approximations may there- 
fore enable us to infer the form of the nth approximation, 




( 6 ) 


That this inference is correct is easily prov ed by mathematical induc- 
tion, for we have, supposing (G) correct for n — n, 


Vn- t-i * 2 + 

- 2 +^+-+ 


e* / , 2x 2 " +1 \ 

J ^2x 4* 2x 3 4* 4 ; — ) dx 


n! / 


Jn+2 

*(n + l)'' 


which is of the same form as (6) with n + 1 replacing n It follows 
that the limit function Y can therefore be obtained, we have, in fact, 


„ X 4 

x 8 

x 2n 

Y = lim i/ B = 2 4- x 2 4 

4- — 4- 

4* — r 4" 

n - - 2* 

V 

n! 

, , r , (x 3 ) 2 

(x 2 ) 3 , 

, (x 2 )" 

“14- 1 + 

— f-4- 

4* — r ■ 

l 2' 

3' 

n! 


- 1 4* r** 


It is easily seen that this function does satisfy equation (4) identically 
m x, and that y] = 2 as required Here Y was not only obtained 
but could be recognized as a function expressible in finite form, actu- 
ally-, at cautsa Bieaxd’a method, w as net needed m. this case since equa- 
tion (4) is a linear equation of the first order which may be solved 
directly by the method of Art 5, Chapter I 
In a more complicated problem we should probably not be so for- 
tunate as to be able to deduce the nth approximation But if w e w anted 
to find the value of y corresponding to a giv en v aluc of x, say x = c, we 
could find in turn Vi] x _ e » yi\ Zw . c ’ > proceeding until the desired ac- 
curacy is obtained, for example, if a numerical result correct to three 
significant figures were required, we should continue the process until 
further approximations appeared to yield refinements only in the fourth 
figure 
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42. Method of Frobenius. The second method of which we make 
use is one due to Frobenius. This process is applicable to homogeneous 
linear differential equations of any order, with vaiiablc coefficients, and 
also plays a large part, in the theory of such epuations. It consists, 
in its full generality, of assuming a solution in the form of a series, 

y = at e (ao + OjX + * — b a n% n *4 )> (1) 


where the numbers c, a Q , a u • • •, a n , • • • are to be determined by sub- 
stituting (1) in the given differential equation and setting the com- 
plete coefficient of each power of x equal to zero. It should be empha- 
sized that this method is a tentative one,f in that certain linear dif- 
ferential equations possess no solution of the form (1). For example, 


the equation 


^ + 2*^ 

dr- dr 


V - o 


has no solution of type (1) since its general solution is y — Cie 1/x -f* 
e 2 e~ !/;r , and the functions c 1/x and c -I/x cannot be expressed in series 
of ascending powers of .r 

As a special case of the Frobenius method, we sometimes assume a 
solution in the form of a Maclaurin series, 


j/ = o 0 -fotx-i 1- -1 , (2) 

to which (1) reduces if c = 0, since it is easier to deal with series (2) 
than with series (1). Then if our efforts to find a solution of the type 
(2) fail, or if the solution so obtained is not sufficiently general for out- 
purpose, we may assume a solution of the form (1). 

Ah an example, consider the equation 


. <?» 
41 


cly 

dx 


y - o, 


(3) 


ami let us seek a solution of the form (2). Differentiating (2) twice 
and substituting in (3), wo get the relation 


So 2 .r -f 2-}<7.-;X- -f- • * • -f- — l)a n x rl ~ 1 

+ 2a t 4- *l« 3 r + fio 3 j 2 4 f- 2no„a-" -1 -f • • - 

-On - a x z - a?r- 0. ( 4 ) 


for t'Uitnpty too tswks of Piasario and In re. previously cited. 

. 1 l,u ' nl*-cnee of l.nowledpe of the tla-ory of linear differential equn- 

!,, T' * od'eniits theory enable one to determine tie- conditions under which 

a nv- n hacsr equation will have a solution of the postulated form. 
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This equation will be satisfied identicallj in x if the complete coeffi- 
cients of the successive powers of x are set equal to zero Hence we 
hav e the further relations 


2ai - ao = 0, 12a 2 - Q; = 0, 30a 3 — a 2 = 0, 


whence 


Co 



2n(2n — l)a n — a«_i = 0, 


Cl 

a 2 = — 
12 


Co 
24 ’ 


«2 



Cp 

720’ 


a*_ i 

2n(2n — 1) ’ 


( 5 ) 


\s a matter of fact only the relation between o„ and a n _i is actually 
needed since this holds for n «* 1, 2 Replacing n by n — 1 in 

the latter, we have 


so that 


c B — 2 

(2a - 2) (2n - 3) ’ 


c *_2 

2n{2n - l)(2n - 2)(2» - 3) 


Proceeding in this way, we ultimitelj find 


Qq 

(2 «)»' 


( 6 ) 


which is checked for n — 1, 2 3 by the first three of relations (5) 
Substituting for a t , a 2 , their values as given by (G) in senes (2), 
we therefore get the senes solution 


V = a »l 1 + 21 + 7’ + G’ + 


+ (2n)' + 


l 


( 7) 


where ao is arbitrary Inspection of (7) allows that the senes in brack 
ets is merely the expansion of the function cosh y/x t so that a solution 
of the giv en differential equation (3) is 

y = a 0 cosh y/x (8) 

That this is indeed a solution maj he easily checked by direct substitu- 
tion Our tentative method has therefore been successful m that we 
have found a solution of (3) containing one arbitrary constant In a 
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sense, however, it has not been completely successful, for we have, so 
to speak, only half the general solution, this latter involving two arbi- 
trary constants. It so happens in this particular example that the gen- 
eral solution would have been obtained had we assumed a series solu- 
tion of the more general form (1) instead of the Maclaurin series (2). 
(Bee Problem 7 at the end of this chapter.) 

When employing the general Frobenius method, involving the series 
(1), we assume, as we evidently may without loss of generality, that 
a n r'- 0. After substituting (1) and its successive derivatives in the 
given differential equation, we are again led to an infinite system of re- 
lations similar to (5) in the constants c, o 0 , ai, •••• The first of these 
equations, obtained by setting equal to zero the coefficient of the low- 
est power of x in the series which is to vanish identically, is called the 
indicia l equation since it serves to determine the index c. If the differ- 
ential equation under investigation is of order in, the indicial equation 
will in general be an algebraic equation of degree in. Thus it may 
happen that m distinct possible values of c can be found from the in- 
dicial equation, whence we shall get in distinct * solutions of our dif- 
ferential equation. When this occurs, we have the general solution as 
a linear combination of the m distinct functions with arbitrary con- 
stants as coefficients. 

If we wish to make use of the series solutions obtained by the Fro- 
benius method, we should, of course, examine each series for conver- 
gence to determine the region of its validity. The series (7) found in 
our example, for instance, is convergent for all values of x, and hence 
may be used in computation. 


PROBLEMS 


1. r.-'inc Picard's method of successive approximations, obtain a solution of 
the equation dii. dr ?/ ~ x such that ;/ = 1 when x = 0. Carry out the work 
through the fourth approximation, and cheek your result by finding the exact pnr- 
tirulsir ‘•olution. 

2. t liven the equation thjfdx ~ 1 -f 2xy — It 1 . If ?/ = l when x = 0, use 
Pi-xml '*■ method to find the value of y when x = i. 

3. A 10-lb. weight starts its motion with an initial velocity of 5 ft. /see. and 

sunves thereafter ‘object to a force of 20\' f lb., where l (sec.) is’ time, acting in the 
<!i "y lit, » »f 'die initial velocity. Tie- motion is opposed by a resisting force numeri- 
<- diy equal to lOr lb., where i-i» velocity (ft. /sec.) and g = 32.17 ft./secB Using 
Piroru s ne-tho-I, find the velocity when / -] see. 

... \ * a,! ' ; •' contains 100 gal of brine in which an: dissolved 50 11) of salt 
Unh H „>ntainv 100 pat. of water. Water run« into A at the rate of 3 gnl./min , 


* by ttsMinri 

<***nr». t*,* 


fn-n* linearly independent ; for n prm«o discussion 
texUwoks on differentia! equations referred to previously. 


of this 
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and the mixture, kept uniform by stirring, runs into B at the rate of 2 gal /mm 
If the resulting solution, likewise kept uniform by stirring then runs out of B at 
the rate of 2 gal /mm , find the amount of salt in B at the end of 20 nun (o) by di- 
rect use of a senes, (6) by Picard s method 

5 Apply Picards method to the equation dy/dz » 2y — 2x s — 3, where 
y >« 2 for x =* 0 From the first few approximations infer that y n 2 + x 4 
x 2 — 2*z n + l /{n 4 l) 1 — 2 " +1 x" + */(rt + 2)1 Hence deduce that the solution is 
y = 2 + x + x 2 and verify this result 

6 Apply Picard s method to the equation dy/dz = 14 2xy — 2x*, where 

y «=* 1 for x = 0 From the first few approximations, infer that y n •= 1 4 x 4 x* 
4 z 4 /2! + + x 2n M — 2"x 2 ' ,+ Vl 3 5 (2« + 1) Hence deduce that the 

solution is y = x + e , and venfy this result (Cf Problem 2 ) 

7 Tmd the complete solution of the example of Art 42 by the method of 
Frobenms using the more general senes (1) 

8 Using the method of rrobemus, find the general solution of the differential 
equation 2x(l — x) d'y/dx 2 4 (1 4 x) dy/dz — y = 0 

9 Find the general solution of the differential equation x(l — x) dPy/dx 2 4 
2(1 - 2x) dy/dx - 2y = 0 

10 Fmd the general solution of the differential equation 2x(l — 2x) dPy/dx * 4 
(1 + 4x*) dy/dz — (14 2z)y — 0 

11 Using the method of Froberuus, obtain two independent solutions of the 

equation 2x{l — x) cPy/dx 2 4 (1 — x) dy/dx + 3j/ = 0 one the irrational alge- 
braic function yi = (1 — x)-\/x, the other, in the form of the senes yi «■ 1 — 3x 
4 x 2 4 4 3x” +i /(2n 4 I)(2n — I) 4 Show that the latter series is the 

expansion of the transcendental function 


Vi = 1 


— x)Vxln 


1 4 Vx 

l~Vi 


12 A particle moves from rest at a distance 10 ft towards a center of attraction, 
the force varying inversely as the distance If the initial acceleration is numeri- 
cally equal to 5 ft /sec *, find the time required to traverse the first two-thirds of 
the distance to the center 

13 A particle moves from rest at a distance 10 ft towards a center of attraction, 
the force varjintg directly as the squire of the distance If the initial acceleration 
is numerically equal to 1 ft /sec s , find the time required to travel from the half- 
way pomt to the center 

14 The following formulas give the maximum deflection »/t of a cantilever beam 
of length L (in) and weight w (lb /in ) subjected to a horizontal force P (lb) at 
the free end 

Compressive force P (Problem 63, Art 14) 

= 1 ~~-see$ 4*tnn*) 

Tensile force P (Art 22) 

1ft ** (l 4 ~ - wch 6 - 0 tanh s) 
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Show that these formulas may be written, respectively: 


tcEI . 

/o' 

70 5 

1130 s 

W - pT 1 

Is 


57G0 

wEI . 

/o' 

70 s 

M U30i 

VL “ - pT-l 

u 

~ 144 

‘ 5760 



which are convenient for computation when 0 = L\/P/EJ is small. 

A wooden cantilever beam 2 in. bv 4 in. by 10 ft., with E — 15 X 10 5 lb./in. 2 
and weighing 40 lb./ft. 3 is subjected to a horizontal force of 100 lb. at the free end. 
If the 2-in. side is horizontal, find the maximum deflection when the force is (a) 
compressive; (h) tensile. 

1G. Tank A contains 100 gal. of brine in which 100 lb. of salt arc dissolved, 
lank B contains 100 gal. of water. Brine flows from A to B at the rate of 2 
gal./min., the mixture is pumped from B back to A at the rate of 1 gal./min., 
and 1 gal./min. also flows from B into a third tank. Let x and y (lb.) denote the 
salt content of tanks A and B , respectively, at time t (min.). Formulate the differ- 
ential equations of the system, and eliminate y to obtain a second-order linear equa- 
tion for x. For convenience, introduce a new independent variable, u = 100 — i, 
to get 

dr 

100ir 'A - 2»(100 + it) + 2(100 + u)x = 0. 
du~ du 


Apply the method of Frobenius to this equation, and hence show that 
a- - ?.(100 - t)(l + y = 50 — (50 - 0<r' /5 °. 
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43 Introduction. In Chapter IV we discussed certain properties 
of infini te series in general, and gave particular attention to power series 
because of their wide applicability and frequent occurrence In some 
types of problems, however, it is impractical or otherwise undesirable 
to deal with power series, and we often find a more natural approach 
to a required result through an infinite senes of tngonometnc functions 
Because of the periodicity of the tngonometnc functions, it may be 
correctly supposed that such senes would be useful in the investigation 
of various penodic physical phenomena In addition, we shall see in 
Chapter VII that many partial differential equations arising in physics 
and engineering are most conveniently solved by mean3 of such senes 
of tngonometnc terms whereas senes of power functions w f ould be 
awkward to use 

44 Definitions and formulas By a trigonometric senes we shall 
mean a senes of the form 


^ (a n cos nx -f b n sin nx), 


( 1 ) 


where the a’s and 6's are constants The constant term m (1) is written 
as ao/2 rather than as no for later convenience, for we shall sec that the 
formula we obtain for a n will then hold for n *= 0 as well as for n = 1, 
2 , 

Whether a senes of the form (1) will converge for anj value of x, 
and if so, w hat manner of function it will represent, w ill of course depend 
upon the numbers a n and 6„ But if it converges in any efoseef interval 
of length 2 t, say c £ x £ c 4- 2r, it must because of the penodicity of 
the functions sin nx and cos nx, converge for eveiy real value of x, 
and consequently will represent a function defined for all values of x 
and penodic with penod 2r We therefore need deal with merclj the 
interval c S, x £ c 4- 2 tt, the behavior of our series for other values of x 
being completely known when its properties for this interval are 
determined 

In order to investigate the nature and behavior of a senes of the 
tjpe (1), we shall make use of the following formulas, where m and n are 
188 
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any positive integers or zero, except for the restrictions stipulated: 


(I) 

(II) 
(HI) 

(IV) 


r 

r 


sin nx dx — 


-ie+2r 


cos nx 


cob nx dx — 


L n 


— sin nx 

.71 


0, 11 5 0, 


c+2r 


= 0, n ^ 0, 


r- 


sin mx cos nx dx 

+ 2 r 


r 


[sin (to — n)x + sin (to + n)x] dx = 0, 


sin mx sin nx dx 

c+2 r 


[cos (m — n)x — cos (to + n)x] dx = 0, m ^ n, 

m r 


cos mx cos nx tfx 


r -f 2 r 

1 


[cos (to — n)z + cos (to + «).r] dx = 0, m ^ n, 

e+ 2 x 


per?* 

(VI) I sin 1 2 nx dx — ). | (1 — cos 2 nx) dx = r, n 0, 

*v d c 

-<-f-2r ^+2x 

(VII) I cos 2 7ixdx — ~l I (1 + cos 2nx) dx = x, n 0. 


We arc now ready to prove 
Thkokem T. If thr, aeries 


% 

— + cos x + °2 cos 2x 4 h a„ cos nx + • • • 

4* pin x + b 2 sin 2x H h f> n sin nx -j (1) 

is uniformly conrergmt in thr chard interval c g x g c + 2x, and has the 
turn f{x), then for n = 0, 1, 2, • • - we hare 


1 ^'-f2r 

o n ~ — I f(r) cos nx dx. 


i r +2r 

= - I /(x) sin nx dx. (2) 


1 ir>t of all, we note that since the scries (1) is uniformly convergent 
for e f x $ c -r 2r, and because of the periodicity of the functions 

•on nx and cos nx. v,e have (I) uniformly convergent over every real x 
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interval, and therefore this senes may be integrated term bj terra 
(Theorem III, Art 39) We therefore find 

r + 2 r ~e+2r „ 

/(*)<**=£ |* 


pC+2ir 


nC+2ir 

+ J. 

cos x dx + 


f a n cos nxdx-h 

r c+2r 


/* c + 2r 

+ 

bi sin x dx + ■ 


1 b n sin nx dx -f- 


= OoJT 

by formulas (I) and (II) Thus o 0 is given by the first of equations 
(2) with to »= 0 
Now let 


s n (x) = ~ + ai cos x + 0^2 cos 2x 4- + cos nx 

-{- bi sin x + 1>2 ein 2x -f + b n sra nx 
Then by definition of uniform convergence, we have, given any e > 0, 
| /(*) -«a(x) | < « 


for n sufficiently large and for any x If we multiply (I) by cosnx, 
the resulting senes is also uniformly convergent For, we have, since 
| cos nx | ^ 1, 

| f{x) cos nx — s„(x) cos nx [ ^ |/(x) — s rt (x) | < « 
for any x Consequently the new senes may likewise be integrated 
term by term, doing this, we get 


r +2r pc+2r ^ 

fix) cos nx dx — I — cos nx dx 

r +2r 

nj tosxtsawa.dx'V ' 


r +2r 

<i„ cos 2 nx dx + 

r +2T 

bt sm x cos nx dx + ■ 

r +2r 

b n sin nx cos nx dx ~h 


- a„Tt 
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by formulas (II), (III), (V), (VII), and therefore we have the first of 
equations (2) for n = 1, 2, • • *. 

Finally, if wo multiply (1) by sin nx, which will similarly give us 
another uniformly convergent series, and integrate, we find 


/,-+ 2r 

I /(I) 


sin ?i;r. dx 


°° • ^ 
— sm ux dx 


r c+ ' z 

4- I ay cos x sin nx dx + • • * 
/.e+2* 

•f I a n cos nx sin nx dx H — 

J C 

4- I hi sin x sin nxdx + ••• 

r c+2z 

4- j I),, sin 2 nx dx H — * 




by formulas (I), (III), (IV), (VI). This gives us the expression for b n 
stated in the theorem. 

In the above discussion we have regarded the trigonometric series 
as the given thing, and supposed it uniformly convergent with some sum 
function /(x). It. has then been shown that the coefficients of the given 
series are related to the function /(x) represented, by the relations (2). 
Xow ordinarily we start with a given function /(x) and attempt to find a 
series representing it. On the basis of the foregoing derivation, we 
should naturally compute numbers and b„ associated with/(x), by 
means of equations (2), and thus formally construct the series (1). A 
series so constructed from f(x) is called a Fourier sirics belonging to 
fix). IVc then have hope, but, in general, no assurance, that the 
Fourier scries for f(r) will converge and that it will represent /(x). 
Indeed, for a function arbitrarily given, neither of these hopes may be 
fulfilled.* 

Fortunately, however, a very wide class of functions will possess 
Fourier series that do Converge and represent them. Every function 
defined for an interval c < x < c ~j~ 2~ and possessing a Taylor series 
expansion valid in this interval will certainly possess a Fourier series 
representing it, and in addition many functions for , which no Taylor 
development over the interval exists may nevertheless be expanded in a 

* If h nut even true that all continuous functions arc representable bv their 



192 


FOURIER SERIES 


[Chap V 


Fourier senes It is tins wide applicability of Fourier series that fur- 
nishes one reason for their importance and usefulness 
It is be} ond the scope of this booh to discuss conditions under which a 
function will be represented by its Fourier senes * We merely state 
Fourier's theorem, which applies to all the functions that normally arise 
m physical and engineering applications 


Theorem II Any stngle-talued function fix), continuous except 
possibly for a finite number of finite discontinuities in an interval of length 
2 7r, and having only a finite number of maxima and minima in this interval , 
possesses a convergent Fourier senes representing it 


By a finite discontinuity at a point x — x 0 we mean, roughly speak- 
ing, a finite "jump” m the graph of the function, as shown m Fig 33 
More precisely, if ltm /(x 0 — h) 

h~*0* 

and lxm/(x 0 + h) both exist but 
i— o* 

are different numbers, we say 
that /(a:) has a finite discontinu- 
ity at x = x 0 It turns out that, 
when f{x) has a finite discon- 
tinuity at x = Xq, the Fourier 
senes j jefds the arithmetic mean 
of the two limits given above Fio 33 

when we set x = xqVx the senes 

45 Examples We proceed to consider a few concrete functions to 
exemplify the manner in which Founer senes are obtained 

Example 1 Consider the function fix) defined by the relations (Tig 34) 
/(X)-1, 0 < x < IT, („ 

fix ) - 2 7T < x < 2r 

Here we are dealing with an interval of length 2 tt, for which c = 0 We have 
not defined fix) at the midpoint of 
our interval but the statement at the 
close of Art 44 indicates that the 
resulting senes will yield /Or) = § 
Moreover, the senes because of its 
periodic character, will define fix) for 
every x not in our interval whence we 
should expect to get /( 0) = /( 2ff) = x 
also This i\e shall \enfy 

It may be mentioned m passing 

• See, for example, Goursat-IIednck "Mathematical Analysis ' VoL I 
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Airr. -151 u,uuu*u^ 

that there is nothing strange about defining our function in the two halves of 
the interval by means of two different equations; we shall have frequent 
occasion to deal with such functions in our applications. As a matter of fact, 
we can by a slightly artificial device define the above function over the given 
range by means of a single equation if desired, namely 

/CO - g + 2 1 * - - 1 ’ 

but this is not necessary. 

Now by formulas (2), Art. 44, we have 

1 r 2r l r T 1 r* T 

ao-- I /(*) dx « - | Vdz + - 2-dx =1 + 2 = 3, 

77 Jo 7 T Jq 77 J x 

1 1 T r 1 f“ T 

a n = - /(z) cos t tx dz = - 1 -cos nx dx + — I 2 -cos nx dx 

7 TV 0 77 77 Jr 


r 1 . V , 

r 2 . I 

— sin nx + 

— sm nx 1 

Ltt/i Jo 

L 7771 J 


n r r l r T 1 r 2t 

fc n = - /(x) sin nx dx = — } sin tix dz + — I 2 sin nx dx 

7T Jfl 7T Jo 7T Jr 


= F ~ COS 7ixl + 

L 7771 Jo 

r 2 i 2r 

COS 71X 

L 7m Jr 

COS 71 7T , 

, J__ 

2 2 

1 COS 71 7T 

7771 im 

* 1 1 

7T71 

r 7T7I 

« ~ (cos 717 T 

7771 

-1), 

3 

II 

J”* 


For this function, therefore, all the o f s with the exception of Go vanish, and all 
the Vs with even subscript do likewise since the cosine of an even multiple of 7 r 
i* unity. Substituting n — 1 , 3, 5, • • • in the expression for b n , we get 



ntul we have the Fourier series 

32 / 1 1 \ 

J(x) « - - - ^sin z + - sin 3x + ~ sin 5z 4 h ( 2 ) 

Since the function defined bv equations ( 1 ) satisfies the conditions of Theorem 
II. Art. 41, the scries ( 2 ) will represent /(x). Wc sec also that we do get from 
( 2 ), as predicted. 

/(0)»/(r)«/(2r)»g. 

Moreover, an interesting by-product may be obtained from scries ( 2 ). Setting 
z - r/ 2 , we get, since /fcr/ 2 ) - I, 


or 



77 \ OO f 



4 * 


1 


1 

3 


+ 


1 

5 



f 


( 3 ) 
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Expand each of the functions in Problems 1-7 m a Fourier senes, and examine 
aach senes at the points of discontinuity when such exist 


1 /(x) - x, 0 < x < x,/(x ) = 0 x < x < 2r 

2 /(x) = x 2 , 0 < * < x,/(x) « —x 2 , x < x < 2x 

3 f(x) = «*, “ X < X < r 

4 /(x) «=» x sin x 0 < x < 2r 

5 fix) = Vl — coax, — x < x < r 

6 /(x) = cos ax, -x < * < r (o t* 0 dfcl, dfc2, ) 

7 /(x) «= | sin x |, — x< x < x 


8 Expand the function /(x) »siniforfl <ig t, /(x) = 0 for x < x < 2x, 
and show that the result checks when x <= 0 and when x = x/2 

9 Obtain the Fourier senes for tho function/(x) = z*, — x < x < x, and from 
it deduce the relations 


T " 1 +S5 +^5 +7? + 


12 2 2 3 2 4 2 


10 From the result of Problem 3, denvc a senes for x/sinh x 


46. Even and odd functions. A function /(x) is said to be an even 
function if /(— x) s f(x), and is an odd function if /(— *) s —fix) 
Examples of an even function are xr, cos x, of an odd function, x and 
sin x If a Maclaunn senes contains only even powers of x, it is an 
even function, and if it contains only odd powers, it is an odd function 
The geometnc characteristic of the graph of an even function is its sym- 
metry with respect to the jr-axis, for the graph of an odd function, 
we have symmetry with respect to the origin 
Example 2 of Art 45 evidently has to do with an even function, 
whereas in Example 3 we have an odd function, as may be seen from the 
graphs Now it turned out in Example 2 that ever}’' b„ vanished, the 
•scries (5) containing only the constant and cosine terms On the other 
hand, the o’s of Example 3 were all found to be equal to zero, and the 
senes (8) inv olved onl> sme terms 

These occurrences were not accidents, but might have been foretold 
We have m this connection the follow mg theorem 
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Theorem. When an even function f(x) is expanded in a Fourier 
senes over the interval from — ~ to x, the coefficients of the series will he 
given by 

2 F~ 

a n = - I fix) cos nx dx, b n = 0. (1) 

X Jo 


When an odd function is developed in this interval, ive have 

2 


2 r 

a n — 0, h n = - I f(x) sm nx dx. 
X J 0 


( 2 ) 


ll is easy on geometric grounds to see the truth of this theorem. We 
shall, however, give an analytical proof of the first part of the theorem, 
the. second half being capable of similar treatment. Let/(x) be even, 
so that/(— x) ss f(x). We have * 


On 



cos nxdx — 


7 T 



cos nx dx -j — f f(x) 
x J o 


cos nx dx. 


Now in the first integral of the last expression, replace x by — x. 
Remembering that cos nx is an even function, we then get 

1 r° 1 r 7 

a„ = - I f(x) cos nx(-dx) -} — I fix) cos nxdx. 

7 7 77 Jq 


If in the first of these integrals we change the order of integration and at 
the same time change the sign of the integral, we see that it becomes a 
duplicate of the second integral, whence the first of equations (ll 
follows. Likewise, we have 


sin nx dx + 


, 1 f" If 

K — ~ j f{x) sin nx dx — ~ I f(x) si 

1 f n 1 r 7 

~ ~ I f( x ) sin (— nx)(— dx) + - I /(x) sin nxdx 

~ *'r 77 Jq 

~ f f(x) sin nx dx -f - f f(x) sin nx dx 

~ j o X Jo 


1 r 7 

- I fix) si 

77 Jq 


sin nx dx 


« 0. 

whence the second of equations (1) holds. 

This theorem materially shortens the computation when we have to 
find the Fourier series of either an even or an odd function for the 
interval — *r < x < x. 
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47 Half-range senes In some problems we are concerned with an 
interv al of length x instead of length 2x In addition, w e maj be forced 
by the conditions of the problem to expand a gi\ en function in a scries 
of sines alone or a senes of cosmes alone Suppose that w e are gn en a 
function /(x) defined for 0 < x < x It follows from the discussion of 
Art 46 that we may find an expansion \ ahd over this interval, in either 
sine terms alone or cosme terms alone For, if we rush a sine expansion, 
say, we may create a function F(x) which is identical with f(x ) for 
0 < x < ir but equal to —/(—*) for — x < x < 0 

F(x) = /(x), 0 < x < x, 

F(x) - -/(-x), — x < x < 0 


Then F(x) will be an odd function for the interval — x < x < x, and 
will accordingly possess a Fourier series involving only sme terms 
Smce we are concerned with only the range 0 < x < ir, and since F(x) 
coincides with /(x) there, we shall have the desired expansion of f(x) 
m this half-range Likewise, if we desire a cosine expansion for/(x), ne 
may define a new function F(x) equal to/(x) for 0 < x < ir, as before, 
\ but equal to /(— x) for — x < x < 0 

Fix) = fix), o < x < X, 

F(z) ** /(— x), — x < x < 0 


Hence Fix) will be even and therefore will be expressible in a cosine 
senes 


Thus a function /(x) defined over 
of these two distinct types of senes 
over the half range 0 < x < ~, we 
call them half range senes 
An example will render the pro- 
cedure clear Let fix) = z + 1, 
0 < x < x, and suppose first that 
we require a sme expansion We 
define the function Fix) by means 
of equations (1), 

r(x) - x + 1, 0 < x < x, 

r(x) - x - 1, -x < x < 0 

Tram the graph (Fig 37), wo see 
that r(x) is an odd function Hence 
we need compute only the b’s, as 
follows 


the interval 0 < x < x is capable 
Since these two senes are valid 
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2 P r 2 - 

b n ~ - f (x + 1) sin nx dx — - 

tt Jo ~ L 


a: cos 72a: sin nx cos nx 
h 


n 


nr 


n Jo 


7T7i 


(1 — COS 72 7T ~ 7T COS 7 Itt). 


Consequently we get 


2 

m = - 

7T 


7T 1 7 T 

(~ + 2) sin a: sin 2* + ~(tt + 2) sin3x sin 4a; + • 

2 3 4 


As a check, we have 


2(tt + 2) t r 


'©- a r s (‘-. u i-f + -)- 

by relation (3) of Art. 45. 

For the cosine expansion, we find from equations (2), 
F(x) — x *t* lj 0 < x < tt, 

F(x) — —X + 1, — 7T < X < 0. 


4 2 


+ 1 , 



For this even function (Fig. 38), we have 


w + 2, 


2 r T 2 

«o “ ~ I (x + 1) dx = - j 

fA+i) ros »,&-5riit^ + ^ + ^r 

r J 0 ~ L n if n Jo 


“ “(i < cos 7! ~ ~ l )» 
whence 


/( T ) -l+i-I (cos x 4- 1 cos 3x + ~ cos ox + • • • V 
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To check, we get, as we should expect, 

/(°) = | +1 -;( 1 + p + ^+ + 7 =I - 

/w "i +1+ ;(i + ? + p + ) = 5 +1+ i" i+1 - 

by equation (6), Art 45, and 

4H+ 1 


For the abov e illustration we chose a function which is neither even 
nor odd If the given function were odd, for example Fix) would be 
given by the same expression in x in the tw o relations (1), and the half- 
range sine senes would be also the full range senes for ~r < x < ir 
Thus, m the case f(x) — x , we should automatically get the sine series 
(8) of Art 45, valid for — v < x < v But when finding the half range 
cosine senes for an odd function /(x), we should get different expressions 
for F(x) from (2), and a senes representing the negative of f(x) for 
~tt < x < 0, as senes (5) of Art 45 Similar remarks apply to the 
two half range senes for an even function 

In practice, it is not necessary actually to construct the function 
F(x), for it coincides with fix) m the half-interval, 0 < x < jt, with 
which we are concerned, and its values for < x < 0 are immatenal 
We need merely apply the theorem of the preceding article to the given 
function fix), as was done in the above examples 

48 Change of interval In most engineenng applications of trigo- 
nometnc senes, we require an expansion of a given function over an 
inten al of length different from i r or 2ir To this end, we might obtain 
a development over the internal from — ir to ir, say, and then stretch or 
compress this interv al by means of a transformation of vanable to suit 
the circumstances 

Suppose that we have given a function /(x) defined for the interval 
—A < x < L, w here L is any positi ve number We regard this mtcrv al 
as the result of elongating (or compressing) the interval from —ir to ir 
in the ratio L/v Thus, if w e denote by z the v anable referring to the 
latter mterval, we must have x/z = Lftr, or 


z 


irX 

T 


(i) 
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Now/fx) = KLz/tt), regarded as a function of 2, may be represented 
by a Fourier series, 

/ ^ ^ = — + ai cos 2 + a 2 cos 22 d f- a n cos nz • • • 

4- &j sin 2 + b 2 sin 2z d f b n sin 712 H , (2) 

valid for — x < 2 < x, which, under the transformation (1) becomes 

Co ' xx 2xx inrz 

/(x) = b a-i cos b a 2 cos 1 b a„ cos — — b • • * 

2 L L Lt 

xx 2xx nxx 

+ hi sin — - + bo sin —— H b b n sin — — d , (3) 

L L Ij 

valid for — L < x < L. However, we need not go through the inter- 
mediate step of developing the 2-series (2), but may compute the 
coefficients o„ and b n of (3) directly. For we have 


mrx 

cos dx, 

L 


(4) 


On = ^ j f (~^j cos nz dz = J J f(x) 

1 r* (I,z\ 1 r L nxx 

b n — - I /( — ) sin nz dz = — I /(x) sin dx. 

X J_ r \ x / L d —L L 

As an example, let it be required to expand the function 

/(x) = 0, — 2 < x < 0, 

fix') = 0 < x < 2, 

"here h is any constant different from zero (Fig. 39). We get from 
formulas (4), with L — 2, 

0o = i f 0-dx -b if h-dx = k, 

d — 2 *A) 

•if**.™ 

2 Jn 


7ZXX 

•cos dx + 

2 


7? XX 

t-cos dx 


1 r° 

On ~ ~ | 0-CO5 

2 

r fc . 7?xxl 2 

= b s,n T-J„ =0 ' 

i 1 r° n - n ~ x j 1 r . 

On — | 0’Kin — — — dx 4 — I /.'•sin dx 

2J_2 2 2 J 0 2 

r A* 7jxx *)" k 

„ _ co3 _ (1 - cos 7I -). 

L nr l J 0 nr 
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F or the half internal 0 < x < L the half-range sme senes for f(x) is 

TT 2ttX llTrr 

f^ = hi sin j + h 2 sin — + + h n sin — + , 

where 



and (he half -range cosine senes for 0 < x < L, is 


m 

uhere 


<io icx 2 tx nirx 

— + ai cos — -J- a 2 Cos — — + 4- a n cos h , 



PROBLEMS 

1 Tind Bine and cosine half range senes for the function /(x) *» x*, 0 < z < r 
Why do these results differ from the result of Problem 2 following Art 45? 

2 Find sme and cosine half range senes for the function /(*) =* e* 0 < x < r 
Why do these results differ front the result of Problem 3 following Art 45? 

3 Find sine and cosine half range senes for the function /(x) a iO<ii t/2 
f{x) - ir - I ir/2 < x < IT 

4 Fmd the Fourier senes for the function f(x) = —1 —2 <x ^ — I f(x) ■= x 
-1 <x S 1 /(x) =* 1 1 <x <2 

6 Find sine and cosine half range expansions of the function /(x) ** 2x — 1 in 
the interval 0 < x < 1 

6 Find an expansion for the function /(x) •=> 1 + sin x in the interval — 1 < x 
<1 By setting x « v/4 obtain a series for esc 1 

7 Find an expansion in a senes of sines and cosines for the function fU) m 2 
-2 < x < 0 f(x) * x 0 < x < 2 

8 Tind the half range cosine series for the function /{ x) = 1 — x 0 < x g 2 
}(x) = x - 3 2 < x < 4 

9 Tmd the half range sine expansion for the function /(x) *=> x — 2 in tl e in 
terval 0 < x < 2 Using this senes obtain a numerical senes for 

10 Fmd the half range cosine expansion for the function of Problem 9 

11 Obtain the half range sme senes for the function /(x) = 2x* — 4x 0 < x < 2 

12 Find the half range cosine senes for the function of Problem 1 1 

13 Find the half range sme expansion for the function /(x) = {x — 1)* in the 
internal 0 < x < 1 

14 Tind the half range cosine senes for the function of Problem 13 I sing tl is 
scries obtain a numerical senes for ir' 

15 Show that a linear ««u! stituticm of the form z ~ mi + l will tran«f >rm i ns 
interval o g i < h into ana other inters al e g x S d \ sing the proper 1 near 
substitution transform the sme senes for unitj in the interval Q < z < * into the 
cosine senes (11) of Art 4S 
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49. Combination of series. It is often necessary to obtain a half- 
range sine or cosine series, for a given half-range 0 < x < L, of a linear 
or quadratic function of x. Instances of such needs will arise in our 
work with partial differential equations in Chapter VII. 

Instead of deriving such series by the application of the theorem of 
Art. -18, we may conveniently combine known half-range series for 1, 
x, and x 2 . In this connection, formulas SOS-812 of Peirce's “Tables” 
will be found useful, as illustrated in the following example. 

Let it be required to find a sine series and a cosine series for the 
function 

/(x) — 3x — 9, 0 < x < 6. 


To get a sine series for this function, we combine the sine series for x 
(Peirce, S09) and the sine series for unity (Peirce, SOS), using the value 
c « G for the maximum value in the x-range. We then get, multiplying 
the former by 3, the latter by —9, and adding, 


3x - 9 - 3 


2-G 

7TX 1 . 2jrx 1 _ 3«x 

3 

sin sin 1 — sin 


6 2 G 3 G J 

41 

r . 77X 1 3<rx 

- 9 • - 

sin — + - sin 1 

- 

LG 3 G 


Evidently the terms involving odd multiples of xx/G cancel, and the 
result is 


3x — 9 = 



1 

-1 — sin 
2 


2ra 

~3~ 


1 3ttx 

+ - sin + ■ 
3 3 



0 < x < G. 


The cosine series may be similarly found. Multiply Peirce’s formula 
S10 bv 3, setting c = G, and subtract 9 from the result. Then we get 

„ 72/ et 1 3-x 1 OJTX \ 

31 ~ 0 " - ? r? + # C 0 °T + ? rm -r + -) ’ 

0 < x < G. 

w. R.m.s. value of a function. In a number of physical applications, 
particularly in connection with alternating-current theory,* we have 
o'Ta.siort to deal with the concept of mot-mean-square (r.m.s.) or efTec- 

*ivr, for rv.\mp!e. Art. 75. Oh-.pk-r VI L 
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tive value of a function The r m s \ alue of y = /(x) over an interval 
from x — atox — bis defined as 



If, m particular, our interval is of length 2ir, say c < x < c + 2 t, 
equation (l) gives us 

f "hC' /dz (2) 

Now suppose y = f[x) is expanded in a Fourier senes , 

V ~ f( x ) — 7~ ' (a n cos nx + b„ sin nx), (3) 


for c < x < c + 2ir Then the mean square value, i e , the square of 
the rms value, of y over the given interval is 


P S -| + ig«+«) (4) 

To obtain this formula, we shall merely substitute senes (3) in 
equation (2), carrying out the necessirj operations formally, that the 
resulting senes (4) converges may be proved without difficulty * 
When we square /(x), we get terms of the following types 


— , b 2 sin 2 nx, a 2 cos 2 nx, Gf>b„ sin nx, a 0 a n cos nx, 
4 


2o„b ra sin mx cos nx, 2b^b, , sin mx sin nx, 2 a„a„ cos nix cos nx 

Now the integrals, from c to c + 2r, of the last five of these expressions 
\amsh, by formulas (T)-(V) of Art 44, whereas 

/>c+2r 4 , 

T ix = T , 


r 


r 

r 


b; srn 2 nx dx * 
q 2 cos 2 nx dx = 


irbi 


1 SccK Knopp, “Infinite Scrips p 36 1 
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by formulas (VI), (VH)* Consequently 


f 


2rr 


Wo 


~ai 


ra 2 


~ a n + • * ' 

-f- *h? 4* + • * * 4~ "l>n + ■ 


whence equation (- 1 ) follows. 

As an illustration of the use of equation (4), suppose that we have an 
alternating-current wave represented by the scries 

i ss Jj sin («/ 4~ aj) -f* 1$ sin (3<iif -f* 03 ) 4~ la sin (5wf- 4~ 05 ) *b * ' * j (^) 


where i denotes the instantaneous current at time /; co is 2 tt times the 
fundamental frequency; I\,h, ••• arc the amplitudes of the funda- 
mental, third harmonic, etc.; and ct\,ctz, ••• are angles representing 
phase displacements. If we expand each term of the above series by 
the trigonometric addition formula, we get the current i expressed in 
the form 


i — A 1 cos «f 4~ A 3 cos 3 at -f- A 5 cos 5wf *{■••• 

4 - B\ sin id -f- Bz sin 3 tel + B& sin 5 at + • • •, 
where A n — 7 n sin a„, B n = 7 n cos a„ . Hence we have from (4) 

? - l (A I + 7/j + A5 + B'i + Al + B\ +• • •) 

~i(ii + n+n +•••), (o) 

which is the square of the effective value of the current. Similarly, if 
the impressed voltage c is given by " 

( = 1 sin (wf 4 - d j) 4 - sin (3wf 4- fo) 4- 7J S sin (owf 4* ds) 4 , ( 7 ) 

the effective voltage will be 

- . /kF+ h — 

c “\ 2 (8) 


As a second application of equation (4), we derive a series involving 
r, .4 which we shall make use in Art. 52. Consider the function 
Ax) x~. — x < x < r, whose Fourier series is readily found by the 
method* explained earlier in the chapter to be (cf. Problem 9, Art, 45 ) 


(• 


4 ( cos x — — - ens 2 .r 
9- 


1 

— cos 3x 
3” 



( 0 ) 
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on the one hand, equation (2) gi\ cs us as the mean square \alue 
of our function 

^L x,dx= z{ xidx ”j (10 > 

Moreo\ er, from the Founer expansion (9) we get by equation (4) the 
senes 

/ 11 \ 

? + 8(l+ ? + 5 J+ ) (U) 


as a second expression for the mean square value of a: 2 over the intcn al 
Equatmg the two results we find the relation 


' 1+ 2 I + 3 ? + 4* + 


(12) 


61 Harmomc analysis If we have given the values of an unknown 
function f(x) corresponding to a set of values of the variable z, as in the 
case of a group of phy sical measurements, we can gam visual knowledge 
of the variation of /(x) over the given range by inspection of a graph 
It is sometimes desirable to find an equation which will “fit” the graph, 
l e , an equation whose graph vanes but little from that obtained from 
our numencal table 

There are a number of ways in which this cun e-fitting may be 
attempted, including polynomial approximation and harmonic an ah - 
sis * The mam difficulties m a particular problem are usually to choose 
the most useful type of functional relation which may be assumed to fit, 
and then to estimate the proper number of constants, coefficients or 
exponents, which may or should be determined 
We gne here one form of harmonic analysis which may be easily 
and rapidly applied We shall discuss it merely m connection with a 
range of values of the \ anable x from 0 to 2 t r, since the extension of the 
method to problems involving other ranges may be made without dif- 
ficulty, following the procedure outlined for a change of interval gn en 
m Art 48 The following theorem gives the relations upon which the 
analy sis is based 

• See J Lipka "Graphical and Mechanical Computation " and Carso and 
Shearer, "Founer Analysis and Fenodograra Analysis" The method of least 
squares applied to curve-fitting is considered in Chapter 1\ Art 00 of tins 
book 
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Theorem. Jf the equation of a given curve for the interval 0 ^ x < 
2rr is expressed in a Fourier expansion, 

f(x) ss ~ 4- oj cos x + °2 cos 2x H h a n cos nx H 

2 

-f- hi sin x + ho sin 2x + • • • + h„ sin nx -} — • , (1) 

then 

2m (o m 4" fl3m + asm + * * ') = /( 0) ~J 

and 

2 m(bn " hn + hm =/ (toi) ~ 1 ( 2 ^) 


2 m — 1 


m 


-)■ 


( 2 ) 


/ 5 -\ / 4 m - 1 \ 

+/ w — s \~^r 7 ) t (3) 

for m - 1 , 2 , 3 , * • 

To prove this, avc use the Euler relations, 

c r,,x = cos nx + i sin nx, 
c~ niT — cos nx — i sin nx, ^ 

"‘here i denotes V—1, from which avc get, by addition and subtraction, 

f r ’ j. c ~ nix c nix _ c ~nix 

cos nx , sin = — ( 5 ) 

2 2i ' 

Substituting these expressions in series (1), we have 
a 0 

fix) = -- -j- 2_j( a r- cos 7!r + h n sin nx) 

- fj **« \ 


«0 

o 


t f«n — 


0+2,1' 

— 1 u 

For simplicity, let 


_r.tr . °» + l7 '" 


f n, - r 4- 


n. — i7>„ 


&n ** 


2 

a r . -f i7>„ 


*]■ 
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On - a n + /?* bn ~ t(a n — Pn), (G) 

fix) = ~ +]T}(««e nu: + (7) 

Now since 1 = cos 2nir + i sm 2 tit — e 2 "**, uhere n is any positive 
integer, we have on extraction of the (2m)th root, l l/2CT =? e mT/M Let 
T n = e nivtm (n « 1,2, , 2m) denote the 2m distinct (2m)th roots of 

unity, evidently r m = —I and r 2m - 1 Then from (7) we find 

/(0) » — -f + Pn), 

/ G)“f + J (,w '* +fcr * ,) 

Hence 

- Ml - r. + rj - -4“-') 

" + «»(1 - rJT 1 + r' ! - - r^ +1 )] (8) 

But for n — 1,2, , m — 1, m + 1, , 2m, wehaie 

since bj the definition of r„, r„ p* —I and ■= 1 for these values 
of n, while 

! _ rm + r 2 _ _ =l + l-fl+ + 1 - 2m, 

1 -r~ l + r' 2 - - r-‘ >m+1 = 1 + 1 + 1 + + 1 - 2m. 
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Moreover, since = e* fr/ ” when r and s are integers, the 

above four relations are repeated in the group containing a 2m + 1 , • • *, 
<*,„ and in the group involving fom+u ’ ’ ’ fa m, and so on in the subse- 
quent, groups. Therefore we have 

m -/$+/(£) 

~ 2 m(a m + + a3m + fam + Qrs m + fom -J ) 

= 2m(a m -j- az m + as m -f ) 

by the first of equations (G). This proves relation (2). 

Next let p„ = c n,Tl2m (n — 1, 2, •• • , 4m) be the (4w)th roots of unity; 
then Pn - i, pzm ~ —1, Psm - —i, Pirn. = 1, and p 2 = r n for any n. 
Wc now have 

7 (2m) ~ ~2 + S ( ° nPn + /3nP " ,) ’ 

/ (S = ? + £ (a " p " + ^ ;r3) ’ 

/ (^) * j + &*?**)> 

/Am — 1 \ g 0 

xrsr’) - ? +E<«*>f- +/w + '). 


/ 


It follows that 
/ 


n*» 1 


d)~ / d) +/ d) ! ddr~) 

~ HI/ ~ Pn + Pn p\ m ~ 2 ) 

« *** l 

+ fa P :\l - P ~ 2 + p~‘ pj 4m+2 )]. 

Again, for n 1,2, • ■ ■ , m — 1, m + 1, • • • , 2m, we have 

1 ~ P» *r Pn plP~~ - 1 — r n 4- r* r;" -1 = 0, 

= 0 , 


1 - p; in ~' « I - r“ l + r~ 2 1 

wliiln 

1 -£ + £-■ 
l “ rZ' *f pZ i — • 


.t «n u o i 

p* ” 1 — 4 * t\ 


4 *»* -rd* 


r^~ l = 2m, 

1 - r“ ! + r~ 2 rZ 2 ^ 1 = 


2m. 
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Hence, from the first 2 m terms of the preceding summation, we get 
merely 2 ma m (ha + 2 mp m p~ l — 2 mi(a m — /3 m ) since p m = t and p" 1 
= — t, which in turn is equal to 2 mb n by the second of equations (G) 
Likewise, from the next 2 m terms of our summation, we get only 
2 ma 3m p 3m 4 - 2 mffsnpsn = — f} 3m ) = —2mh m Again, since 

0»T(4r»»+»)/2m _ g«tir/2m 

we have cyclic repetition, whence equation (3) follows 
Relations ( 2 ) and ( 3 ) may now be used for curve-fitting as follows 
Our first step is to judge, from the appearance of the curve, how many 
terms of a Fourier series will serve to fit the graph adequately In the 
absence of relevant information, only experience will aid m making tins 
initial judgment, however, as w e shall see, the present method gives us a 
basis on which our judgment may be confirmed Suppose, then, that 
we decide that we need compute no a’s and 6's wnth subscript greater 
than ten, or, m other words, that we may assume all such coefficients 
equal to zero From equations ( 2 ) and ( 3 ) we then have, smce a 30 = 
•a so — = &20 = &so “ " 0, 

Maio =/(0) -/(jg) +/(j) “ -/©. 

From the curve we measure the necessary ordinates, whence a httle 
addition and subtraction yield numerical values of a } o and bio Now if 
hoth these numbers are close to zero, our supposition that coefficients 
with subscripts greater than ten are negligible is borne out, at least until 
■Og, a 8 , and 69, 6 8 , are computed But if either oio or &10 is large 
in comparison with, say, the maximum absolute value of f(x), it may 
appear advisable to start farther out m the senes, and compute, for 
example, &ts and b I5 

If, to make our procedure definite, we find Oi 0 and 610 both small 
numencally, we can next compute 09 and bo, and 6g, etc These are 
all found indn idually until we reach 03 and bj, where we must use the 
values of cu> and 69 previously obtained, since we have 

Gfo + os) =/(0) -/(£) + -/(j)» 

6(6, -M -/(§)-/$ + -/(x) 
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Likewise, the computations of ao, ho, Qi, bi involve coefficients already 
determined. Finally, a<,/2 may be found from the relation 


/( 0) = — + Qi + a 2 d b °io- 

When a largo number of curves arc to be analyzed harmonically, a 
mechanical device may be used which shortens the labor of computa- 
tion.* 

PROBLEMS 


1. Using the sine scries for f(r) «r,0 < x <r, apply the method of Art 50 
to show that 

-r 111 

- = 1 -f ? + 35 + ? + — • 

2. From Urn cosine series for/(x) = x, 0 < x < r, deduce the relation 

r 4 111 

00 * 3 4 n 5* 1 7* 

3. From the sine scries for/(x) — 1, 0 < x < obtain the relation 

111 

"T “ 1 + ^ + 3; + ^ 4 . 

S 3* {- 


4. From the cosine series for/(x) « (2x — I)*, 0 < x < 1, obtain the relation 

r* >11 

ta } 4- — 4" — 4* ' • • . 

00 2< 3 4 


6. Using the table of valuta given below, plot accurately the curve y « f(x) 
and analyze it harmonically, starting with the computation of as and 65. 


X 

V 

0 

1 .OS 

*/» 

l.GD 

2r/0 

1.70 

sr/3 

2.15 

4r/9 

2. 70 

5r/0 

3.U 

1 2r/3 I 

2,77 

] 7sr/D 

1.S2 

1 #sr,0 

i 

0.G7 

t 


t 


" 

r 

V 


— 0,22 

lOsr/9 

— 0.G1 

lir/9 

-(FAS 

dr /3 

-0,31 

13r/0 

0.13 

Mr/D 

0.73 

or/ 3 

1.43 

!Gr''D 

l.DS 

1 7 r / 9 

2.17 

2r 

I. OS 


\V, “Mt rhatuc a Anal v ns of Wav^ '* 

XI IF Nn. i\ p. 2A% May, 1033. 


Bril laboratories Rrcnrd 
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62 The use of trigonometric senes in beam and bndge problems 
For the application of this subject to the theory of suspension bridges 
we give two references S Timoshenko, ‘ The Stiffness of Suspension 
Bridges/ Am Soc C E Trans Yol 94 (1930), page 377, G C 
Pnester, “Application of Trigonometric Senes to Cable Stress Analysis 
m Suspension Bridges/' Umv of Mich Engineering Research Bulletin 12 
We shall consider here only an introduction to the subject, namely, the 
application of tngonometnc senes to a simple beam carrying a concen- 
trated load or a uniform load 

Suppose that we have a beam of length L ft simply supported at 
its ends and carrying a concentrated load of P lb at x ~ c, the ongm 



being taken at the left end (Tig 41) This problem appeared as Prob- 
lem G9 following Art 7 of Chapter I Solving it by the regular methods, 
two different equations were obtained for the curve of the beam, one 
holding to the left of P and the other holding to the right of P Now 
we have found that such a function may, by means of tngonometnc 
series, be represented by a smgle senes throughout the whole interval, 
it seems natural, therefore, to try to obtain a trigonometric senes 
representing the curve of the beam throughout the interval 0 
We take the y axis positive downwards and represent the curve of 
the beam by a senes of sines vanishing at x — 0 and x = L, namely 

irx 2tx nirx 

y = hi sin H b 2 sin — — ■ + + h n sin — - — r W 

L L L 

We have to determine the b’s so that this senes will represent the curve 
of the beam m the interval 0 ^ x £ L 
Let us now obtain the potential energy, TT, of the beam represented 
by (1) We ha\e, from equation (28), Art 7(f) 


r 

-TV 


Differentiating (1) twice, wo have 

or 2 ( TX - 2ttx nrx 

y" = - — ( sm — + 6 a 2 sin-— + + &„n“ sm — + 

L“\ L L " 


( 2 ) 
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We now square this value of y", substitute in (2), and integrate, but it 
will not be necessary to include the cross-product terras, since 


TiTTT 

sin sin dx = 0 (m ^ n). 

L L 


r 1 ' m ii ttx L 

Furthermore, I sirr —— dx *=■ , so that 

J 0 L 

w -fj>('P W ^ n -T dx - 

Ti-l 

This potential energy, II r , is imparted to the beam by the load P 
acting at x — c and producing tlie deflection y e at that point, where 

A n-c 

y c - > t>n sin— • (4) 

L 

If, now, we consider the load P as acting through an infinitesimal 
displacement dy c it will do an amount of work P dy c equal to the 
infinitesimal increase, dW, in the potential energy of the beam and 
expressible in terms of the infinitesimal changes, db n , in the b’s. We 
have, then, from (3) and (4), 

El-' y~"v rw n-c 

~77T / db n - P/ sin db n , 

4D‘ 7Zi E 

or, 

■v— r (EIv* . n-c\ 

T )*.-a 

This equation is satisfied, independently of the values of db n , if and 
only if 

El- 4 n-c 

~j T n b n » P sin — , 

that is, ~ J J 

f 2 T?P sin ( n-c/L ) 

>n = eJ 7 1 n 4 

With the h’s thus determined, we substitute them in (I) and have the 
equation of the curve of the beam: 


2/, n P A sin (n-r/L) _ ris-x 

rin “ 
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Example 1 Suppose that P acts at the midpoint of the beam (c = L/2), 
find the maximum deflection 
We have, from (5), 

,.1 _ 2 L*P ^ sin 2 (nr/2) 

" £/jt 4 n 4 


Eh r 4 Vl 4 3 4 ^ 5 4 / 

We have shown in Art 50 that 


1 + 1+1 + 1 + 

I 4 ^ 2 4 ^ 3 4 ^ 4 4 ^ 90 


The sum of the even terms of (7) is 


2 4 0 + 2 4 + 3 4 + ) 16 i 


1 2 L*P 15 7T 4 1 L 3 P 

V \ x -Ln Ehr* 16 90 ~ 48 El 

Without s ummin g the senes m (6) we could use the first two terms and obtain 
I 2 VP 82 _ 164 L*P 

y Jz_i/2 " Eht* 81 = 81jt 4 El * 
a result which differs from the one obtained above by about 0 2% 

Now consider (Fig 42) a beam l L 

of length L ft simply supported * — * 

at its ends and carrying a uniform * *7* B 

load of w lb /ft The weight of a wdo 

small element of length dc, at dis- Fio 42 

tance c from 0, is w dc Replac- 
ing P by to dc in equation (5) and integrating .with respect to c from 
Q to L, 

2L s w vx sin ( nrx/L ) C L nirc 

V — 7 / 1 I sm ~7~ dc 

J Elr 4 n 4 Jo L 

Since 

Z* 1 nirc L nircl L 

I sm — dc cos — — 

Jq L nr L Jq 


= — (1 — cos nr) = 2 L 

nr — (n odd), 
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we have for the equation of the curve of the beam 

4L'‘'w sin (nrrz/L) 

~EJ? & 


V 


n« W> f * 


It 


( 8 ) 


Example 2. 
Wc have 


Find the maximum deflection of the beam considered above. 



4 T/w n _ 1 . I 
E/x 5 Ll 6 3 5 **" o 5 



The sum of the series in brackets is 5ar*/1536 (Knopp, ‘‘Infinite Scries,” page 
210); hence the maximum deflection of the beam is 

-j 4L 4 ir ox 5 _ 5 lAw 

7 Eft?' 1530 “ 384 ZJZ ' 

Without summing the scries, we could use merely the first term and obtain 

1 _ 4 T/w 

a result differing from the value obtained above by less than 0.4%. 

The equation of a beam which is uniformly loaded and also carries a 
concentrated load is obtained by setting y equal to the sura of the values 
found in (5) and (8). 

PROBLEMS 


1. Derive equation (5), Art. 52, by the following alternative procedure. First 
express the bending moment as 

P 

M «=■ — ~ (L — c)x, 0 £ x g c; 

Lt 

M *=* — — U J “ i*)i c £ x <, L; 

1 4. 

ami obtain the Fourier half-range Mnc series for this function in the interval 
0 <, x X . 1 /*. Uhinp the fact that Ely" * M, equate the foregoing result to Ely" 
m given by equation (1), and thence find b n . 

2. In Example ] of Art. 52 suppose that P acts at the quarter-point of the 
find the deflection at the midpoint. Show that^ if two non-vanishing terms 

of the series an* used, the result differs bv about 0.1 % from that which would be 
obtained from the equation of Probb-m tV.h Art. 7. 

3. In Example 2 of Art. 52 find the deflection at the quarter-point. Show that 
\l only one term of the K*rW h umk 1 the result is too small by less than 0.4%* 

4. A u»xlcn l**m 3 in. by 3 in. by 12 ft., simply supported at the ends, weigh- 
ing *iO lb n. 5 , and for which E ^ lo X HP Ib,/in.% carrier a concentrated load 
*‘ f :m lb. rd n distance of 2 ft. from the left end. Find the deflection at a point 
5 ft. fn*m the hit end, 

5. A evt-imn Wam 2 in. by 2 in. by S ft, simply supported nt the ends and 

4 .VI lb. -ft.* carries a concentrated hnd of 500 lb. at a distance of lf> in. 
ffx >+\ th^ ntsbt end, E U? X 10 lb., in.~ 1 ind the deflection at distances of 

4 fl " * 4 4 [*" iu thr * *«* Intimate the location of the point of 

ra^Annum o dle-rlion, and cla^k by sub-tit mini: in flu* «eri»^ for v\ 
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53 The factorial The gamma function, which is useful in evaluat- 
ing certain definite integrals, many of which aiise m physical problems, 
is a generalization of the factorial We recall the definition of factorial 
n, written n*, for n a positive mteger 

n> = «(n — l)(n — 2) 1 (1) 

For example, 4! = 4 3 2 1 = 24 It follows from (1) that 

(n + 1)» = (» + 1) n» (2) 

We may regard this formula as defining «1 when n — 0 Thus 11 = 1 0 1 , 
or 0! = 1 

54 Generalization of the factorial, the gamma function From the 
definition of n! when n = 0, 1, 
paragraph, we may plot the 
function nl, getting a senes of 
points as m Fig 43 It is natu- 
ral to wonder whether we can 
find a function whose graph is a 
smooth curve connecting these 
points, i e , a function that will 
reduce to n* when n = 0, 1, 2, 

3, , and yield a contmuous 

set of values for non integral 
values of n 

In searching for such a func- 
tion we might notice what hap- 
pens when we integrate by parts J x n c~ x dx, with u = x” , dv = e~ x dx, 
so that du = dx, v = —e~* Wo have 

J % x n e~^ dx = —x n e~ x 4- nj'x n ~ 1 e~ x dx (1) 

Now we wish to choose limits of integration such that the first term 
on the right will % amsh for both limits Such a pair of limits is 0 and « 
218 


2,3, 

nl\ 


, as given in the preceding 
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since, for any value of n >0 (not necessarily an integer), x c J xm0 = 0> 

HI 

also r*c~' - — , which is of the meaningless form «/«> for 

J* ** £* m z— * » 

n > 0, but by differentiating both numerator and denominator p times, 
where p is the first integer n, we have 


X' 

7, 


n(n - I)(n - 2) • • • (n - p + 1) 
x p ~ T 'c r 


= 0 . 


Furthermore, both integrals in (1), taken between 0 and » for n > 0, 
represent definite functions of n. Hence we have, from (1), 


f x-'r, * dx — ii f x n 1 c 1 dx (n > 0). (2) 

*'o d 0 

The integral on the right is a function of n which, when multiplied 
by v gives the same function of n + I, whether n is an integer or a 
fraction; it reminds ns of (n — 1)! when n is an integer, which has this 
property, for, from (2), Art. 53, 

n! = n (71 — 1)!; 

if is a generalization of the factorial (» 
function of n: 

F(«) - f x p ~h~' dx 

Then, from (2), we have 

r(n+l) ««r(n). (4) 

Now if we can compute the value of the integral (3) for values of n 
throughout a unit interval, say ] < v % 2, the formula (4) will give 
the values of the integral throughout the next unit interval, 2 < n S 3, 
from winch in turn the values of the integral for 3 < n g 4 arc deter- 
mined, and so on for all positive values of n > J. 

Furthermore, using formula (4) in the form 


— 1)1 — we call it the gamma 
(n > 0). (3) 


r(n) 


r(n -f I) 

' ) 
n 




«emay, from the values of the integral for 1 < « < 2, obtain the values 
of t}>e integral for 0 < n g l. Thus we ran find the value of F(n) for 
all valuer of n > 0 provided we know its value for I < n g 2. 
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We may now generalize further for negative \ alues of n by lettmg 
the formula (4) or (4') define r(n) when n is any negative number except 
a negative mteger For example, putting n = — \ in (4') we obtain 
T(— 2 ) in terms of Since the numbers 0, — 1, —2, —3,* * sub- 
stituted in turn for n in (4') do not yield finite \ alues for r(n)‘w e exclude 
these values from the domain of definition of the gamma function 

The complete definition of the gamma function defining it for all 
real values of n except when n is 2 ero or a negative mteger is 


r(n) = f x n 1 e“* dx (» > 0), 
r(n + 1) 


(5) 


r<») = - 


(0 > n 5 * -1, -2, -3, • ) 


It is possible to generalize the gamma function still further for com- 
plex \ alues of n, obtaining the Gauss pi function II (n), but ne shall not 
use this function m our subsequent work * 

A table of numerical values of T(n) for 1 < n g 2 is given m Peirce’s 
“Tables ” From this table the values of T(n) for values of n outside 
the interval 1 < n 2* 2 (except n = 0, —1, —2, —3, ) may be found 

by use of the relation (4) or (40 

Example Find the value of (a) T(3 6), (6) r(0 5 ) , (c) T(—05) 

(а) T(3 6) = 2 Gr (2 6) * (2 6)(1 6)r(l 6), by (4) 

log T(3 6) — log 2 G + log 16 + log T(1 6) 

= 0 4150 + 0 2041 + 9 9511 - 10 = 0 5702, 

T(3 G) ~ 3 717 

(б) T(05) = 2r(15) f by (40, 

= 2(0 8862) *= I 772 

(e) r(-05) = » -4r(l 5) = -4(0 8S62) = -3 515 

To show that P(n) reduces to (n — 1)1 when n is a positive integer, 
we start with 

r (n) = (n - i)r(» - 1), 

then replace r(n — 1) by its value obtained from the same formula by 
changing n to n — l f namely T(n — 1) ** (n — 2)T(n — 2), and so on, 
thus 

r(n) - (n - l)(n - 2)T(n - 2) 

= (n - l)(n - 2) 1 r(l) 

* See, e g , J Edwards, “Integral Calculus,” Vol 2 Chapter XXIV 
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But r(I) =J c~* dx = -c - *]" = 1; hence 

r(») = (n — J)(7I — 2) • • • 1 = (n — 1)! 
when n is n positive integer. 

We may now fill in the graph of the factorial (Fig. 43) and obtain 
the graph of T'(h), as in Fig. 44. 



It is an interesting exercise to find the exact value of F(v) by integra- 
tion and compare with the value found by the tables in the preceding 
example. 

F(m) ~ r x~' 1 c~ x ilx (let a: = y~, dx — 2 y dy) 
do 

- 2 fc~ y ' dy = 2 f V«* dx, 

do do 

I r <s)l 3 " 4 f c~ x ‘ dx f c~ u * dy = 4 f f c~ (r '“ fV) dy dx. 
Changing to polar coordinates, we have 


fr(?.)l 5 - 




‘ p dp dO 



ITicrrforv 



1\\) V?, 


( 6 ) 
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This is the exact \ alue of T^) To four figures we have >)/* = 1 772, 
the value found bj the tables for r(0 5) 

55 A useful formula From the definition of the gamma function 
(5), of Art 54, we have 


T(m) r(n) ~ I s"** -1 ^* ds I t n 1 e~ l dt (m > 0 , n > 0 ) 
Jq •'0 

Letting s = x z , ds — 2x dx, t = y 2 , dt - 2y dy 

r(m)r(n) = I * 2 x° m ~ l e~ zi dx f 2i/ n ~ 1 e~ v * dy 
do d 0 

= 4 P r^-V'-'e-^dydx 
J o *'o 

Changing to polar coordinates, 


r(m)r(n) 


- 4 ff 

J 0 


(p cos 6) 2m l (p sin 0) 2n ~ 1 e“' >, p dp dO 


I cos 2 ” 1-1 0 sm 2 " -1 8 do I p 2m + 2n ~ 2 e - pt 2p dp 

0 VO 

Lettmg p 2 = z, 

y»T/2 /»» 

r(m)r(n) = 2 | cos 2 "*- 1 8 sin 2 "- 1 0 tf0 I i c — * 

Jo Jo 


= 2 f 
J 0 


/■' 

v'O 


fl cm 2 "” 1 


sm 2 "” 1 0 dd - 


cos 21 " 1 0 sin 2 " 1 0 r(m + n) 

r(m)r(n) 


(m > 0 ,n> 0) (1) 


2T(m + n) 

n + 1 , 

If we change 2m — 1 to fi> 2n — 1 to 0, i e , m to — - — , a to * 
we obtam as a special case of (I) 


f 


( t ) v ; 


■ 6*0 


r 12 

= I sin" 0 <?0 (n > — I) 
Jo 


the last integral being WTitten down by symmetry — >t could ha\c been 
obtained by changing 2 n — 1 to n and 2m — 1 to 0 If n is an e\cn 
integer the nboxe expression becomes 


A 1st. STi] 

71 - 1 n - 3 


A USEFUL FORMULA 

Mi)v; 
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n n — 
2 ’ 2 


2 2 /2 N 
2* 




(n — 1) (n — 3) • • • 1 ~ 
77(71 - 2) •••2 2 ' 


and, if n in Jin odd integer, it becomes 
77-1 7i — 3 2 /2\ 

VZ (« — 1)(» — 3) - * *2 


77 77 — 

2 ’ ~ 


H? 

-© 


1 /i 
- 1 

2 


77 (?7 — 2) • ■ • 1 


Hence we have the much-used Formula 483 of Peirce’s "Tables" 
(Wallis’s formula): 

W2 „r/2 


f sin" 0 dO ~ f 
♦'o *'o 


cos” 0 dO 


(n - l)(7i. -3)---1 r 

— , if 77 is a positive even, integer; 
£ 


7 l(/i — 

2 )' 

■••2 

(77 - 1 )( 7 ! 

— 

3 ) • • -2 

77(77 — 

2 )’ 

••1 

/77 + r 

\ 


r \ T . 

; 

v ; 


, if n is a positive odd integer; 


(« > - 1 ). 


r (i +I ) 

lotting z - cos 2 0, the integral of formula (1) becomes 


( 2 ) 


if 


x—Hl -r) n ~ l dx. 

'rile beta function of m and n is defined as follows: 

/>(>«, it) - f z’ ,-, (] — x)"~ l dx. 
^0 


We then hmv 

r 


z r, "' 1 ( 1 - z) r -~ 1 


fir 


J o 


« /!(>/), Ti) 


CO-} 2 '' 1 - 1 0 sin 2 ”” 1 /)(/£) 

r(w?)r(7i) 


r(? 7 i 4 - 71) ’ 


in v hid) sc > (). ?; > f). 


( 3 ) 
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56 A problem m dynamics. A particle mov es from rest at a distance 
a (ft ) towards a center of attraction, the force v arying inversely as the 
distance Fmd the time required to reach the center 

If x (ft ) is the distance from the center at time t (sec ), we have 

d 2 x k 

dt 2 x * 


with dx/dt = 0 and x = a when l = 0, k (ft 2 /sec 2 ) is a positive con- 
stant of proportionality Setting v — dx/dt, v(dv/dx) = drx/dt 2 (Art 
G), we have 

. dv k 

dx x * 

whence integration yields 

— = —k In a; + c 
2 


Since v = 0 when x — a, c — kina, and therefore v 2 — (dx/dt) 2 = 
2k In ( a/x ) Taking the square root and using the negative sign since 
dx/dt is negative, we get 

1 dx 

dt — - . = , 

i/2 k y/ln (a/x) 


so that, if T is the time required to reach the center, 
f T J O' 1 f 0 dX 

Jo y/ 2 k J a Vln (a/x) 

Xoiv let y ■* In (a/x), whence x = ae~* and dx = — ae“ v dy Then 
a r® ,, ar(i) [r 

T = wJo 1 ' ‘~‘ dt ' = VE- a y/ iT c 


PROBLEMS 

v/l Bj substituting y ** e~* in equation (3), Art 54 obtain another form for 
I 00 (Peirce s “Tables, page 140) 

™ -£(*;)'"* 

Evaluate the following integrals 
(a) j t~ x *dz, (t>) f g xe~**dz, 

dx - r*» , 


^ 2 



225 


A nr. 501 A PROBLEM IN DYNAMICS 

*3. Given the function 

»<) *= J o 


*how that (n) F(w, n) » r(n + l)/(ro + (h) dF(m, n)/dm » -E(m, n 4- lh 

4. Find the* area inside the oval (1 + x 3 )jr ^ 1 — x 3 . 

6, Find tin* length of the Icmnisrnte p 3 *» cos 2tf. 

G. Find the volume generated by rotating one loop of the curve p 3 = sin 0 


about the polar axis, 

7. Find the area of one loop of the curve p 6 — sin 0 cos 3 0. 

8. Find the area bounded by the curve 1 ;r a 1 — x 4 - 

9. Find the area bounded by the curve (4 — x 3 )j/ 2 *= x s and its right-hand 
asymptote. 

10. (a) Find an expression in terms of gamma functions for the area bounded by 
the curve x 3 ”’ 4- ir n » 1. (h) Evaluate the result of part (a) when m « n » 
and check by direct computation of the area enclosed by the astroid. 

11. Find the moment of inertia, with respect to the polar axis, of the area bounded 
by one loop of the curve p 5 » sin 2 0. 

y 12. Show that 


/}(?*, n) 


v'- r(») 

2 :n_1 r(n + l)' 


\/ 13. Fiml nil oxprcwion, in terms of n, for 

•« dr 
J n Vi- T" 

Evaluate the result for n » 4. 

14, Find an expre»Um, in terms of a and n, for 


/ 


r 




- j" rfx. 


Evaluate tlit* result for fl ** 10, n « 2, ami chock tlie answer. 
•/ 1C. By means of the substitution ;/ » Irr 2 , show that 



(n > -1). 


Wie n n m 0, tlii< reduces to the relation 



vlarh ,'irie in ronncotiori with the probability curve (Art. S$). 
/IC. Sil.itt that, if r > 1, 



r(r -f I) 
"(in r)' 4-8 ' 


Draw mi ! rnl'i it-* the nr.-a r> jm^-nt.al i.y the integral when e 
of fh»» maximum $*«m. 


** 2. and find the 
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17 Using four terms of a senes compute the value of the integral 


J — z)M*dx, 


and compare the result w ith the value obtained by using formula (3), Art 55 and 
a table of gamma functions 

18 Had the distance from the pole to the centroid of the area of one loop of the 
cune p 4 « sm 3 6 cos 6 
Show that 

rd)r(l) = 2 f /8 Vtan Bde = 4 f *7** - T V2 

Jq Jfl 1 T 2* 

v/ 20 Express the value of the integral 


m terms of gamma functions Hence, using the result of Problem 7, Art 30, show 
that 


/ v5\ V2vr(j) 


v21 Combining the results of the preceding problem and Problem 3, Art 30 
show that 

/V2\ V^r(i) V2xT(|) 

A 2 / 8r{f) + 2r(J) 

^22 Combining the results of Problems 20 and 21, show that 

23 An arch is in the form of an elastica (Art 33) whose ends are perpendicu! ir 
to the Ime joining them L sing the results of Problems 20 and 21, show that aL 
= irtr, and evaluate the ratio L/a 

24 Usmg Maclaunn s senes and gamma functions, evaluate 


J cos (sin >s x)dx 
B 


25 Find the area in the first quadrant bounded by the curve x % + If** “ * on '* 
the coordinate axes 

26 In the problem of Art 5G, if the particle starts at a distance of 25 ft from 
the center with an acceleration numerically equal to 8 ft /sec find the turn re- 
quired to reach the center and the time required to travel the first half of the dis- 
tance to the center 

27 In the problem of Art 56 if the particle takes 1 hr to reach the center, find 
the time required to travel the first third of the distance to the center 
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23. Find iho time required for a particle to slide from the edge to the bottom of 
u smooth h fi tnjsphencid bowl 2 ft. in diameter. 

29. A particle starts from rest at a distance 2 ft. from a center of attraction 0 and 
moves toward 0 under the action of a force which varies inversely ns the fourth 
power of the distance from 0. If the initial acceleration of the particle is numeri- 
cally equal to 8 ft./fec. 2 , find the time required to reach 0. 

30. A particle Marts from rest at a distance 10 ft. from a center of attraction, the 
force varying directly ft? 8 the square of the distance. Initially the acceleration is 
numerically equal to 1 ft. /sec.* Using gamma functions, find the time required to 
reach the center, 

31. A particle moves in a straight line in accordance with the law (fx/di 2 — 
-(2 -f 3/V2r\ where x (ft.) is the displacement from the center of attraction 0 
at time f (sec.). If it starts from rest at a distance 1 ft. from 0, find (o) the time 
required to reach (); (b) the time required to travel the last l ft* 

32. A particle starts from rest at a distance 1 ft. from a center of attraction 0, 
the motion being given by the equation dFx/dt 2 ~ — l/x n , where n > 1. Find an 
expression, in terms of n 9 for the time required to reach 0. Evaluate the result for 
n ■* 2, and chock by a direct computation. 

33. A particle Marts from rest at a distance 1 ft. from a center of attraction 0, 
the motion being given by the equation drx/dt 1 « — z n , where n > 0. Find an 
rxpny^ion, in terms of n, for the time required to reach 0. Evaluate the result for 
ft trj and check by a direct computation. 

v/M. Evaluate the triple integral 

where F is the volume cut from the firM octant by the plane x + y + -z « 1. 

35. By suitably chooring values of a, h t and c r use the result of Problem 34 to 
compute the volume of the tetrahedron, its centroid, and its moment of inertia with 
to an edgi* lying along a coordinate axis. 


57. The Bessel function J n (x). Bessel functions arc named after 


the German mathematician and astronomer Friedrich Wilhelm Bessel, 
who was director of the observatory at Konigsberg. He obtained them 
in solving a differential equation connected with a problem in planetary 
wot ion. If Bessel functions applied only to this problem they would 
not be so useful to the engineer and physicist, but it happens that they 
arise in many practical problems in electrical engineering, acoustics. 


aeronautics, hydrodynamics, thermodynamics, and the theory of elas- 
ticity, For example, they are used in the following types of problems: 
hvidinu electrical transmission lines to increase inductance; determina- 
tion of eddy-current loss in the core of a solenoid : t he theory of vibration 
<-•! membranes as in loud speakers: problems dealing with wind-tunnel 
interference; and problems in heat flow. The student is referred to 
X. W. MeLaeldanV treatise. ‘Tlcs-d Functions for Engineers,” in which 
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a bibliography of ninety -three references to theory and applications 
is given 

Bessel functions are particular solutions of the differential equation 

+ C® 2 -« 2 )y = °, ( 1 ) 

which is called Bessel’s equation of order n, although the differential 
equation is, of course, of order 2 The number n may have any value, 
positive or negative, integral or fractional, or even complex The form 
of the general solution of (1) depends on the character of n We are 
going to obtam first a particular solution of (1) when n is a positn e real 
number or zero, n g 0, this particular solution will be a Bessel function 
We use the method of Frobenius (See Chapter IV, Art 42) 
Assume a solution in the form 

V = xf(a Q + o.]X + a 2 x 2 + G 3 Z 3 + ), ( 2 ) 

substitute it in the differential equation (1), and determine c and the 
a’s so that the equation is satisfied We should keep in mind that we 
are not now trying to find the most general \ alue of y which will satisfy 
(1), but the simplest particular value of y, and we empliasize this by 
calling it yi and writing (2) m the form 

Vi = aoZ c + a 1 x c+1 + a 2 x c+2 + a 3 x ?' i ' 3 + (3) 

We now substitute y\, dyi/dx, yi/dx 2, for y, dy/dx, (Py/dx 2 in (1) 
and arrange the result in tabular form At the top of the table are the 
\anous powers of x u hich occur, at the left the terms of the equation in 
reverse order, with their correspondmg coefficients in the body of the 
table 



z* 

®' +1 

x e+J 


x* +i 

-nyi 

— ao» s 


— am- 

—flan 1 

— ojn 1 

x 2 tji 



00 

0 : 

02 

dy x 

dx 

anc 


at{c+ 2) 

1 

ai(e+ 3) 

Oi(c+ 4) 

dr 

«c r(e-l) 

aifc+l)c 

a,(c+2)(.c+l) j 

oj(c+3)(c+2) 

! fli(c+4)(c+3) 


Since the complete coefficient of each pow er of x mint \ anwh, vc 
iv rite at the left the equations obtained by placing the sum of each 
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column equal to zero; these equations will be satisfied if c and the a’s 
have the values written at the right. 

a 0 (c 2 - n-) = 0, 

4 i) 2 - » 2 ] = 0; 


a 2 {(c 4 2) 2 - n 2 ] + «o = 0, 


c = n, do arbitral 

«i = 0; 

— GO 


a 2 = 


2 (2 a 4 2) 


c 3 ((c 4 3) 2 — « 2 ] + a i — 0j 
a.\ [(c 4 4) 2 — 7j2 J + «2 = 0) 


03 — 0; 

-02 

Q4 * — * “T“ ) 

4 (2a 4 4) 


a r [(e 4 r) 2 — a 2 ] 4 o r — o — 0, 


— G r~—*l 

r(2a + r) 


We notice Hint, nil a’s with odd subscript vanish; furthermore we may 
substitute in a.% the value of a 2 previously found, then in a 0 the value of 
rq, etc., thus obtaining all the a’s in terms of a 0 and a: 


«o 


a, « 


2-l(2a + 2) (2a 4 4) 
-a 0 


<,fi 2-1 -F. (2a 4 2) (2a 4 4) (2a 4 0) ’ 

ami, in general, writing the even subscript r as 27;, 

02* ® { — l) 1 


ao 


2-1 -G* - •2fc(2a 4 2)(2n 4 4) • • • (2a 4 2k) 

o<\ 


r» ( — 1) — — ... - — — — 

2 3 Ul(n 4 l}(« + 2)-(« 4 k) 

The general t»*nn of equation (3) then becomes 


:_!)* _ 

1 2- */;!(« 4 


a<\r 




4- !}{n + 2 } • * • ( n 4~ /:) 
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We now choose c 0 so as to make this expression as simple as possible> 
smce o 0 is arbitrary and w e are after a particular solution We could 
take ao equal to unity, but it is better to let 

1 

Oq = , 

2 n r(« + 1) 

this makes the pow er of 2 in the denominator the same as the power of x 
in the numerator and produces in the denominator (n -+• k)(ti + k — 1) 
(n + l)T(n + 1), which is an expanded form of T(n -f k + 1) 
obtained by a repeated application of (4), Art 54 Equation (3) may 
then be written 

“ x n +2* 

Vl ~ 2 W+U rr(n + h + 1) ^ 


HV e have here a function of re in the form of an infinite senes which is a 
particular solution of the Bessel equation (1), we call it the Bessel 
function J n (x) 


AW 


2 tt+2 *Jt»r(n + i + 1) 


(» g 0) 


(5) 


This is the definition of the Bessel function of order n, where n is any 
positiv e real number, or zero The senes converges uniform!} in arn 
finite interval 

In the special case where n is a positive integer or zero 


aw =2>n 


r(ft -f t + 1) s (u + A.) I, 

.«+2Jt 


2 n + 2 U'(n + /,)! 


(n - 0, 1, 2, 


( 0 ) 


One might think, that J 0 (z) is the simplest of the J s but, at least from 
one point of view, Jy${x) is simpler — it can be expressed in finite form 
If n » \ m (5), we have 


AW 


Z 2J fc+H 
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We now multiply inside the summation sign by a/ x/2 and outside by 

* /2fr + 3\ , 

V 2/x, at, the same time expanding T ( — - — 1 by a repeated applica- 
tion of (4), Art. 51; then 




ar fc+1 


A *« U 


2 2t+1 /d 


2 /; + 1 2h - 1 


2 


5 r © 


Jtepiacing r(’) by its value \/r [equation (G), Art. 54}, and cancelling a 
2 from the denominator of each of the k + 1 fractions following A-!, i.e., 
cancelling 2 , " hi into 2 2t ‘ H , we get 


^-^£(-0*55 






2 : k\(2k + 1) (2k -!)•••! 


Now if we multiply 2 fc into /;! by multiplying each factor of 
k(k — ])■•• 1 by 2, we have 2k(2k — 2)- • - 2 which, sandwiched into 
(2k 1)(2 k — ])•••!, produces (2k + 1)!, so that 



*2fc+i 


j^t) - 2^ (_1) 

/* - 


T.-0 


(2A + 1)1 ’ 


wherein we recognize (at least, if expanded) the familiar scries for sin x. 
Therefore 

'2 

( 7 ) 


«/?$(*) = V — sin x. 
' xx 


58. Two differential formulas involving J 0 and 7,. Writing out the 
expansion for J n (x) and J,(x) we have, from (G), Art. 57, 


7n(x) « 1 4. — 1 L_ 4- . 

2 = ' 2 ’( 2 !)' 2 n (, 3!) 2 ^ 


f (-!)'■ 


. O. 


3: 


. 2 * 




. , . X X 
J J (x) » 4- ~ 

2 2 " 2 ! 1 2 5 2 ! 3 ! 


2 t 3M! 


+ • 


+(-n l 


” 1 4-1 


2 2t+, *!(fc 4 - I)! * 

We notice that the derivative of the second term in J r ,{x) is the negative 
of the Sirs! term of 7 t (x), the derivative of the third term in ./ 0 (x) i« the 
negnt.ve of the second term of ./,(*), etc. In general, the derivative of 
trr m contaimnp in J 0 (t ) is 
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d , flH! «"•* (2t + 2)*»+- 

dx K 2’' k+2 (L + 1)1° ^ } 2 2fc+z (t + I)' 2 


^ ; 2 2k+1 Ll(L + I)! ’ 

■which is the negative of the term containing x zk+1 also, the 

derivative of the first term of J 0 (x) is zero Hence 


—Jo(x) = -J, (i) 
ax 

We now multiply the senes for Ji(x) by x and differentiate 
ax 


d x 4 

~Tx 12 ~ ¥2 


! f- 

2 3 2l 2 s 2'3» V 2 2 * +, A!(& + 1)1 




- [xJi(x)l = x/ 0 (x) 


We shall use formulas (1) and (2) in Chapter VII 
59 The roots of Jq(x) = 0 and J\(x) = 0 The student is familiar 
with the theorem m algebra which states that an equation of degree n 

aoX n + aix n ~ l 4* 4- a n -\X + a n =* 0, (ao s * 5 0), 

has n roots, real or complex He may hav e been one of those who won- 
dered why so much work is expended in proving a theorem winch is 
rather obviously true As a matter of fact it is far from obvious, and 
might be considered surprising, that this general equation has anj root 
at all Suppose that n is increased indefinitely, then according to this 
theorem the number of roots increases indefinitely Is it obvious, or 
does it ev en seem likely, that the equation, 

oo 4- a\x 4* <hx" 4- 03 X 3 4- B 0, 

mil hav e an infinite number of roots? As a matter of fact, it maj hav e 
no root at all, real or complex For example, the equation 


1 4-x4--4--4- +-4* — 0 

2! 31 ft! 
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|, as no roof. It is equivalent to r = 0, and no finite value of x, real or 
complex, satisfies this equation. When \vc form an equation by setting 
an infinite series in 7 equal to zero it is usually a difficult problem to 
determine the nature of its roots or to find them when we know their 
nature. The nature of the roots of Jq(x) — 0 and J\(x) = 0, however, 
is known, and tables of these roots have been constructed.* The roots 
of JoOr) = 0 are useful in certain physical problems, for example, the 
problem in Art. 70, Chapter VII. 

The following statements t indicate the nature of the roots of 
J 0 (r) — 0 and J\ (x) — 0. These equations have no complex roots; 
they each have an infinite number of distinct real roots; between two 
consecutive roots of either equation lias one and only one root of the 
other equation, i.e., the roots of the two equations separate each other; 
in each equation the difference between consecutive roots, as the roots 
become larger and larger, approaches the limiting value i.e., the 
functions Jq(t) and Ji(x) arc "almost periodic” with (almost) period 
2r — the functions behave somewhat like cos x and sin x. 

Following are the first five positive roots of Jo(x) = 0 and J\ (x) — 0 
to four decimal places, together with the differences between consecu- 
t ivc roots. 


Mx) 

- 0 

Jt(x) 

« 0 

Hoota 

Differences 

t 

Root? 

Differences 

i 

j 

2. -KHS 

i 

j) 

3.1153 | 

3.8317 

3.1830 

5.5201 

3.1330 : 

7.0156 

3.1570 

R.C537 

ti 

3.1378 j| 

10.1735 

3.1502 

n.Ttns 

1 1 
f 

3.1394 j 

13.3237 

3.1469 

14.0309 

i 

. 1 

l 

» i 

1G.470G 

• 

* 

It 

i | 

! | 

i 



* JalittD-Ernifp, “J unktionf-ntaf* Ft/' for value* of thej-c roots to four or five 
t r. r proof of th tto««a. nt* ^ FmEv. "DifferentinlRlcichuaRnn dor 

1 hWik, 
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Nov." 've can get some interacting and useful results by considering 
two of these Bessel equations of order zero and their solutions: 

xu" -f" M # 4* a'xu — 0, it — (P) 

xv" + t f 4- ft 1 zv = 0, v — Jq(J3x). (3) 

Tlien 

u(xv" 4- v' 4- /3 2 x») — i '(xu" 4- «' 4- a 2 xn) — 0, 
or 

(Sr — cr)xuv = x(u"v — vv") 4- (t t'v — vv'). (4) 


Now the right member of equation (4) is an exact derivative: 
<!{t(u'v - uvf)\ /dx, so that integration of (4) between x = 0 and x = 1 
gives 

(fi~ — o 2 ) f xuvdx — [x(«'y — W)1 ~ u ' v ~ t<y, l * (5) 

J 0 L JO 

Since u ~ Jo(«*)> wc have fr° m CO* Art. 53, 


U* = — Jo (ax) 


f/ d(az) 

Jo(<xx) ■ — : — = — «Ji(ax). 


d(ax) 


dx 


Similarly r = J n (8x). r' 


f 


xJ 0 (ax)Jr\(8x) dx = 


—fiJiifir), and equation (5) becomes 
a.7 1 (a) J o(fl) 4" fiJ oMJ. i (ft) 




a 


( 6 ) 


Now, if a and 8 arc distinct roots of ./ 0 (x) = 0, Jo(a) — 0, Joift) — 0, 
and equation (,G) reduces to 

f xJ 0 (ai)J f \{Sx) dx = 0 (a ?£ ft). (7) 

Jo 


However, if ft ~ a. each being a root of ,/ q (t) — 0, the right member 
of {»«) is of the meaningless form 0/0, and we may evaluate the limit 
by considering o as a root of J o(x) — 0 and ft as a variable approaching 
ft ;^Thcn the right member of (fj) is -aJi(a)J 0 {8)/(ft 2 - a 2 ), and, by 
differentiating both numerator and denominator with respect to ft, we 
tat ve 


,j m -*Jl fa VoCg? ^ lim aJi(a)JM 

p~ - a' p 2,3 


I 

n 


•/?(«)■ 


(S) 


Hence we obtain from {(i) 





( 0 ) 
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The integral relations (7) and (9) will enable us in the next article to 
find the coefficients in the expansion of a function of x m terms of Bessel 
functions 

61 Expansion of f(x) in terms of Bessel functions of order zero 
Denote by aj, a 2 , a 3 , the positw e roots of J 0 (x) = 0 Then for a 
wide class of functions an expansion of the following form, valid for 
0 < x < 1, is possible * 


/(x) — A\J Q {a\x) + MM + + A n Jo(a n x) + (1) 

To determine the A’s we multiply (1) by xJa{ct n x) and integrate from 
0 to 1, assuming the validity of termwise integration All integrals on 
the right vanish by virtue of (7), Art DO, except the one containing A n , 
and we have ^ 

J xJo(a n x)f(x) dx = A n I rJa(a n x) dx 
o 


by (9), Art I 


Therefore 


A n , „ 


2 r 1 

A n = rr-- xJ 0 (a„x)f(x) dx 
**0 


( 2 ) 


We then have an expansion for f(x) in the form (1), the coefficients 
being given by (2) 

Example Expand unity into a senes of Bessel functions of order zero 

Here /(x) = 1 and A n — ttt x f xJ 0 (oinX)dx 
J J a 

e can perform tins integration by use of formula (2), Art 5S, for changing 
x to ce„x in that formula gives U3 

d[a„x./i(a n x)3 — a^xJ^nX) d(a„x), 
or , , v 

= xJ n(a*z) dx 


a - 2 prJifcpjO V 2 

yf(a,)L a» Jo afflict*)’ 


and senes (1) gives for the expansion of unity 

2 Jo(ttix) 2 2 Jo(cr»x) ^ (3) 

ai Ji(a,) "** at Ji{a*) «/i(«0 

• Sufficient conditions arc that the function be continuous and have a finite num 
Ur of oscillations in the interval 0 £ x £ 1 
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Thr P’rics i? valid for 0 < x < 1 . It docs not hold for x = 1 since the series 
then reduces to zero; it does, however, hold for x = 0, giving the relation 

y I — = I. 

“■j < Xr.J i(a n ) 2 


G2. The Bessel function 7_„(x). If we change n to —n in series (5), 
Art. 57, we obtain 


z<-»- 


x~ n+2,: 

2 _n+2, 7rir(-« + fc + 1) 


If n is not n positive integer, this series is convergent for all real values 
of x except zero and defines a function which we call ./_,,(x). 

When n approaches a positive integer N, T (— n -f- A* -f- 1) becomes 
infinite if /„• = 0. 1, 2, • • •, (A r — 1), so that for these values of k, the 
terms of the above scries approach zero; the non-vanishing part of the 
series begins with k — N and takes the form 


V (-i) fc 

fzi 2- v+2t /.-!(-A r + k)\ 

I t .v+2 t n+4 j 

! 2* V iV! 2 v+2 (A r +1)1 ‘ 2 ‘ v+4 (jV + 2)!2! ' ' ' i 

- (-lW.v(x), 

which we define as the value of J_. v (x), where N is a positive integer. 
We then have for the complete definition of the Bessel function of nog- 
ative order: 


— n-f 21* 




7... - (— I)* v ./.v(r) 


+ 1 ) 

(0 g n 3* 1,2,3, •*•), (1) 

(X = 1,2,3, (n 

When a r- (). (i) gives the same value for ./„(x) as O) of Art. 57. 

1 h' 1 fmvrion like can be expre.-sod in finite form. 

V\e have, Mtimt r< ~ ?. in (I I (cf. (be derivation of the formula for 
J t Jx) in Art, 571. 

ft.'* r< a. ay l*r <• ■talat'died l>y a mo tv fxnrviw juialvs!?. 
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J-mM =2](-l)‘ 


2 -K+2^, r 






2 „ v zl-i a-s i A 
2 2 2 


Q 


i)fc 2*=j 


2*X*(2A. - l)(2i - 3) 1 


^tx (2 ky 



( 2 ) 


The function J_„(x), when substituted for y in the Bessel equa- 
tion (1), Art 57, will satisfy it, since J— n (x ) differs from the solution 
J n (x) only in the sign of n, and n appears only squared in the Bessel 
equation Thus, when n is not an integer or zero, we have two inde- 
pendent particular solutions y\ — J n (x) and 1/2 — J-n( x ) of Bessel’s 
equation of order n, and the general solution is 


y - A/ n (*)+£/_ n (x), 


(3) 


where A and B are arbitrary constants For example, the general solu 
tion of Bessel’s equation of order 



y ** AJyfa) + BJ _ h ( x ) 


[2 

= A \l — sm x + B 
rx 

sm x cos x 


[2 

\j — cos x, 

V irX 


Wien n — 0, (3) reduces to y = (A + B)Jq(x) — CJq(x), where C 
is an arbitrary constant When n is a positiv e integer A r , (3) reduces to 
y = [.4 -f- B(— I) v J/v(x) = A'/\(x), where K is an arbitrary constant 
Thus equation (3) yields only a particular solution of Bessel’s equation 
when n is an integer or zero To obtain the general solution in this case 
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the* fund inn*. Mr) and J_„(r), which arc called Bessel functions of the 
first kind, arc not sufficient, and Bessel functions of the second kind are 
introduced. However, we shall not discuss these more complicated 
functions of the second kind, since none of the applications which we 
sdiall con-idcr will involve them.* 

63. The ber and bei functions. We now consider the following dif- 
ferential equation which occurs in certain problems in electrical engi- 
neering and which we shall meet in Chapter VII in connection with an 
eddy-current problem : 

(1-v dy 

+ T ~ lxy " °» 0) 

fix* ax 

where i — •%/—). This i* equation (1) of Art. 00, with a 2 — — i, so 
that we have as a particular solution: 

V = /o(nr) = ./'o((-f)’' 5 r] = Joii^x). (2) 


Xow has two values, for 


i** - (-0 


•j _ f *(3r/2n-2nr)/2 


(« = 0, 1), 


i* - c n " '' 


In the particular solution (2) we choose v* — e 2 ’" 7 *. 

Substituting r 5 x for x in the series for Jq(x), Art. 58, we have 


i l V° 


J(>(? ^ 1 2 2 + 2 ‘( 2!) 2 2 ° ( 3!) 2 + 2 s (- 1!) 2 2 10 ( o !) 2+ “' 

w 2 x 4 ?'.r l x s /x 10 

' 2 ' J 2 ’( 2!) 2 2 ' 1 ( 3!) 2 + 2 s ( 4!) 2 + 2 I 0 ( 5!) 2 

« r _ x * . jS * 

L 2 2 4 2 ! 2WS 2 

. .f* 3 , r 10 -j 

* r £ [ 2 = 2 W + iws 2 !!) 2 J 

- i -f ( — i/ 

L frf 2‘4*0“ • • • (4/.-) 2 J 

•f t — — -I 1. 

L ftf 2 ' W -( f /; - 2 )=J 

’ AwW.hvrs involvisiR tW function-; may \ K found in McLacbLan’s "tw^l 
I iwriwt nir litjano 
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Thus for x real is complex "We define the ber (Bessel real) 

and bei (Bessel imaginary) functions as the senes m the above brackets 


berx = l+J](-l)* 


2W (4fc) 2 ' 


bei x 


-D-o* 


i that 


2'W (4k - 2) 2 ' 


J 0 (i*x) = ber x *f* * bei x 


(3) 

(4) 


We next derive two formulas connecting the ber and bei functions 
If the second term of the ber series, namely — (x 4 /2 2 4 2 ), is differentiated 
and then multiplied by x the result is — (x 4 /2 2 4) , the same result with 
opposite sign is obtained if the first term of the bei senes, namely x 2 /2 2 , 
is multiplied by x and then integrated from 0 to x A similar relation 
may be noted between the tlurd term of the ber senes and the second 
term of the bei series This suggests the following denvation, using 
equations (3) 


x ber' ; 




2 2 4 2 G 2 (4k - 2) 2 (4 k) 


-f 

J o 


x bei x dx, 


or 


— (x ber' x) = —x bei x (5) 

dx 


We may notice further that identical results are obtained by multi 
plying any term of the ber senes by x, then integrating from 0 tox, and 
by differentiating the corresponding term of the bei scnc3, then multi- 
ply ing by x The general denvation follows, using again equations (3) 

C 3 x 2 x 4k+? 

JoXberx* + „ * VW+* 

Bringing the first term of the senes under the summation symbol the 
senes appears m the form 

- t 4*-2 

- V(-l)* » rbci'x 

1 * 2 2 4 2 0 2 (& - 4) 2 ( lk - 2) 


Hence 


— (x bei' x) = x ber x 


( 0 ) 
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Tallin pi vine numerical values of ber x, bei x, her' x, and bei' x may be 
found in MeLachlan’s “Bessel Functions for Engineers/' pages 177, 17S. 
Since most of the physical applications of Bessel functions depend also 
on partial differential equations, we defer the discussion of such prob- 
lems until the next chapter, 
giving here only one applica- 
tion to a problem in mechanics. 

64. Wire clamped at lower 
end. Given a wire of length 
L (in.) and weight ir (lb. /in.) 
damped at its lower end at a 
'•mall angle tan -1 po to the 
vertical (Fig. t(>). We wish to 
find the deflection due to bend- 
ing and the inclination to the 
vertical at the upper end. 

Wo first find the differential 
equation of the curve of the 
wire. Take the x-axi« vertical 
and the y-nxis horizontal 
through the lower cud of the 
wire, and let P{i,y) be any 
paint on the wire at which wc consider the shear. Q, due to the weight 
of the portion PA of the wire above P. Equating the expression for 
shear found in Art. 7(f), Chapter I, to the resolved part of the weight 
of PA normal to the wire, we have 

Q = Ply’" - — tv(L - x) sin 0, 

where P (lb. /in.*) is the modulus of elasticity and / (in. 4 ) is the moment 
<>f inertia of the area of a cross-section about a horizontal line per- 
pendicular to the axis () f (} ie wire. Replacing sin 0 by tan 6 - i ' -\~ 
'Ui.»ll bending, as in the derivation of the formula for Q, the d :rr ~- — -» 
equation of the curve of the wire is * 

a. Z (/, _ T) ,,' « o. 

bdt'ng >/' - p, /. — X r, tr PI - r\ then ?/" - - — „ -s- - - 

and e ptation (It takes the form 



* *•" • ! a;* *! •-! of Urging: tpp , . 




242 GAMMA BESSEL AND LEGENDRE FUNCTIONS [Chap VI 

To solve this equation and get p as a senes rnnve use the method of 
Frobemus, Chapter IV, Art 42 Note that at the free end of the ware 
where r = 0, p, the slope, is not to be zero or infinite We therefore 
omit the factor preceding the senes (1) of Art 42, Chapter IV, and wnte 

p = « 0 + air -f atf* + 0.3! 3 -f ( 3 ) 

Furthermore, smce the curvature of the wire is zero at the upper end, 
A, we must have y" = dp/dx = 0 nhen x — L, and hence dp/dr - 0 
when r — 0, that is, 

q.\ 4 “ 2 Q.2T 4 " 303 r 2 4 ~ — 0 

when r = 0, whence a\ = 0 Our trial senes for p thus takes the form 
p « a 0 4- osr 2 4* 03 ^ 4- (4) 

Substitutmg this value of p in (2) and arranging the result in tabular 
form — at the top of the table the vanous powers of r which occur, at 
the left, the terms of the equation with their corresponding coefficients 
m the body of the table — n e have 



Constant ' 

r 

r 2 

r 5 

r 4 

r 5 

r 8 



<rVp 


c 2 ^ ■ 


crai 

<?a,3 

(4ai 

ros j 

C : Oj 


1 

dr 1 

2 aj 

3 2a j 

4 3<u 

5 4a s 

6 5ai 

7 607 

8 7o* I 

9 8 a» 



Smce the complete coefficient of each power of r must vanish, the 
sum of each column must equal zero Hence 


! as = 

« 0, 

a* = aj — aio 

o 3 = 

c?a 0 

with oo arbitrary, 

” 3~2 * 



c 2 a 3 

C 4 Oo 

a 0 " 

~o~E' 

0 5 3 2’ 


c-a a 

c ft oo 

ag = 

~ Ts ' 

080S32' 
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a?,h — (~1)' 


•ti- 
er (in 


3fr(3 k - 1)(3 k - 3)(3fc - 4)- • - 0-5-3-2 


_ 2 t_ 
C Oo 


Substituting in (4) we have for a particular solution of (2) : 


'2\ ^ . c 2 V ,; 


P“°o r - > X-i)' -5 


<3/ 3-%r(A + §) 


( 5 ) 


This reminds us of the Bessel function for if we change x to az 

in (1), Art. 62, with n — we have 

( «A -U ” _ JlkJlk 

i) (6) 

The summation in (5) will reduce to that in (6) if we let c/3 = a/2 and 
•* ** z "> an d if we also take e<i « r(2/3) ^ another arbh 

Iran- constant, equation (5) reduces to 


V » Az*J^az), 


(X) 


another form of the particular solution of (2), where z — r - and a — |c. 

'I’o satisfy the condition 7) = p 0 when x - 0, i.e., when z - IP, we 
have, from (7), 


A 


Vo 


lP.P H {alP) 

Substituting the value of A in (7), 

<hj pp'\T ^v^az) 


p « 


(ix L\I 

But x *= L — dx *= — j z~’ > dz; hence 


(S) 


dp 


2pJ.. H jnz) 

ZlXr^uialA) 


l.' Rmg y h b(; the di<plaromc»t of the upper end of the wire from the 
wnieai -vmi integrating from ,j - 0 to y - Vh while c varies from 
- - L - ti> z rrt 0. 
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2p 0 . 


t J o d- H (az) dz 
1 Z* _ J_ H (aL*) 


{02?* 


2^tr (t + ir 


3L } * 


. £po 
3 


targe-* 

f*/r* 

\r(g) 


(al?*) 21 


2 2k wr(k + l) 

* n * 


z + 


2 2 frdr 2*215 ir(g) 


l 


a 2 L 3 


nl) 2 2 ir(§) + 2"2f lr(|) 

__ ^£o f L ~ ¥ 4~ i 3 4~ -g-fya 4 ^ — 

3 1 — -|a 2 Z< 3 + ~5TTG a4 & 6 ' 


fl 4 i 6 


= PoL 


‘ T2W a 

1 — ^ra 2 L 3 -f ^«V&a 4 L 6 • 


1 — -f a 2 Z( 3 + ~ * 

Vi, = PoL(l + -fea?!? ~f - sVe 9 ^ 4 -^ 5 + ) 111 


(9) 

(10) 


This formula gives the displacement of the upper end of the wire from 
the vertical Since poL is the displacement of the upper end of the wire 
when straight, the deflection due to bending is represented by the scne3 
(10), omitting the first term 

To obtain the inclination of the wire to the vertical, at the upper 
end, we let r — 0 in equation (8) and denote by Pl the corresponding 
value of p Noting that the first term of the senes for r^/_^(ar) is 
2 H /a H r(l), we get 

2^Po /tn 

= (u) 

Then tan -1 pn will be the required angle of inclination 

If L is large enough so that J^(aL h ) ** 0, formula (8) breaks down 
This indicates that the differential equation (1), which was set up under 
the assumption of small bending, is no longer valid The smallest 
positrve root of J_^(z) =* 0 is 1 87, we must therefore stipulate that 
alS* < 1 87, that is, L < (1 87/a) M The approximations given by (10) 
and (11) become less accurate as L approaches the above critical value. 
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PROBLEMS 

1. Compute-, correct to four decimal place?, the values of J o(2), J i(l), J 

2 . Derive the formula? 

1 - *" + V.tr). 

dr 

~ lr' R J,(j)l - -2- n J n4 .,fl). 

OX 

3. Eliminate J n *i(x) between the relations of Problem 2 f and obtain Bessel’s 
equation (0, Art. 57, with j/ replaced by J n (x), 

4. I ‘Mm; relation (2), Art. 5S, and the Bessel differential equation satisfied by 
show that 

x.fi(x) - (x* — = jrJ 0 (x) i-xJo(x ). 


Hence deduce relation (l) t Art 5S. 
6. Show that 


'X*fn(r) ** •T n (x) es */^(x) 

fix X X 


and hence that 


C> Show that 


«M*> ■» -f «/n^l(x)). 

2n 

;r WfxViWl - - yi(x)j, 


r.nd hence evaluate, correct to four decimal places, 


fWi - A) dr. 

Jr, 


7. Show that 24V) - Ji W - Mr), 4J# V) 4- 3J,V) + J 3 (x) » 0. 

8. Show that 


fix 


0. Show that 


, , . (2 /Mnx \ 

/ */* 1 *" Y — COn x } • 


10. Obtain a fmib expression for Jz.ix). and u-e it to compute Js*{x/2). 

11. Show that y « r/,(x) is a solution of the differential equation xy” — y* 

* a'i/t'x} ** 0. 

12. thv. ?/ ** l c ft solution o? tin* equation xq/ ## + (r 5 — 2)// «= 0. 

S3; tluit y *» xJ*'z) is a dilution of the equation zV' — z/ *f (1 

- v.* n, 

14. Stem tint ;/ *" h a -An: ion of the equation -j- (I - 2n)r/ + x.y 

■* 0 “ I-. *'|‘hv shat tb- c . ncral solution of this equation is v »c, sin x 
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+ <2 cos x What values must ci and a be given to produce the proper expression 
for the Bessel function of order J? 

15 Show that 

fxJ$(x)dr => |*Voto + +e, 

and hence evaluate 

(xJltfdx 

Jo 

16 Show that y « x H J„(x) is a solution of the equation x^y" -f- (x* — n* + 

— 0 and evaluate y ' for x = I and n = 1 

17 (a) Using the method of Fcoberuus, find a Maclaunn series solution of the 
equation x^y” — xy' + (x J + l)y *» 0 and identify this senes as the expansion of 
x/o(x) (5) By direct substitution, show that y => xJq(z) satisfies the equation of 
part (a) 

18 Show that 

I x(beT 2 x + bei s x) dx <= o(ber o bei' a — bei a ber' o) 

Jo 

19 Using the fact that y = ber x + i bei x is a solution of the equation xy" + y r 

— txy = 0, denve the relations 

~~ ( x ber' x) = — x bei x, — • (x bei' x) «* x ber x 

ax ax 

20 Using relations (5) and (6) of Art 63, obtain a fourth-order linear differential 
equation satisfied by ber x 

21 Using relations (1) and (2) of Art 58, together with integration by parts, 
obtain the reduction formula 

JxVo(x) dx - x"/j(x) + (n — l)x n-, J 0 (x) - (n - 1 )*J x*~V 0 (x) dr 

22 Using the result of Problem 21, show that 

J x*/o(«x) dx => — -j — Ji( a ) + -jJWa), 

J x(l — x*Vo(<ix) dx = ^7i(a) — ^do(a) 

23 If 01 aj, , o n , are the successive positive roots of dio(x) *■ 0, show that 


24 Show that 


Wx) - 2/M jj ■ 


where the a s are the positive roots of Jo(x) *> 0 and 1 is a constant different from 
the a' 8 
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25. Show that 


In T 


a r. J l(*») * 


where the o’s arc the poritivc roots of Je(x) = 0. 

2G. A steel wire 5 ft. long find \ in. in diameter, for which the density is 4S0 
It?. /ft. 2 and E » 3 X I0 7 lb./in.% is clamped at the lower end at an angle of 1° to 
thr* vertical Find the deflection due to bending and the inclination to the vertical 
at th* tipper end. Verify the fact that the length of the wire is less than the critical 
value. 

27. By tiring the first four terms of the series for J -#(*), find an approximate 

value of the smallest positive root of ~ 0. 

28. Solve equation (1) of Art. 01 by the following alternative method. Making 
rnrcex-ively the substitutions »/ « p, L — - x ■* r‘ 3 t p *= rHz, 4w/0EI — aq trans- 
form (1) into 



Show that the general solution of this equation is 

z — AJ )^(u r ) + BJ ^ ^(ar) t 

and determine the constants A and B so that the conditions of the problem are 
KithfWl The particular solution may [hi expressed in the form 

dp _ -n(ar) 

r ” di ” TSjT^pU 7 ) ' 

from *hich the value of ?//,, equation (10), may lx? found by integration. 

65. Legendre functions. Another second-order linear differential 
equation of considerable importance in applied mathematics is Le- 
uendrda equation, 

A cPv dy 

(] - j~) ~2i~ + n{n -f 1)t/ * 0. (1 ) 

dr~ ax 

Here n is a constant, and the functions satisfying (1) are accordingly 
called LcgemlreV functions of order n. When n is zero or a positive 
integer. equation (1) has polynomial solutions of special interest, as 
ue shall see. 

The general method of Frohenius may be applied to Legendre’s 

equation, juri as it was to BesseFs, belting 


t; ~ G { „ 


vo by r-quatinc the total nxrihdent of cadi 
tv hi tions 


power of x to zero, the 


a^{c — 1 > «: 0 , 
a*AC -r he « 0, 


( 3 ) 

(4) 
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nml thus the value c = 1 furnishes precisely solution (7) over again. 
Therefore y « 4- 1/2, where j/j and y 2 are given by (6) and (7), re- 

spectively, is the general solution of Legendre’s equation. Applica- 
tion of Theorem I, Art. 3S, shows that series (G) and (7) are absolutely 
convergent for j x | < 1. 

If 7t is zero or an even positive integer, the coefficients of all powers 
of x beyond x n in (G) reduce to zero, so that y { becomes a polynomial 
of degree n. Likewise, if n is an odd positive integer, (7) becomes a 
polynomial of degree n. Thus, whenever n is zero or a positive integer, 
the general solution of Legendre’s equation contains a polynomial so- 
lution. P„(x). and an infinite series solution, Q n ( x). The Legendre poly- 
nomink P n (x) are defined as follows: 


PJt) - (-1) 


„ g 1.3*5-(>i-l) 


2*4*6* 


n(n + 1) 0 

1 x~ 4* ■ 

2 ! 


P„(r) - (-I)'"-”' 2 


1*3*5 •••« 
2*4*0* **(n - 1) 


(« 


(n even), (8) 
D(n + 2) 


3! 


*x ,4 + ' 


(71 odd). (9) 


Here the coefficients a n and a x of (0) and (7), respectively, have been 
chosen so that we have P„{ 1) = 1 for every positive integral value 
of n. 

It may be shown that QJ t r), called the Legendre functions of the 
second kind, become infinite ns x approaches ±1; accordingly, the use- 
fulness of these functions is restricted, and they do not arise in applied 
mathematics as often as the rational integral functions P n (.r). The 
remainder of our discussion will therefore be confined to Legendre 
polynomials. 

Although the even and odd functions (8) and (9) seem to be unlike 
in form, if is possible to get a single expression for P n (x). When n is 
even. (8) yields, compactly. 




t) 


X 


(» 


2b -J- 2 


U (n - 2fr) >•*>»(» 4. !)(,; -|-3) . • .( n -{- 2fc — 1) 

__ 


4 * 
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Expanding this summation in descending pow ers of x, from l = n /2 
to k = 0 we get 


13 (n - 1) [2 4 n(n 4* 1)(» + 3) (2n - 1) 

‘n\X) — 

n L 


2 4 


n! 


4 «(n + l) (2n-3) 

(«-2)» * 
6 n(n + 1) (2n - 5) 


(n — 4) ' 

(2n - l)(2n - 3) 3 1 

n! 


x" — 


n(n 2)(n - 3) 

2 4(2n - l)(2n - 3) 
Likewise, when n is odd (9) gnes 
13 n 


«(» ~ 1) 
2(2n - 1 ) X 

j 


Pn(x) = (-l) <n - J 


=» £ «-«* 


2 4 (n - 1) 

(n - 21 4- 1) (n - l)(n +2) (n + 2JI) 


(2k + 1)* 

so that expansion in the reicrae order jields 


p ( X ) 13 n T 2 4 (n-l)(n + 2)(n + 4) (2n-I) jW 

” 2 4 (« - 1) L n» 

4 (n - l)(rt + 2) (2n - 3) M „ 

(n-2)» 

. 0 (n — I)(n + 2) (2n — 5) ] 

<n- 41' J 

(2n - l)(2n - 3) 3 1 [ „ n(n - 1) - 

SB J x — X 

n! I 2(2 a - 1) 

n(n - l)(n - 2)(n - 3) ^ 1 

+ 2 4(2n - l)(2n - 3) ~ J ’ 

which Ins precise!} the same form as for n e\en Hence, sandwiching 
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in factorials and powers of 2 in much the same way as was done in 
Art. 57, we find that 


Pn(T) 


A* / 

F— 

X—J 9 n /• 


■l) ,; (2n - 2/;)! 


TZo 2"/;!(n - l:)\(n - 2l:)\ 


y.n — 2k 


( 10 ) 


where N - n/2 when n is even and A r = (n - l)/2 when ?t is odd. 
The first few Legendre polynomials are 

P„(r) *» 1, PiW * -r, Pat*) = |(3x 2 - 1), 

P 3 (x) = -’(ox 3 - 3x), P,(x) = i-(35* 4 - 30x 2 + 3), 

P 3 (.t) = J(63x 5 - 7 Ox 3 + 16*). 


These illustrate the fact that P„(l) = 1, as was stated above. 

Using (10), we may now establish an important and useful relation 
known as Rodrigues'* formula. From the binomial theorem, for any 
positive integer n, we have 


4ri k\(n - AO! 


To introduce the factor (2» — 2/;)! and to get the (n — 2/;)th power 
of .r, as they appear in the 1:\h term of (10), we differentiate (.t 2 — 1)” 
n times. Then, using the operator D = d/dx, we get 


v 

D"(.r 2 - 1)" -2 

K wit 


c-iy-u! 
/;!(» - /;)! 


2lzWl ^ 

(n ~ 2 k)\ 


t Van pari son with (10) shows immediately that we have 

C.W-—DV-1)"; (11) 

this is Hodriguo’s formula. 

As an application of Legendre polynomials, consider the problem of 
determining the potential at a point P due to two electric charges, 
numerically equal but opposite in sign. Suppose the charges, rj and 
-</• to tw a distance 2o apart, with O as midpoint as shown in Fig. 47; 
let OP r~ and lot angle AOP — 0. Then the potential at P is by 
definition, * ’ * 

o <■; 

V ~ = q (r 1 — k —1 ). 


( 12 ) 
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If b > a, we maj wnte 


r — V^a 2 + b 2 — 2ab cos 6, 
s ~ Vo 2 + b 2 + 2 ab cos 0 


. 1 / 2 a cos 5 a 2 \ H 1 _ u 

+ p ) -jO 

inhere z = cos Q, y — a/b Since x and y are both numerically less 
than 1, 2xy — y 2 also is, and therefore (Peirce, 750) 

[1 - (2xy - r)] -H = 1 + 1 ^ } 2r — 1) (2 xy - y 2 )* 

frr 2 4 2r 


■ i+ %M 


But we also ha\e, bj the binomial theorem, for each posit n c integer r, 
<2x1/ - /)' - l : lVr ^ -^ 

whence 

Now let r +j ha\e a fixed ^ alue n, as j runs through the \alues 0, 1, 
, I , ,n, then r will hn\ e the corresponding \alucs n,n — 1, . 

n — k, , 0, so that the total coefficient of y T+i — y n will be 

fr^2"l!(n-t)!(n-2m “ " k ’ 
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bv (10). We therefore have the relation 

» * ^ 

(1 — 2x1/ + — 1 + Pn{f)y n ” / j Pn( x )y 1 

n-1 rjcl0 

Valid for | x { < 1, j y j < 1. Changing rr into — ar, we also have 

K 

(1 + 2xy + r)~ J - = J] 

n “0 

and therefore (12) becomes 

« = j* [ Pn(cos o) ~ Pn( ~ cos 0) G) ’ (14) 


since j = cos 0, y - a/b. But, if n is even, P n (x) is an even function, 
so that. P n (- cos 0) - P n (c,osO), and consequently all even powers in 
(H) vanish. On the other hand, when n is odd, P n (x) is an odd func- 
tion, whence P n (~ cos 0) = -P„(cos 0) and the odd powers in (14) 
arc duplicated. Hence, for b > a, 


u 


u n*M) 


g r 1 


( 15 ) 


When h is very large compared to a, a single term of (15) may be taken 
as an approximation to the exact value of w. Therefore the potential 
i« nearly equal to 


2j 

b 


Hi (cos 0 ) 



2qa 

— — cos 0. 
b‘ 


'Hie quantity 2qa is called the dipole moment; denoting this by y, we 
have, as the dipole potential, 

y cos 0 


If b < «, the expression for the potential at P becomes 

2 q A /6\ 2,!+1 

" 7 2 ^ /, ='’-h(oos 0)H ; (10) 

thi^ follows at once from (15), for we have merely to interchange the 
letters o and b throughout, as we may since the expressions for the 
distances r and jf are symmetric in a and h. 

1 he foregoing application L one instance of the way in which a fune- 
tmn may be expanded in a series of Legendre polynomials P n (r), valid 



254 G4MMA, BESSEL AND LEG ENTIRE FUNCTIONS JChap \I 

for | x j < 1 More general types of expansions analogous to those 
obtained with Bessel functions are also obtainable as follows From 
Rodrigues’s formula (11) , we have, for k any positive integer or zero, 

SPA*) = x*D"(3r - 1 )" 

2 n« 

Integrating bv parts between the end points x = — 1 and x =* 1, we 
get when n = 1, 2, , 

2 rt n»f x*P n (z) dx 

= j I*[DV- l) n ]dx 

« - I) n J - x fc_I [D n_1 (x 2 - 1)"] dx 

^mce the (n — l)th derivative of (x 2 — l) n has x 2 — 1 as a factor, the 
first term of the last member vanishes for x = 1 and x = — I Con- 
tinuing the process of integration by parts we thus find that 


J x k P n (x) dx *= 0, 
r) is a polynomial of degr 
J P k (x)P n (x) dx = 0, 


for k < n Since P*(a r) is a polynomial of degree k, it follows that 


for / < n Moreover, since k and n are interchangeable m (IS) this 
relation holds for k > n as well But, when k => n, n successive inte- 
grations bj parts j leld 

2 "n'J x n P n {x)dx = i-l) m n'f (x 2 - l) n dx ~ n » J (l - *T * 

Setting x = sin 0, dx = cos 0 d0, this leads to 

2 n f x n P„(x) dx = f cos 2n+1 0 dO 
J-l ^-r/2 

r r/2 

= 2 cos, 2n+I 0tf0 

2n(2a - 2) 4 2 

“ 2 <2« + l)(2n - 1) 3 1 
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Art. G5J 


by Wallin’s formula (Art. 55). Dividing by 2 n and completing fac- 
torials, this becomes 



2 n+, (n!) 2 
(2 n + 1)1' 


(19) 


Hence, from (10) and (IS), we have 


£ 


1 „ (2 n)J 

fP„(r)] 2 dx = 

-i 


2 n+1 (»!) 2 


2"(n!) 2 (2n +1)1 2« + l 


( 20 ) 


These results suggest the following procedure. Let f(x) be a func- 
tion defined from x = — 1 to x — 1, and assume that an expansion of 
the form 

sc 

f(x) =J]/+P n (r) (21) 

fl *W 0 


is obtainable. To compute the coefficients B„, multiply both members 
of (21) bv P»(x) and integrate over the interval of definition of /(a*); 
relations (IS) and (20) then yield 

f f(T)P„(x) dr = B„ f [P «(.i")] 2 dx — — ~ ~ B n , 

d_i d_i 2/i + 1 

or 

2/i + 1 r' 

Bn = ____ J /(x)P n (x) dx. (22) 

Urainpk. Find the. Legendre-polynomial series representing the function 
/(/) - -l, -1 < x < 0,/(x) = 1, 0 < x < 1. 

Formula (22), together with (10), gives 

ih - i / 9 (- 1 ) 0 ) dx + lf\ 1 )( 1 ) rfx « -» + l « 0 , 

fh - S/_° j (-l)(x) + §JTW> dx = » + » . -3, 

P.* - )f ) (-l)’('L" - 1) or + f £(1)5(3** - 1) dx = 0, 

Pi “if Id'/X 1 - ;tx) dx -f q f f(5x 3 - 3x) dx <= — £ 

* -S Jo 

p< =■ -if l(35x‘ — tlOx* + 3) dx + J f *£(35r* — 30x J + 3) rfx = 0 
Pi r - V f j(C.:tr s - 7 Ox' + Kir) dx 

'• V£l U0-V - 70x*+ l.Vjdx - J J, 
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and so on Therefore 

/(*) = ?P»(x) - |P,(x) + &P*(*) - 

The function of this example is odd, and consequently its expansion contains 
only odd Legendre polynomials Similarlj, the senes for an even function 
imolves only Po(x), P 2 (x), P 4 (x), 


PROBLEMS 

1 If n *= 0 or n = — 1, solve Legendre s equation to get y <= oo + ai tanh -1 x 
as general solution Show that each of these special values of n also yields that 
solution from senes (6) and (7) 

2 Verify the statement of Art G5 that senes (G) and (7) converge absolutely for 

M<i 

3 Using relation (13) show that, when n is a positive integer, P„( 1) « 1, 
PJL- 1) = (-1)", P 2 «— 1 ( 0 ) - 0 P 2n (0) - (-l)"(2n)l/2 1 -(nl) 4 

4 Show that P 2 „(0) = 0 P 2 »+i(0) = (-l)"(2n + l)!/2 J "(n!)* 

6 Show that x* ** |P*(x) 4* $P«(x) 2 s “ £Pj(x) + fPi(z), x K => APi(i) 
+ tPs( z ) + tPqW Also express x s as a linear function of P&(x), Pj(x), and Pj(x) 

G By differentiation of relation (13) with respect to y show that 

fr-DE Pn(x)>J n “ (1 - 2xy + tr) ^ np,(z){i* _1 . 

ft -0 1 

Equating coefficients of y n 9 derive the recurrence relation 

(n + l)Pn+i(x) - (2a + l)xp„(x) + nP.-i(x) - 0 
connecting the Legendre polynomials of degrees n — 1 n and n + 1 

7 Differentiate relation (13) partially, with respect to x and y in turn, equate 
the expressions for (1 — 2xy + i/*) - * 5 thus obtained, and hence show that nP„(x) 

- *p;(x) - K- i(x) 

8 Using the results of Problems G and 7, show' that (2n + l)P»»(z) •» P »+i(x) 

- K~ i(x) 

5 Show that J xP n (x)P„_i(x) dx - 2n/(4n* - 1) 

10 Using the result of Problem 8 show that P^(x) *» (2n — I)P„_i(x) + 
(2n - 5)P„_j(x) + (2a - 0)P._*(z) + 

11 Using the results of Problems 6 and 10, Bhow that xP „(x) »• «P»(x) + 
(2n - 3)P m _ t (x) + (2n - 7)P„-i(z) + 

12 Lsmg the fact that P„(x) satisfies Legendre s equation together with the re- 
sult of Problem 8 show tint (2a + 1)(1 — x J )Pi(x) ■=■ »(n + 1)[P *-i(z) — P »+ifr)J 

13 Show that J* (1 — x^lP'^ix)}* dx = 2n(n + l)/(2a + 1) 

14 l smg the results of Problems 7 and 8 ehoiv that 

(m + a + l)j'x"P,(x) dx - ‘P.-ito dx - (m - n + 2)J^ x"P._i(z)dz 

1C If /(x) - 0 -I < x £ 0 and f(x) - x, 0 < z < 1, show that/(x) - i P«W 
+ lPi(x) + -j^rPsfx) — + 
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16. I f/(P) is rl 1 ' finer! for 0 <<?<=-, show that 

** ~T 

}{0) aiV (2 n -f J)Pn(cosfl)- I f(0)P„(cos 0) sin 6 do. 

' * / ° 

17. I/--! /{<?)«!, 0 < 0 < r/2, f(0) *= 0, -/2 < 0 < -r. Using the results of 
I’roUeriH 3, S, and 16, slum t!mt 

1 . 1-0 (-l)"- ! (2» - 2)!(-ln - 1) „ , 

m -- + '2, S5S=TT “ TO Pzn-l(eos 0 ) 


n - I 


Z^-'nlin -1)1 


i » A + -J eos 0 — ^V(5 cos 3 0 — 3 cos 0) + • • * . 

18, Changing the independent variable from x to 0 by means of the substitution 
x v* «how that Legendre's equation can bo written as 

rPv dv 

4* rot 0 -~ + n(n + l)j/ « 0. 
d0- dO 


19. Substitute y (1 — z*) r ' I2 z in the associated Legendre equation 

(1 - z*)D ? i/ - 2x1 ) y + £n(n + 1) - V ~ 

and Miw that the result mu equation for z has the solution 2 *= D m r(x), where e(x) 
K any solution of Legendre's equation and I) *» d/dx. The functions defined as 

PnM - (l - x-r f 'D *r n (x) 

me tailed n»*ocialC'I Lcgmdre junctions of the first hind. If x « cos 0, show that 
l o ” 1 . P» “ <* o e P, P] = if in 0, P§ = '(3 cos- 0 - 1), Pi = 3 sin 0 cos 0, PS 
3 sin' 0. 



CHAPTER VII 


Partial Derivatives and Partial 
Differential Equations 


66 Partial derivatives When dealing with functional relations, the 
concept of rate of change is of first importance Thus, if we have a 
function y of a single variable x, say y ** /(x), we speak of the rate of 
change of y with respect to x Analytically, this rate of change is 
expressed by what we call the derivative of y with respect to x, and is 
denoted b> 


d V ^ , /(* + Ax) -/(*) Ay 

— - f (x) = lim « lim — ,* (1) 

ax Ar—O Ax AT — 0 Ax 


where Ay is the change, or increment, of y corresponding to the incre- 
ment Ax of the variable x By the definition of limit, (1) implies that 
the difference between the difference quotient Ay/ Ax and the limit 
/'(x) will become and remain as small as w r e please if we keep Ax suffi- 
ciently small Consequently ive may write 

^ -/'(*) - ( > ( 2 ) 
Ax 


where « is a quantity approaching zero as Ax approaches zero 
Now suppose we have a function z of two variables x and y, 
z = g(x, y) Here we may speak of two distinct rates of change, one 
with respect to x holding y constant, and the other with respect to y, 
x being held constant Thus we have two first partial derivatives, 
defined as 

5z _ gte 4- Ax, y) — g(x, y) ^ 

dx Ar-* 0 Ax 


and 


Oz g{x, y + Ay) - g(x, y) 

— — lim 

dy Ay 


(0 


Note that, in (3), y is anj v alue of the second argument in the function 
Ofay), remaining constant throughout this limit-taking process, sim- 


• We asume throughout this discussion that the various I rads exist 
258 
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ilarly, in (4 ) , x is any value of the first argument, constant while A y 
approaches zero. Just as the relation (2) follows from definition (1), so 
we have corresponding to (3) and (4), 

g(x + Ax, y) - ff(x, y) dg(x, y) 

— — — «ii v°y 

Ax dx 

g(x, y -f Ay) — g(x, y ) dg{x, y) 

■ — — — : — — « 2 , W 

Ay dy 

where ci — > 0 as At — > 0, and to — > 0 as Ay — > 0. 

Since the derivatives dg/dx and dg/dy are, in general, themselves 
functions of x and y, they may likewise be differentiated partially, 
leading to the second partial derivatives 

. n o _o 

d‘g d~g d~ff 

dx 2 ’ dx dy ’ dy dx ’ dy 2 

Here d 2 g/dxdy denotes the derivative of dg/dy with respect to x, while 
d 2 g/dy dx is the derivative of dg/dx with respect to y. When these two 
derivatives are continuous functions of x and y, they arc equal, 


dx dy dy dx * 

that is, the order of differentiation is immaterial. Similarly, further 
partial differentiation leads to derivatives of third and higher orders, the 
values of these derivatives depending only upon the total number of 
differentiations with respect to each variable and not upon the order in 
which these differentiations are performed, whenever suitable conditions 
of continuity prevail. 

I 1 or example, let z — sin (x~ -}- 3y). for which partial derivatives of 
all orders exist and are continuous; then wc have 


=■ 2x cos (x 2 + 3y), 


= 3 cos (x 2 + 3 y), 


•tx 2 sin (x 2 -r 3y) -f 2 cos (xr + 3y), 


-Or sin (x 2 -f 3y) - — — , 
dy dx 


0 sin (x 2 3 y). 
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~ - — Sx 3 cos (ar 4 3y) — 12x sin (x 2 4 3 y), 

■ “ -12x 2 cos (x 2 + 3y) - 6 sin (x 2 4 3y) «= — 

dxr dy dy dz~ 

0 3 Z d 3 Z 

— ri = -18* cos (** + 3y) = — „ -■ , 
dx dy 1 dy dx 

d z z 

= -27 cos (x 2 4 3 y), 


and so on 

If x and y both take on increments Ar and Ay respective!}, z assumes 
an increment As, so that z + A: « p(x 4 Ax, y 4 Ay), whence 

Az = <?(x 4 Ax, y 4 Ay) — y(s, y ) (7) 

In. order to make use of relations (5) and (6), in each of which one 
argument changes value while the other remains constant, we sub- 
tract and add the expression g{x y 4 Ay) in the right-hand member 
of (7) giving us 

Az = g{x 4 Ar, y 4 Ay) - g(x, y 4 Ay) 4 g(x, y 4 Ay) - g(x, y) (S) 
But by (5), with y replaced by y 4 Ay, we have 
, , . , „ x , , 4 x dg(x,V 4 Ay) . 


g(x 4 Ax, y 4 Ay) — y(x, y 4 Ay) = 


- Ax 4 «t Ar (£)) 


. dg(x, V 4 Ay) dg(x, y) 

Moreover, since hm «• , we nave 

ajt-» 0 ax dx 

dg(x, y 4 Ay) dg(x y) 

= b t , 

dx dx 

where <'—♦ 0 as Ay —> 0 Hence we get from (9), 

g(x 4 Ax, y 4 Ay) — g(x, y 4 Ay) — - — Ar 4 (<i 4 <0 Ar, (10) 

Ox 

where t\ and e' approach zero with Ax and Ay Similar!}, wc find 
from (G), 

g(x, y 4 Ay) — g(x, y) » — Ay 4 <2 Ay (11) 

dy 
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Replacing the two differences in (8) by their values as given in (10) 
nnd (11), we have 


%(*.!/) . , . , , , aa t i, a» noi 

A: — Ax -f Ay + ( £ i + e ) Ax -+- € 2 Ay. \la) 

Ox Oy 

Now suppose that x and y are both functions of a single independent 
variable t. Then, in the preceding discussion, % will have taken on the 
increment- Ax, nnd y the increment Ay, as a consequence of having 
given t an increment Ah Dividing (12) by A t, there is found 


az _ dpfa y) dyfa y) Ay 
At Ox At Oy At 


Ax Ay 

( 6 i + h «2 

At At 


If At is made to approach zero so that Ax nnd Ay also approach zero, 
then since x and y arc functions of t, we shall have Ax/ At and Ay/ At 
approaching dx/dt and dy/dt, respectively, while since z = y(x, y) 
~ (?(t), say, Az/At will have dz/dl as limit. It follows that in the limit 


( !z - dyfa y) , dy(x, y) dy 
dt Ox dt ' Oy dt 


(13) 


In like fashion, if x and y are functions of two independent variables, 
pay r nnd s, then by dividing (12) by Ar and by As in turn, and taking 
limits as these two increments approach zero iu the respective relations, 
we get 



0 : 


Os 


<3f/(x, !/) Ox 0f/(x, y) Oy 

Ox Or Oy Or ’ 

%(.r, y) Ox 0f/(x, y) Oy 

Ox Os Oy Os 


(14) 


As generalizations of equations (13) and (14), we have the following 
mult. 


Tkuoukm. If z fs o function of m variables x, , x 2 , • • * , x,,„ z = /(x l} x_>, 
• * * , X,/}. with coc/» x o function of a single variable f, t/;en 


dz ^ 0/ d.ri 0/ dx 2 
dt Oxj dt 0x 2 dt 


• + 


3/ dx„, 
0x m d/ 


(15) 


If z *- /(xj, . * • • , x..). and roc/s .r is a function of p independent vari- 

oMettuh, t/Vn 
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dl 2 dXj, dl$ dx 2 dh dx m dt 2 * (10) 


dz _ df dxi df dXs df dx m 

dtp dXi dtp dx 2 dtp dx m dl p 

Example let 2 - (2x* + ary)*, x = t* — t, y ■= 21 -fl Then 

~ « 3(2x* + 3xy)5(4x + 3y), ^ = 3(2x* + 3ry)* Sr, 


dx 

-JT - 2t - 1, 

dt 

and by equation (13), 


- — 2 , 


~ - 3(2r J + 3ry)'(4r + 3y) (2t - l) + £te(2r* + 3ty)* 2 


= 3(2r* + 3xy) 2 (8ir + Gfy + 2* - 3y) 

The derivative of z with respect to t here involves the three variables l, x, y If 
desired, dz/dl may be expressed in terms of t alone by replacing x and y by their 
expressions m terms of t The result of doing this, 

— = 3f (2t* + 2f* - t - 3) 2 (8i* + or- - 2f - 3), 


may be checked by making the replacements for x and y in terms of t in z 
directly and differentiating this with respect to t in the usual way 


For a function of a single variable, y — f(z), the derivative dy/dx 
may be regarded os a quotient by introducing the concept of a differ- 
ential It will be recalled that we define the differential of the function 
V — /(*) as dy = f(x) Ax, and define the differential of the independent 
variable x as dx = Ax, so that dy = f'(x) dx Now in equation (13), 
where each of x, y, and 2 is a function of the independent variable /, 
we should naturally like to carry over the definitions of differentials 
so as to have dx/dl, dy/dt, and dz/dl as quotients of differentials, which 
would enable us to write 


dz 


. , 9g , 

— dx H d 

dx dy 


(17) 


It is usual, m fact, to define the total differential of 2 = g{x, y) by (17) 
when x and y are independent v ambles, it may then be shown that (17) 
holds also when x and y depend in turn on one or more other variables * 


* Pee V, F O*good 0 Advanced Calculus ” p 117 
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If j and y ore connected by an implicit relation g(x, y) = 0, we get 
from (17), setting z ~ g(x, y) - 0, 

. <>0 . d 9 n 

dx dy 
or 

Off 

= _ £f . (is) 

dx Og 

dy 

= 0, we have 
(f sin y *f* jr 
e 1 cos 7 / + 2 xy 


For example, if r sin y + xif 

(ly _ _ 

dx 


We shall make use of formula (18) in Chapter X. 

67. Differentiation under the integral sign. We are frequently con- 
cerned with an integral in which the function to be integrated contains 
not only the variable of integration but also one or more other quantities 
which we consider ns parameters. Thus, in the complete elliptic inte- 
gral of the first kind, 


W) 


■» =r 


d4> 


V I — IP sin 2 $ ’ 


the integrand involves in addition to the variable of integration the 
modulus /;. As we have seen, the value of K then depends upon the 
value of /;, that is, the integral is a function of the parameter h. 

We consider, then, a function of a parameter a defined by the equa- 
tion 



b 

f(x. a ) dx, 


0) 


where / is some known function of the variable of integration x and of 
the parameter a, and where a and b are constants, independent of * and 
of o. Since F i« a function of «, there will exist in general a derivative 
of /’ with respect to a, 


dF 

da 



( 2 ) 


Now jn the right-hand member of (2) it is implied that the integration 
of fix , a) is first to be performed, and the resulting function of a then 
differentiated. The 'sm-tiou that naturallv arises is whether the order 
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in which these two operations are performed can be interchanged, that 

maj we first differentiate /(x, a) partnllj with respect to a and then 
integrate the function obtained with respect to x 9 This question is 
of more than academic interest, for it may sometimes happen that the 
function /(x, a) is difficult or even impossible to integrate in terms of a 
finite number of known functions, whereas df/da may be more readilj 
integrated 

It turns out that if the partial derivative df/da exists and is con- 
tinuous, which is usually the case in the problems mth which we are 
concerned, the question is answered in the affirmative,* so that we 
do have 


dr f b 3f(x,«) ^ 
da J a da 


( 3 ) 


As an example of the use of formula (3), let us find an expression 
for the function 


e ax - 

™-J- — 

where a ^ 1 Then we have ' 

dF 
da 


-dr, 


and 


- = r° c az dx 


da 

dF *= — 


Integration therefore gives us 


F{a) — In a -f- e, 

where c is some constant Now T(l) = 0 dx •= 0, so that 0 = In I 

+ c, c — 0, and 

F(a ) = In a 

Here the integral of /(x, a) *» (c 411 — c*)/x could not be readily found, 
but df/da ~ c“ x could be ensdj integrated, from which the determina- 
tion of F(a) followed Note that df/da is continuous for x £? 0 and 
a g 1, so that the conditions stated above arc met 
A generalization of the problem occurs when one or both of the 


# See Comsat Iltdnck, “Mathematical Analysis ” Vol I 
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limits of integration, a and 6, also depend upon a. Consider then the 
function 

F(a) *» | Six, a) dx, (4) 

*'«<«) 

where the notation a (a), b(a) indicates that a and b are functions of the 
parameter. To emphasize the fact that <x enters into the function F{a) 
through three distinct channels, namely, through /(. t, a), a (a), and b(a), 
let us denote the integral (4) by 4>(a, a , b): 

F(a) = </»(<*, a, b), (5) 


where the first argument of <,*> is due to the presence of a in f{x, a). 
Applying formula (15) of Art. 6G, we then have 


dF 

(la 


da 


d$ da <9<£ db 
1 + — — + — — 
da da db da 


( 6 ) 


Since 04/ da is found holding a and b constant, we get from (3), 

04 r bM 0J{x, a) 

-a I fte. 

3or j a (a) da 

Now let f/(r, o) denote an indefinite integral of /( x, a), assuming the 
latter function integrated with respect to x, so that 


Then 


3(1 (x, or) 

Ox 


~ fix, a). 




H<t) 

0(a) 


We therefore get 
and 


- ( 7 ( 6 , «) - g(a, a) 

04 _ 3(7 (rt, a) 

da da 

d$ dg(b f a) 


f(a, a), 


06 06 "'ft* 

Consequently, substitution in (0) gives us 

f” a) i /(T ’ ff ) * - . 

da J a , A y 


db 


3a ‘ b - R "' C, ' > Z +n '’’ ay Z’ <7) 


which h the desired formula. Evidently (7) reduces to (3) when a and b 
ara inde|K-m)ent of <r, as it should, since here da /da = db/da r - 0. 
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In order to make the derivation of (7) v ahd, we impose the same 
restrictions on/fo a) as before (in order to obtain the first term of the 
formula), and also assume that the functions a (a) and b(a) possess 
derivatives with respect to a 
To illustrate the manner in which (7) is used, let 


F(a) 


X sin ax 

/6a X 


where a^O Then 


dF 

da 



sm (t/6) / it \ sin Qr/2) 

v/Gct \ 6a 2 ) ir/2a 

3a/ 7T \ 2a/ jr_\ 

ir \ Go?) t \ 2a 2 / 



1 1 1 

a 2 a 2 a 


0 


This result indicates that F must here have a value independent of a 
That tins is so may be seen by making the substitution y — ax, whence 
we get 


sm y 
— dy, 
/e y 


which obviously does not depend upon a With the stipulation a t 6 0, 
our example satisfies the conditions under which formula (7) is valid 


1 Evaluate F(l) if 


r l x“ — I , 


fm - r -j — 

Jo Inar 

2 Fvaluatc F(|) if 

F( a ) «. f , ln(1 + a cog T ) 

Jo coax 

3 Evaluate F(l) if 


dr 0 £ « < 1 


4 Evaluate F(2) if 


F( a ) -J f 


xsccx 
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6, Evaluate V{ l) if 

r/2 

F( «) tat f In (1 + a sin r) Ax, 0Sa< 1. 

J_r/3 

C. Given f c~ a '** A x «= — where er > 0 (cf. Problem 15, Art. 56), show 

Jfl 2a 

thni, for « any positive integer, 

V r 1 -3-5 * * * (2u — 1) 

J 0 ‘ 2 2V n+1 

dr 

— % , a > 0, and Hence show that 

0 X* + a* 


r» X' + a 

f> 

(x- 


8. Evaluate 


</x r 1 -3-5 — (2/t — 1) 

+ «-) n+1 ~ 2 ' 2-4*6 - 2n*or 2 " +1< 


(4 — ros x) 2 


by first showing that 


r T dx 

Jft nr — 


cos X vV _ 1 


, «> 1 , 


and then differentiating this relation and substituting a ® 4 in the result. (Cf. 
I’Kihtem 10, Art. 40.) 

0. The IJesseJ function of rero nr integral order n may be defined as 

1 r T 

J n (x) *» - | cos (nt — x sin /) dL 

T 

Emitr t his relation, show that 


) « i(J n _i(x) — J n+l(x)]* 


10. (a) If 


vr \ r hm p j , 

Hp) « { * d?> p r 0. 

dlfp X' 

f fit! the —(.Tvi derivative of F(p) and li«*nc- show (hat /'{/>) is a linear function of p: 
/'rid « Ap d It. {?d V'inc the suh dilution </ « px to get another expression for 
t c L*»v. ill vt J1 *. 0 and find .1 :»v a definite integral. 


( * S 

t~‘ co< or ( It with respect to o, find the value of 
f f~* eosrrfr. 
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12 The mean-square error ft arming in the theory of probability (cf equations 
(12) Art 8S and (8 ) Art SD) is defined bj the relation 



By differentiation of the relation 

J t hV dx - V^/h t 

derive a formula for ft in terms of h 

13 If £ is a constant show that 

y = F( x) == J.J /CO «n I(x - /) dt 

is a solution of the differential equation tT y/dzr 4- JtV =■ /(x) 

14 Given the function 

f x" dz =* n B+1 /(n 1), 

Jo 

make use of differentiation under the integral sign to determine the area bounded 
b\ the curve y = x In x and the x axis 
16 Show that the function of x defined as 


2 r l cos xt , 
- . ■ dt 

*• Jo Vl - <* 


satisfies Bessel s equation of order zero 

16 Bj differentiating under the integral sign and then using on infinite senes 
find tl e area of tl c minimum strip 1 unit wide extending from the curve y ■■ e*/x 
to the positive x axis 

17 A particle moves from rest at a distance a (f t ) tow ards a center of attraction 
the force varying inversely as the distance (o) If * (ft ) is the distance from the 
center and T («ec) is the time required for the particle to move from x = a/n to 
x = a/n 1 find the value of n for which T is a maximum (h) By use of senes com 

I ute tl e maximum value of T if the particle starts from rest at a distance 10 ft 
from the center with an acceleration numerically equal to 10 ft /see 9 

18 If A and E are tl c complete elliptic integrals of tl c first and second kind 
respectively each with modulus k show tl at k dE/dk E — A 

19 Dem e the d fferentnl equation (1) \rt f>l as follows Take moments about 
P (fig 40) denoting by (xi yj) any point between P and A, and thus get 


Ely 


v>{yi — v ) dif 


Now d fferentiato with respect to x 

G8 Linear partial differential equations In the preceding chapter? 
nil our problems which led to differential equations involved a single 
independent v amble and the equations were accordinglj onlmat> dif 
ferentnl equations When investigating functional dependencies into 
winch two or more independent variables enter, saj time and one or 
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more point coordinates (distances), we are naturally led to deal with 
partial derivatives and partial differential equations. 

As may be expected, a wide variety of physical problems can be 
formulated mathematically as partial differential equations. Appli- 
cations arise, for example, in connection with vibrations in strings and 
membranes, which yield equations respectively involving two and 
three independent variables; heat or fluid flow in one, two, or three 
dimensions, for which the equations contain two, three, or four inde- 
pendent variables, respectively; electrical transmission, entailing two 
independent variables; electrostatic and electromagnetic field prob- 
lems, where the number of independent variables may be two, three, 
or four; problems involving the drying of porous solids through dif- 
fusion and evaporation, entailing the use of as many as four inde- 
pendent variables; gravitational, electrostatic, or electromagnetic 
potential, with two, ihrec, or four independent variables entering into 
each type of equation; and elasticity, for which four independent 
variables are needed, in general. In this and the following chapters, 
each of the aforementioned applications will be considered. More 
comprehensive treatments of these topics, and of additional applica- 
tions as well, may be found in the books and periodicals referred to 
in the subsequent discussion. 

We shall not attempt, in this book, any systematic classification of 
the various types of partial differential equations together with their 
formal solutions, similar to that given for ordinary equations in Chap- 
ter I. liven were we to limit ourselves to those types of partial equa- 
tions which arise in physics and engineering, the subject would be too 
vast and involved for a book such as the present one.* Our aim, there- 
fore, will be to set up merely a few typical and fundamental partial 
differential equations from their physical origins, and obtain solutions, 
satisfying the physical requirements, by means of a special process 
which we shall explain. 

Just ns linear ordinary equations form an important class, frequently 
orbing in engineering applications, so arc linear partial equations often 
obtained in the formulation of many physical problems into which two 
or more independent variables enter. By a linear partial differential 
t ’{nation we mean an equation linear, i.e., of the first degree, in the 
dependent variable and its various partial derivatives. Thus, the 


* TL" a vicr "Lisins; to puiwie this phve of the subject further will find excellent 
aot.-rinl m Ri-unnu-UVl-r, *T«rtj< !!e Diffrrentialgleidiungen und 
'• ur> Aju* i rdut'K nwf phy-ih.-tlLehe fra mi"; Cnumnt-Hilbert, “Method™ der 
IL Ifctmnn. “IVthl Differential Equations, of Mnthc 

;7‘?‘ r '.? n :\;‘ R<i , v, ' :i Mi '<' "Differvothl und Intogrsdgk-iehungen der 

hW :*vu* mi tf vo!< 
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typical linear equation of second order 1 m oh mg the two independent 
i anables x and t and the single dependent variable 2 is of the form 


, d 2 z ,92 . d~z dz dz 

A 1 - + A 2 — + A 3 -- + B 1 — + B 2 - + Cz* 
dx~ dxdt dt~ dx Bt 


F, (I) 


where the coefficients At, , F are functions of x and l only If each 
term contains either the dependent \ anable or one of its derivatives, 
we shall saj that the equation is homogeneous* for example, if F = 0 
in (1), that equation will be homogeneous 

Certain properties possessed by the solutions of linear ordinal} 
equations, which made such equations particularly tractable (see 
Chapter I, Art 8), carry over into the realm of linear partial equations. 
Because of its frequent use throughout the remainder of this chapter, 
we state one of these properties m the form of a theorem, the proof of 
which is easily made 

Theorem If Z\, z 2 , , z n are n solutions of a linear homogeneous 

partial differential equation , then ciz\ 4- c 2 z 2 + + c n z nt where the c's 

are any constants , is also a solution of the guen homogeneous equation 


As a simple illustration, consider the linear homogeneous equation 

(2) 


B z 3z Bz 

— 5-2— + -= 0 

Bx- 3x Bt 


B} a method to be explained in Art 69, it is possible to obtain as solu- 
tions of this equation the functions 

2 | — e~ (x+3t \ z 2 ~ c* +2f sin x 


Now let 2 = c 1 e~ < * +30 + c 2 c* +zt sm x, where Ci and c 2 are arbitral} 
constants Substituting m the left-hand member of (2), we get 


~ — 2 — + — - c,c~ (x+3 ° — c 2 e x+2 ‘ sm x 4* 2c 2 e x+ ” t cos x 
Bx~ Bx Bt 

+ c 2 c x+2 * sm X + 2cic _u+30 - 2c 2 e* +2{ cos x 
- 2c 2 c x+2t sm x - 2 Cl e- (x+30 + 2c 2 e* +2 ‘ an r, 


wluch is identically zero m x, f, ci, and 01 

69 Particular solutions. In a problem involving an ordinal} dif- 
ferential equation of order n, accompanied b} n boundary or initial 
conditions, we may be able to find the general solution of the equation, 

• Some writers call the equation in which the dependent variable itself is absent 
and all the demativis are of the same order a homogeneous equation. V e do not 
use this connotation in this book 
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and then determine proper values of the n arbitrary constants appear- 
ing in the general solution so as to yield a particular solution satisfjing 
the given conditions. 

However, when a problem gives rise to a linear homogeneous partial 
differential equation, together with sufficient conditions to fix the 
desired solution uniquely, it is not usually practicable to find the most 
general solution, and even when such a solution is obtainable, it is fre- 
quently extremely awkward to particularize to a solution meeting the 
necessary conditions. 

On the other hand, it fortunately happens that a number of physical 
problems leading to linear homogeneous partial equations may be solved 
by a simple process which yields particular solutions of the equation 
directly, and then combines these solutions in such a manner as to 
satisfy the auxiliary conditions. 

The first part of this process, by which we get particular solutions, 
may best be explained by means of an example. Consider the equation 


£rz 


dx~ 




( 1 ) 


which served as an illustration in Art. OS. We begin by seeking a solu- 
tion in the form of a product of a function of x alone and a function of t 
alone, 

c = X(x)-T(t). (2) 


Whether (1) possesses any solution of type (2), or whether every solu- 
tion of (1) involves the variables r and i in such a way that it cannot be 
factored into the product of two functions each of which involves only 
one of the variables, we cannot tell initially; thus our method is a 
tentative one in which* we assume the existence of a solution of the 
form (2) and then endeavor to fulfil our assumption. 

Using primes to denote differentiation, so that 

(IX dT 

~~ ** -V(r) = A", -- - r(0 = T, 

dx dl 

and so on, we get by substituting (2) in (1), 


X"T - 2X'T + XT « 0. (3) 

Now it is possible to separate the variables in (3) and write 

X" — 2.\" T' 

X ~t‘ ^ 

Again, wc had no aK-u ranee at the beginning that it would be possible to 
separate the variables we have done. If separation were not possible 
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our method would not apply, but w hen it has been found to be perform- 
able, we may be certain that there will exist solutions of the gn en dif- 
ferential equation of the postulated form (2) 
iSow let t varj while x remarns fixed Then the left member of (4) 
is constant, and therefore the right member must be a constant also 
Consequently the common x alue of the two members of (4) must be a 
constant 

Hence we have x „ _ 2V 

' x T = ' 

where k is a constant, whence we get the two ordinary differential 
equations 

X" - 2X - U = 0, (5) 

r + it = o (c) 

Thus the problem of solving the partial equation (1) has been replaced 
by the problem of solving the two ordinary equations (5) and (6) The 
constant k maj have any value, but its value must be the same for 
both (5) and (6) in order that (4) hold 
Equations (5) and (6) both being linear with constant coefficients, 
their solutions arc readilj found The auxiliary equation for (5) is 

m~ — 2m ~l»0 
which has the roots __ 

;/i - 1 ± vTTT 

Taking k — 3, for example, we get as two distinct solutions of (5), 

A - e 3 *, X ~ <T* 

Similarly , corresponding to k = —2, particular solutions are 
X ~ dMi, X ~ c* coax 
Equation (6) has the particular solution 
T = e”* 1 , 

which, for the above choices of k, gives us 

T = c~ 3t , T = e 21 

Substituting in equation (2), we therefore get as particular solutions 
° f (1) ' <T<*+ 3 ” (k » 3), 

e* +2 ‘ stn x c r+2t cosa; (L =* -2) 

lie havo chosen the second and third of thc^ as zi and *2 * n Art GS 
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70. The vibrating string. As our first physical application, wo con- 
sider a string of length L (ft.) tightly stretched between two fixed points, 
one of which we take at the origin O and the other A on the positive 
j>axis as shown in Fig. 48. Let the string bo set vibrating in a plane, 
and let F (lb.) be the tension in the string, assumed constant, and so 
large compared with the weight of the string that the gravitational 
force may bo neglected. Let iv (lb. /ft.) denote the weight of the 
unstretched string per unit of length, and let y (ft.) be the displace- 
ment at any point P(x, y) of the string from the equilibrium position. 



We wish to investigate the transverse vibrations of the string under 
the assumption that the}’ are very small compared to the length L. 
In accordance with this supposition, we may consider the length of the 
string when it, is in an extreme position farthest from the x-axis as 
sensibly equal to L, and suppose that each point P traverses a straight 
line, perpendicular to the .r-axis. 

The displacement y is a function of two variables, the distance x 
along the string and the lime t. Thus we may expect our problem to 
lead ton partial differential equation. 

Since the weight of a small segment PQ, originally of length Ax, is 
tr Ax, and the acceleration is O'y/di 2 , wc have for the force (lb.) acting 
on this segment 


where <j *- 82.17 ft. /see. 2 This force must be the resultant of the 
p-componcnts of the tensions at the two ends; if « and ft represent the 
ancles made by the tangential forces F with the horizontal, wo have as 
a second expression for the resultant force 

/’(sin ft — sin a). 
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Notv the slopes of the tangents at P and Q arc, respectively, 

—1 = tan a, —1 = tan 0 , 

dXJ x dxJ x +Az 

so that 


Bin a 


tan a 

Vl + tan 2 a 



sin 0 = 


tan 0 


Ox.- 


vTTtan 2 ^ 


WE 


But for small vibrations such as we are considering 0y/0x will be small 
and its square maj be neglected m comparison with unit) , consequent!) 
w e have approximately 

sin a = — I , sin 0 =* — 

dXJx dxJx-^Ax 

Substituting these values and equating the two expressions for the 
vertical force, vve get 

-S?] V 

g dl 2 \dxJ x+ Ax OxJ x / 

and 

Oyl _ £y*| 
wO"y ^ Ox \ Z+ Ar dxJx 
0 dt 2 Ax 

Allowing Ax to approach zero, we therefore get in the limit 

£2. a * £* 0) 

dP Ox 2 ’ 

where a 2 = Fg/w, evidently a has the dimensions of vclocit), feet per 
second This is the partial differential equation of the vibrating string 
the solutions of which represent the displacement y at an> distance x 
from one end and at an) time t, for the various possible modes o 
v ibnition 
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We have not as yet used the facts that the string is of length L and 
that its ends are situated as stated. Denoting a solution of (1) by 
y(r t /), we may write the given boundary conditions as 

1/(0, o = 0, y(L, () = 0, (2) 


these relations to hold identically in l. If, in addition, we specify the 
manner in which the vibration is brought about, we have a definite 
physical problem. Suppose that the string is displaced in a sinusoidal 
arch of height j/ 0 and then released from rest. Then we have also the 
initial conditions 


tut 

7/(3-, 0) = 7/o Sill — , 

Li 


<3L 


o 


— 0, 


(3) 


where these are to hold for every x between 0 and L. Consequently the 
complete formulation of our problem is comprised of the differential 
equation (1), the boundary values (2), and the initial conditions (3). 

Let us seek a solution of this problem by the method of Art. 69. If 
we assume 


wo get. by substitution in (1), 


or 


XT" » crX"T, 
X " T” 

~x ~ HFt’ 


Here we. have placed the constant a 2 in the right-hand member, 
although of course it might equally well appear at the left. By pre- 
cisely the tame reasoning as was employed in the example of Art. 69, 
we mav write 

A'" T" 
or 

X" - hX « 0, T" - a-hT = 0, 

where /; is a cons taut. Nov.- wc get three types of solutions of these 
ordinary differential equations, and hence of (I), according as I; is posi- 
tive-. negative, or sm>. Thus vve have 

V " hv v ' ir a. r-~ c i (~ a \ /T >) 


(* > 0 ), 
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y — (cs sin V — i x + eg cos ’\^—k x)(c 7 am aV^lt 

+ Cg cos aV^k 0 (A < 0), 

y — (c*r 4- Cio)(c u f + ci 2 ) (A = 0), 

•n here the c’s are anj arbitrarj constants We must choose the proper 
one of these types, m agreement with the ph> si cal requirements Since 
we are dealing with a periodic motion, every position of the string being 
reproduced over and over as time goes on, it is evident that we need a 
solution m which the functions of l are periodic Consequent!} k must 
be negative, and 

y = (cs sin A/ —kx 4- c« cos \^—k x)(c 7 sin aV=kt + CsCOS oV— it) 

The first of boundary conditions (2) gives us from this equation, 

0 = c 6 (c 7 sin aV^i t 4- eg cos c 1 / — i t), 

for every t, which is most easily met by taking cq — 0 The second 
boundary condition then requires that 

0 = C5 Bin V^— & L{cj sin cfs/ —k t + eg cos aV —k t) 

We cannot here take c$ «= 0, or our solution would be the trivial one 
y = 0, which would be correct only if the string remains at rest in its 
equilibrium position, contrary to supposition Likewise, wc cannot 
have c 7 ** eg — 0 for the same reason But in addition to the c's, 
the constant k is at our disposal, provided merely that it he negative 
Hence if we have 

V — k Li — mr, 

where n is an integer, sm V —k L *» 0 and the above equation is satis- 
fied Therefore we get as a solution satisf>mg (1) and (2), 

nirx / navt nmrfV . . 

y = cs sm ^c 7 sin 4- cs cos J > w 

with n any integer 

We next impose the initial conditions (3) Taking the second of 
these firet, as it is the simpler, wc »ce that wc must have 

nirx crnar 

0 “ c s sm — - — 

L Lm 
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Since c- cannot be zero, we set c 7 - 0. Then a solution that satisfies 
(1), (2), and the second of equations (3) is 


nrx nart 


V — cjcs sm 



(5) 


Finally, the first of equations (3) imposes the condition 

7 TX . 71-nX 

7/0 sin — ■ = C 5 C$ sin — , 

L L 


which will be satisfied by taking c^c s — i/o? ** ~ 
desired solution is 

rrx a tt l 


y(x f t ) - ?/o sin — cos — 

Lr h 


1. 


Therefore the 

( 6 ) 


If the initial displacement of the string, y(x, 0), were other than an 
arch of a sine curve, the solution of the problem would entail a more 
extensive analysis. To illustrate, let the first of the initial conditions 
(3) he replaced by 

y(T, 0) - HLx - X 2 ), O^x^L, (7) 

other conditions remaining the same; that Is, we suppose the string 
displaced into a parabolic arc passing through the fixed end points 
x ~ 0 and x = L, where h (ft. -1 ) is a small positive constant, and 
released from rest. 

Now, if we attempt to meet condition (7) witii the solution (5), 
we apparently have to choose numbers cjcs and n such that 


l:(Lx — x") — c : ,Cfi sin 


Jlrrx 

17 


identically for 0 g s' ^ L. But this is impossible since a sine curve 
cannot In' made to coincide with a parabolic arc over the entire x-range. 
Paced with this difficulty, we might first, think of using the property 
of a linear homogeneous partial differential equation expressed in the 
theorem of Art. US; thus let us try the effect of taking, instead of (5), 
th<' Mun of a linear combination of terms of that form with n — 1, 2, 
* * •, m in turn: 


y " h\ sin 


xx ( it ! . 2rx 2a x/ 

~~ cos — d- lu sm - cos h ■ 

«■* L L i Ij 


. virrx marl 
sm — — - cos — (8) 


L 


L 
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By our theorem, the sum (8) will satisfy the differential equation (1) 
for any choice of the 6 s and for any positn e integer m Moreover, 
since each term of (8) reduces to zero for * = 0 and for x — L, the 
■aim will satisfy both boundary conditions (2), and since dy/dl as 
given by (8), \amshcs for t = 0 the second of the initial conditions 
(3) will be met 

Unfortunately the sum (8) is still inadequate as regards the satis 
faction of (7) However, the form (8) together with the knowledge we 
tun e acquired about the wide applicability of Touner senes, suggests 
that we generalize to an infinite senes and unte 


xx dirt n-irx naxt 

y — bi sin— cos-— + +6 n sm cos b 

L h L L 


( 9 ) 


Formally, the senes (9) wall satisfy all the conditions satisfied by the 
finite sum (8) , can (7) now be met by a suitable choice of the b s 
and will the resulting series converge to the required function y(x t)1 
We readily see that the first part of this question will be satisfactorily 
answered For, (7) now imposes the condition 

„ xx 2irz nrx 

k(Lx — x~) — b[ sin b 6 2 sin b -b sin b , 

L It L 


for 0 ^ x ^ L Consequently we have to find the half range sine 
senes representing k(Lx — x 2 ) over the given interval Using the 
method of combination of senes (Art 49), we get (Peirce, 809 and 811, 
with c — L) 


kL 

— k 


2L f xx 1 2irx 1 Zxx 

— sin sm 1 — sin 

r L L 2 L 3 L 


2L 2 f/7T 2 4\ TTX 7T 2 2 xx 

— — I Ism sm b 

ff 3 L\1 1/ L 2 L 




Zxx, 1 5vx 
6 , n _ + _ sm _ 


+ 


] 

) 


Thus 6 X - 8/ I?/x z , 6 2 = 0 63 = 8JIL73V b 4 - 0 h - Mtf/S 3 * 3 
etc Hence the desired relation takes the Form 


, SkL 2 / xx axt 1 3irr 3 art \ 

y(x 0 = _ ^ n _cos T + - 5 sm- r cos — + ) (W 

To establish the uniform eomcrgcncc of (10) we first note that 
{ sin ( nxx/L ) | g 1 and | cos (naxt/L) | £ 1 for every r and t and for 
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every n. Hence the terms of the series within the parentheses are in 
ab-ohitc value not greater than the corresponding terms of the series 


1 + 


1 


1 


1 


(2 n - I) 3 


But this scries converges since l/(2n — l) 3 = 1/n 3 , the nth term of 
tlie 7 >-scries (Art. 37) with p = 3. Thus (10) is a valid solution of our 
problem. 

PROBLEMS 


X* A tightly stretched string with fixed end points x « 0 and z « L is initially 
in a position given by y(x, 0) « jmmu 3 («/!#). If it is released from rest from this 
portion, find the displacement ?/(x, /) at any distance x from one end and at any 
tifttf 4 1. 

2. (u) A tightly stretched string with fixed end points x - 0 and x « L is ini- 
tially in IK equilibrium position. It is set vibrating by giving to each of its points a 
velocity 


oyl 


. «» « 
« rosm 3 — • 

Ij 


Find the displacement y(x, /). (b) If the string is 3 ft. long, weighs 0.0G lb., and is 
subjected to a constant tension of 5 lh. # and if ro 8=5 I find the displacement 

of tie' midpoint of the string when / «* 0.01 sec. 

3, (n) A tightly stretched string with fixed end points x « 0 and x « L is ini- 
tintiy tit rest in its equilibrium position. If it is set vibrating by giving to each of 
it* a velocity 




3 (Lx - X s ), 


find y{x, 0. (b) If the string fr 2 ft. long, weighs 0.1 lb., and is subjected to a con- 
stant o*nMon of 0> U>., find the displacement of the midpoint when / = 0.01 sec. 

<. A tightly M retched string with fixed end points x *» 0 and x » L is initially 
in n po-ition given by v{x, 0) *•» (/at - jr*)/100. If it is released from rest from 
tbh |x»rilfr»n, find vfx, /)• 

6. A tightly stretched string with fixed end points is 4 ft. long, weighs 2 o z., and 
h Mihjerhxl to ft constant tension of 10 lb. It set vibrating by giving to each of 
it* jwfinm an initial velocity r ft. /see., where r « x # 0 < x g 2, and v « 4 — x, 
2 < x < 4. Find the displacement of the midpoint of the string Ori sec. later. 

C, A tichtly stretched string with fixed end points x « 0 and x « 3 i* initially 
a( rr-t In it* equilibrium podtimu It i* set vibrating by giving to each of its points 
nn \n\ih\ vriority r, where r « nr for 0 < x $ J f t « m for 1 </§2 and r 
- r*3 - r) for 2 < r < 3. Imd ?,{*, I), 

t vibrating string l* subjrried to a damping force whWi is proportional to 
th** \rWby nt t '\th point and nt each imtnnt. Show that the differential equation 
h-v* th“ f>*?m 
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8 If the string of Problem 7 has its ends fixed at x = 0 and x = L (ft.) and if 
tt etarts from rest with an initial displacement y(x 0) =* /(s) for 0 < x < L show 
that tl e displacement function y(x () is given by 



9 \ honzontal bar of length L (ft ) is initially undcformed and at rest r The 
end x *■» 0 is fixed and the other (x = L) is suddenly subjected to a constant hon- 
zontal stress S (lb /ft *) Show that the longitudinal displacement y(x t) satisfies the 
conditions 


£y = 2 d' U £ 7 ] 

at* a dx 1 3xJ,_l 


where a ** \/Eg/p (ft /sec ), E (lb /ft *) is ^ oung s modulus p (lb /ft *) is density 
and g = 32 17 ft /«ec * 

10 Substitute y(x 0 = y\(x) + y*(x l) in the differential equation of Problem 9 
where yi(x 0 is to be a function satisfying the same differential equation but lav 
ing two zero boundary values Oyt/dx — 0 for x <= L and y 2 (0 0=0 Hence diow 
that y\{x) = Sx/E and determine y%(x l) 

11 An elastic rod is clamped along its length L (ft ) and fixed at its upper cn 1 
(x = 0) If the clamp is suddenly removed allowing gravity to act the ro 1 un ler- 
goes longitudinal vibrations Show that the longitudinal displacement y(x f) 
satisfies the conditions 


J /(0 0=0 y(x 0 ) - 0 


where a = y/Lgfp (ft /sec ) 

12 Substitute v(x 0 = !n(x) 4- Vj(x, t) in the differential equation of Prot lem 
11 where y>(x 0 is to lie a function satisfying the homogeneous equation flfy/flf* 
— a , (0*y/dx’) and the same boundary conditions ns y(x, t) itself Hence show that 
l/i (r) “ gx(2L — x)/2a* and determine j/-(x 0 

71. One-dimensional heat flow. We turn now to a discussion of 
flow of heat m a conducting body from which we can gam knowledge 
of temperature distribution under various conditions We base our 
analysis on the empirical laws 
stated in Art 7(d) 

Consider (Fig 49) a homo- 
geneous bar of constant cross- 
scctionalarearl (cm *) and sup- 
pose that the sides are insulated 
so that the streamlines of heat 
flow are all parallel and perpen* 



Fio 49 
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diculnr to the area A. Take the positive x-axis along the direction of 
flow, the. origin 0 being at one end of the bar. By law I, the quantity 
of heat in a slab of thickness Ax is cpA Ax (w H - 273) calories, where p 
is the densitv (gr./cm. 3 ), « is the temperature (°C.) of the slab, and 
the constant of proportionality c is called the specific heat (cal./gr. 
deg.). Then 

d u 

cpA Aa: — = Ri — as? 


where 7?i and Rj are the rates (cal./sec.) of inflow and outflow, respec- 
tively. Now by law III, 


If i « —KA 


du 

dxj 


lf 2 = —KA 


du 
dx . 


'x-f Ax 


the negative sign appearing as a consequence of law II, where IC is 
called the thermal conductivity (cal./cm. deg. sec.). Hence we have 


cpA Ax 


du 

dl 



hot a 2 « K/cp, the difTusivity (cm. = /sec.). Dividing by cpA Ax and 
tlien passing to tbe limit as Ax approaches zero, we get the partial 
differential equation 

du 


01 


a 


d 2 U 

3X 5 ’ 


( 1 ) 


Suppose now that wc have a bar, 10 cm. long, with its sides impervi- 
ous to heat so that the heat flow is one-dimensional as assumed above. 
Let the ends A and li of the bar be kept at 50° C. and 100° C., respec- 
tively, until steady-state conditions prevail, that is, until the tempera- 
ture at any particular point no longer varies with time. The tem- 
perature at .*1 is then suddenly raised to 90° and at the same instant 
that at }i is lowered to GO 0 ; these end temperatures arc thereafter 
maintained. We wish to find an expression for the temperature at a 
di'tariee x from end .1 and at any time l subsequent to tbe changes in 
end temperatures. 

Wo first mathematically formulate our boundary and initial condi- 
tmu*'. For the boundary conditions we evidently have 

mO, /) «» 90, i/(10, 0 = GO, f > 0. (2) 

To obtain an equation expressing the initial condition, we proceed as 
follows. Previous to the temperature changes at the ends, when l - 0, 
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the heat How was independent of time But if the temperature u 
depends onl> upon x and not upon t, (1) reduces to 


tfu 

ilx 2 


0 , 


(3) 


the general solution ox which is 

u *= ax + b, (4) 

where a and b are arbitrary constants Since u — 50 for x = 0, and 
« = 100 for x *=» 10, wc get from (4), 50 — 6 and 100 = 10a + b, 
w hence a — 5 and b = 50 Thus the initial condition is expressed by 

u(x, 0) - 5x -f 50, 0 < x < 10 (5) 

We therefore have to find a temperature function u[x, t) satisfying the 
differential equation (1), the boundary conditions (2), and the initial 
condition (5) 

Now if we immediately follow the procedure adopted m Art 70, 
we encounter a difficult}' that did not arise there The tw o boundary 
values in each vibrating string problem were both zero, and we were 
able to find a function that not only satisfied the differential equation 
but also fulfilled the boundary conditions Here, however, we have 
non-zero boundary values, and therefore w’c modify the procedure 

We break up the required function, w(x, t), into two parts, 

u(x, t) — u,(x) + vt(x, i), (fi) 

where u,(x ) is a solution of (1), inv olving only x and satisfying the 
boundary conditions (2), u t {x,t) is then a function defined by (6) 
Thus, u,(x) is a steady-state solution, of the form (4), and v t (x, t ) may 
consequently be regarded as a transient solution which numerically 
decreases with increase of t so as to become negligible after a sufficient 
lapse of time 

Using the form (4) for w,(x), we get, since u,(0) •= 90 and «,(10) 

= 00 , 

«,(x) = 00 - 3x (') 

Consequently' we have, from (0), (2), and (7), 

« ( (0, 0 = a(0, t) - «,(0) = 90 - 90 = 0, 

UidO, 0 = «(10, 1) - «,(10) *= GO — CO = 0, (8) 

and from (0), (5), and (7), 

!/,(*, 0) ■= «(x, 0) - u,(x) = 5x + 50 - 90 + 3x = Sx - 40 (0) 
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Equations (S) and (0) express the boundary and initial conditions rela- 
tive to the transient solution. Since the boundary values given by 
(S) are both zero, wo now apply the method used in Art. G9 to deter- 
mine 11 , (.X, l). 

We assume v,(x, t) to be of the form 

u t (x, t) = (10) 


substitute in (1), and separate the variables. This yields 


XT' = a-x"r, 


r 

JT 


X" 

~x 


= 1 -, 


( 11 ) 


where I: is a constant. We then find three types of solutions: 

U( = + c 2 c~^~), k > 0; (12) 

i t, = c a * u {c 2 sin V — /; x + cos V— fc x), k < 0; (13) 

- CsX + cr„ k — 0. (14) 


Kince u, is to decrease numerically with increase of t, form (13) must 
be chosen. From the first of conditions (S) we get the relation 
0 »- c A c nUi , which can be met only by taking c. t — 0. The second of 
conditions (S) then yields 0 = cgc"’** sin lOV^ —k, and, since c 3 cannot 
be zero (or it, would be identically zero), wc take 10 V— k - mr, where 
ji is an integer. Hence (13) reduces to 


-*VaVU» s in !^. 

10 


(15) 


It is apparent that no sum of a finite number of terms of the form 
(l.i) will sat i sly initial condition (0). Reasoning as in Art. 70, we are 
thus let! to the infinite series 






r ^ioo 




n — 1 


7 irrx 

IcT 


( 10 ) 


This series will fonnaliy satisfy (1) and (S). Relation (0) now leads to 


— -50 ~ sin - 


err 

To" 


o < 2- < 10. 


(17) 
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"We easily get the needed Touner half range sine senes for Sx — 40 bj 
combining Peirce 809 and 808 Setting c = 10 m these senes we find 


o 20 / ttx 1 2-kx 1 3-irx 

Sx — 40 = S — Ism sm 1 — sin 

t V 10 " 


10 ' 3 
3irx 


) 

4 / ttx 1 3?rr \ 

— 40 - Ism H - sm b ) 

jt\ 10 3 10 / 

80 / ttx 1 2irx 1 3 ttx \ 

— 1 sm 1 — sin 1 — sm f- ] 

r\ 5 2 5 3 5 / 


(IS) 

80/2 a-, etc Substitu- 


Therefore 6i = 0 b 2 — — 80/ir, 63 = 0, 64 » 
tion m (16) yields 

SO A 1 _ * * mrx , v 

Ut ~ , N - e /25 sm (10) 

ir ~i n 5 

Finally, combining (7) and (19) mto (6), we have the required solution, 

. , 80 1 2 , mrx 

u(x, 0 «* 90 - Zz > - e~ n r a t/ 5 sm (20) 

v fr i « 5 


To establish the uniform convergence of the series (19), wo first 
note that, since [ sm (nra/5) [ ^ 1 for every x and for every positive 
integer n, the absolute values of the terms of the senes do not exceed 
the corresponding terms of the senes 


_ ?? y^l e -nV a y gs 

Hence, if this senes converges for t > 0, so will (19) Applying 
Cauchy s ratio test to the test senes, we get 


«*-H 


71 (2* -f-l)r*aA/23 

■ 'W 




and the limit, as n becomes infinite, is zero for any positive value of l 
Thus (20) is a v alid solution of our problem 


PROBLEMS 

1 (a) A rod of length L his its end's A nnd li kept at 0° C and 100’ C. respec- 
tively until steady-slate conditions prevail. If the temperature of B is Ucn red need 
suddenly to 0 B C andhepteo while that of A is maintained find the temperature 
ti(i /) at distance r from A nnd at time t (l>) If the rod of part (a) is of fdver 
20 cm Ion* with specific privity 10 0 thermal conductivity K - J W ca! /cm dot- 
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find the time required for the temperature at a point 10 cm from the cooler end to 
reach 90% of its final stead} -state value 

10 A bar with insulated sides is initial]} at temperature 0*C throughout The 
end x = 0 is kept at 0° C , and heat is suddenly applied at the end x =» L (cm ) at 
a constant rate, so that du/d x ** A for x =* L, where A is a constant Find the 
temperature function u(x, i) 

11 Heat is flowing in an insulated wire in which heat is being generated at a 
constant rate Show that the temperature function u(x, t) satisfies a differential 
equation of the form du/dl => a(d"u/dx i ) -f- c, where a 2 is diffusivity and e is a 
positive constant Hence show tint tins equation has the solution u[x, l) «= r(x, t) 
+ cl where i(x, 0 is a solution of equation (1), Art 71 

12 If the ends x = 0 and x = h (cm ) of the wire of Problem 11 are kept at 0® C , 
and if u(x 0) = f(x), show that 


U(x,t) 


cx{L -x) , 2 n*x f L f cx(x - L) 

2a* + 8m L J 0 L 2d* 


. , 1 . nrx „ 
+f(x) jsin-j-dx 


13 A thin wire is conducting heat along its length and is also radiating heat from 
its surface Assume that the diameter is so small that at any distance x from one 
end of the wire and at any time t, the temperature u(z t t ) does not vary oicr the 
< ross-eectron Assume also that the temperature of the surroundings is 0* C and 
that the radiation obeys New ton s law, so that the time rate of change of temp* n- 
ture due to radiation, is proportional to the temperature Show that «(z, <) satisfies 
a differential equation of the form du/dl *= a(B*u/dJ?) — Du, w here a" is diffusmt} 
and B is a positne constant 

14 Show that the equation of Problem 13 has a solution of the form t i(r, 0 
= e~ B, i (r, I), where t(x, t) satisfies equation (1), Art 71 

1C Suppose that the ware of Problem 13 is initially at temperature 0® C through- 
out its length L (cm ), and that the temperature at the end x =» L is suddenl} raised 
to no while that at x = 0 is maintained at 0® C I. sing the method of Art 71, in 
which we set u(x, () “ w»(x) + «<(x, 0, show that v t {x) — uo(snnh \/ r B x/a)/ 
Hull \/B L/a), and determine the function t/i(x t) 

16 Show that the differential equation for radial beat flow m a homogeneous 
solid sphere is 

Ou 1 /' 0 * u 2 3n\ 

aT " a \ ai 5 + r ~dr) * 


where r (cm ) is the radial distance from the center to an} interior point 

17 Show that the equation of Problem 10 is satisfied by u(r l ) ** ( (r, t)/r, where 
i(r <) is a solution of the equation Oi/dl = a' {O' c/ dr) 

18 The sphere of Problem 17, of radius a (cm) Ins thi initial tempera lure 
distribution u(r, 0) « c(a — r), 0 < r < a where e is a constant If «(* 0 “ 11 
t > 0 find n(r, 0 

19 The sphere of ProbUm 17 is initially at temperature 0®C throughout and 
the temperature of the surface is suddenl} made and kept at a constant salu<* A 
Find the temperature function «(r, <) 

72, Two-dimensional heat flow. As an extension of the h«flt*fiow 
problem treated in the preceding article, we non suppose the he it 
streamlines to he curves instead of straight lines, these curves Ijing in 
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parallel planes, so that the flow is here two-dimensional. Let there be 
piven a sheet of conducting material of uniform thielcness r (cm.), 
densitv p (gr./cm. 3 ), thermal conductivity li. (cal. /cm. sec. deg.), and 
specific heat. r. (eai./gr. deg.). Let the rry-plane he taken in one face 
of the sheet, and consider a rectangular region ARCD, the coordinates 
of the corners being those given in Fig. 50. By the second and third 

Yl 



I’m. 50 

laws of heat flow, the amount of heat entering the side AB in 1 sec. 
is approximately equal to * 

dll' 

— At Ar — , 
d.VJj/ 

and the amount leaving CD per second is, nearly, 

— I\t At — 


Hence the rate of gain of heat due to these two boundaries is approxi- 
mately 


A'.Jr (— 1 -SAY 

\dy Oil Jj,/ 

Similarly, the approximate rate of gain of heat due to the boundaries 
A l ) nwl H<* is 

Kt ±tt (— 1 -£1Y 

w, X 4.i.- dxij 

• Ihre ‘-' j o the nv.r.nv v.ntu- of ^ along Ah. Similarly the other three tom- 
r n s> n p ' rtwrfl^v \ t ^ . 
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Consequently the approximate total rate of gain of heat m the region 
ABCD is the sum of these two terms, or 



Moreover, this rate of gam of heat is given approximately by 


du 

cpT Ax A y — , 
dt 

by law I Equating the above two expressions, dividing by r Ax Ay 
and then passing to the limit as Ax and A y both approach zero, we get 



where again a 2 ~ K/cp is the diffusivity If, in particular, the stream- 
lines arc all parallel to the x-axis, the rate of change dn/dy of tempera- 
ture in the y-direction mil be zero, whence d 2 u/dy 2 = 0 and (1) reduces 
to the partial differential equation of one-dimensional heat flow found 
in Art 71 

Wien the streamlines are non-planar curves so that the flow is 
three-dimensional precisely similar reasoning leads to the equation 


/o\ a 2 « a 2 «\ _ du 
Vdx 2 dy 2 dz 2 ) dt 


We shall, however confine our attention to two-dimensional heat flow 
If the boundaries of our sheet are kept at definite temperatures, the 
faces being insulated to insure two-dimensional heat flow, there will 
come a time when the temperature at any particular point remains 
sensibly constant throughout later time wtcnals, that is, steady state 
conditions will have been attained Since u will then depend only 
upon x and y, dxtfdi wall be zero at every point, and equation (1) will 
be replaced by 


d 2 u 

d? 



( 2 ) 


Tins partial differential equation which hero enters into the insti- 
gation of temperature distribution for two-dimensional heat flow an«es 
nl«o in many other problems of mathematical physics and is therefore 
of considerable importance m engineering malhcmoiics It is called 
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Laplace’s equation, and we shall meet it again in later chapters in 
connection with other types of problems. 

In the study of steady-stale temperature distribution in a rectangular 
fheet, say, it is natural and usually most convenient to deal with rec- 
tangular coordinates, as we have done above. Sometimes, however, 
polar coordinates ( r, 0 ) arc more useful than rectangular, so that we 
,-hould like to have Laplace’s equation with the independent variables 
r and 0 instead of the variables ,r and y. Since the relations between 
the two coordinate systems, when the polar axis is taken along the 
positive .T-n\is with the pole coinciding with the origin, are 

x — r cos 0 . y — r sin 0, 

we have by an application of formulas (1G) of Art. GG, 
du du du 

— e — cos 0-1 sin 0. (3) 

dr dr dy K 


dll dll dll 

dO dr dy ' 

d-u d‘li , d 2 u d 2 u „ 

TX 1=1 — -7 cos* 0-1-2 sin 0 cos 0 -f sin 2 0, (o) 

or dr- dr dy dif 

d’lt du d 2 u n „ d 2 u „ 

__ r cos a j _ r - sm ~ o — 2 r* sin 0 cos 0 

o(r dr dr- dr dy 

du . d 2 u „ „ 

r sin 0 d - r cos* 0. (G) 

dy dy- 

MuHiplving (G) by 1/r* and adding to (5), we get, using the identity 
sin' 0 -f- con 2 0 •- 1 , 


d’u t 1 d~u d-u d 2 u On cos 0 du sin 0 


j 

dr r dO 1 dr 2 ' dir dr r dy r 
Multiplying (3) by 1/r and adding to (7), there is found 
0 '» I du 1 d 2 u d 2 u 


1 du 1 d 2 u 
dr r dr ' r 2 dO 2 


<ru 

A tf * « O * 

dr* dtr 


llem-c Lnphuv's equation (2? becomes, in polar coordinates, 


^ d 2 tt t du i d 2 u 

dr ' Or *** dO 2 


0 . 


( 7 ) 

(8) 

( 0 ) 
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As an illustration of the use of equation (9), consider a semicircular 
plate of radius a (cm ), and let the bounding diameter be kept at 0° C 
and the circumference at any fixed temperature t/o 0 until stead} - 
state conditions pre\ ail In order to find the temperature distribution 
in the plate, we have therefore to find a solution u(r, 0) of (9) valid 
for values of 0 between 0 and it * and for values of r (cm ) between 0 
and a, subject to the boundary conditions 


u(r, 0) - 0, 

(10) 

u(r, r) = 0, 

(U) 

u(a, 6) - «o, 

(12) 


where (10) and (11) are to hold for any r and (12) for any $ m the gnen 
ranges 

We assume that (9) has a solution of the form 


v(r, $) = R(r ) Ti9) t 


which gives us, upon substitution in (9), 

r*R"T + rR'T + RT” ~ 0, 
or 

r 2 fl" rtf' 

+ T 


Setting each of these two expressions equal to a constant K, we get the 
ordinary differential equations 


n d 2 R dR 


(13) 


*-L+lT = 0 (H) 

rfe 2 

Let us examine equation (14) for T(9) first We readily find 
T = Ci sm y/k 0 + c 2 cos VT 0 (k > 0), 
r-e^'^ + c*“ V= * (L < 0), 

T » c a 0 + C(t (k = 0) 


Since m, and therefore T t must he a periodic rather than an increasing 
or decreasing function of 6, it is evident that k should be chosen as 
positive 


Or, equally well, for 6 between 2r and 3r, etc 
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Turning now to equation (13), we see that it, is an Euler differential 
equation (Chapter I, Art. 12); consequently we set r = e r , so that (13) 
F transformed info 


As I: is to he positive, a suitable solution of this equation will be 

It - c 7 c Vf; + r s e“ v ^ = c,r^+c s r-^. 

before applying our boundary conditions, we note that since u, and 
hence fi, is to remain finite as r approaches zero, we must have Cs = 0. 
Then we have 

v = C 7 r' / *(ci sin \/l: 0 + Co cos y/k. 6). 


Xow from (10), 

0 = c 7 r'' r ' : • C 2 , 


ami since r 7 cannot be zero without making it identically zero, we must 
take rj — 0. From (11), 

0 — C;r v *-Ci sin \ZJ:-i r, 
and since neither (q nor c 7 is to vanish, we take 

\/h — n, 

an integer. Finally, since (12) cannot be satisfied by a single term of 
the form hr” sin nO, nor by the sum of a finite number of such terms, 
we take 


« — ^n r " s ' n 

n l 

Then (12) gives us 

1,(1 ~ IlI p ’ n u0 > 0 < 0 < r, 


whence 


n ** I 
<> 


cos nO 


and 


b n a n «= - I , #0 jjJ n n o ,jq - 
~ *'o 

_ V 

(I — cos nr), 

-b/o V~> 1 /r\" n ~ 1 

sin (2n - '* 


6» - 


2»o 
Jirff 

‘Ji/o 


(IS) 


I lu* wi (ho elution. 
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To p^e the validity of (15) for 0 < r < a and ft <- o ^ 

4tfg 1 /r\ 2n ~ l 

r t?'2n-l\a) * 

and the Cauchy ratio test for this senes gives us 


lim 


hm 


2 n - 1 
2a -f~ 


T 0>0' 


which is less than unity for 0 < r <r n ,, « , 

™ rBent V keTOe ' a " the senea denved fr <Jn> (15) bypirtS ditfw- 

; m’.’XSZ 


PROBLEMS 

•4c£tl e £ S’,” <£«mpl. <* A » » - - » cm . Had .he 

0‘ C Tod SK^Lir^i - a f mic,rcukr P Iate > of rad.us 10 cm , IS kept at 

-5 oo, o < e g *12 ufiTe? ri)! U -T C,r /o Uhr boundary 13 K 1 ' -011 Oy «(10,ff) 

temperature function’ u(r, e) ' ’ r/2 K 6 < r r * nd the steady-state 

radius ?£ ES"* ■?““ lmS the sha P e of a quadrant of a crcle of 

alone ^ *” ° flnd * " «A a ^c kept at 0“C, and the 

0 <T< r /0 j.,5.1 c,rcular Huadrant is kept at JOO(r0 - 20*) decrees C, 

. . ~ the steady-state temperature for r «■ 5 « _ r /4 

pared to ZJZZ 1 ,n sulatcd surfaces is 8 cm wide and so long com- 

m appreciable m 13 Tr considered mfuute m length without introducing 

nrr rn s, T r /= 0 10 tem P erat ure along one short edge, y - 0 is g.vcn by 

„;S as Tcll'rTi ? X<8 Wll ’ le the tWO ]o "* «*■* * - 0 J. - 8, 
function u(x y) '° r ^ ge aro kc Pt at ° 9 C , find the steady-state temperature 

compared to ipT "S f ' Vltb msuhfed surfaces is 10 cm wide and so long 
me an nnnre ) i * ’ 3t 11 ^ considered infinite in length without lntroduo 

ZZ * ? To r r If ° ne Bhort » - a « kept at 10* C while the 

find flu lit ^ i **"* andx “ 1® as well ns the other short edge, are kept at 0*C 
cur J sho'r ^ *® »t an, point (x y) of the plate (?) Draw « 

, „ r , , j K , the '’ 3natlon ^ temperature w ith distance y along the main etion 
I' (' u n I e* n c, ™' ne i s^ph | « | lly the distances y nt which the temperatures are 
ltm _ t ,,„ * 1 ™ k b y lowing tint u(5 y) - (-10/*) tan" 1 *“■»/!• and evahi 
e n. 11 dl3tancc3 V from this formula 
me „ a 5 m ‘ C CT P«7/'«n for the function u(x, y) of Problem 5 by tho follow- 

mg procedure Let t - re" in the relation 


‘■rS-K+i* )• 
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73 Fluid flow. Hydrodynamics, which deals with the motion of 
fluids, forms another topic into which partial differential equations 
enter "We shall discuss here only fluid flow in which the fluids arc 
supposed perfect, so that they are homogeneous and continuous m 
structure and such that viscosity may be neglected Thus we may 
consider small elements of a fluid body as having the same physical 
properties as the entire mass, and may also take all thrusts everted by 
the fluid on an immersed surface as being normal to the surface, whether 
the surface in question is at rest or m motion m the fluid Although 
these assumptions are not all realized in practice, they permit a math- 
ematical analysis to be made more readily, and the results thus ob- 
tained piovide valuable information about fluid flow in general 
Consider three-dimensional fluid flow relativ e to a set of rectangular 
aves Let u, v, w (ft /sec ) be the components of the velocity parallel, 
respeetn ely, to the x-, y-, and e-axes at a point P(x, y, z) at time t 
(sec ), so that u, p, w are functions of the four variables x, y, z, t In a 
time interval At the fluid particle originally at P will have moved to 
another pomt Q(x + Ax, y -f- Ay, z -f Az), and if we consider this one 
moving particle rather than the successive particles passing through P 
we shall have the coordinates (x, y, z ) of that particle as functions of / 
Consequently the components of the acceleration of our particle arc, 
by equation (15), Art GO, 


du dx 

du dy 

du dz du 

— . — 

+ - 

— — H 

dx dl 

dy dl 

dz dl dl 

du 

du 

du du 



— u — 

+ 

V 



+ w — + 




dx 



dy 

dz 

dl 

di 

dv 



dv 

0P 

3i> 

— 

= u — 

+ 

V 

— 

-f W f- 

— 

dl 

dx 



dy 

dz 

dl 


( 1 ) 


dw 

It 


dw dw dw dw 

u 1- v H w 1 

dz dy dz dl 


Now let P(x, y, z) be one vertex of a small rectangular parallelepiped 
of dimensions Ax, Ay, Az, as shown in Fig 51, and let p{t,y,s,l) 
(lb /ft 3 ) be the density at P at any time t Suppose the fluid to be in 
motion owing to the action of a force F(x, y, z, t) per unit mass, whose 
components in the x-, y-, z-directions arc F\, F 2f F$ (ft /sec ), respec- 
tively, and let p(x,y,s,t ) (Ib/ft 2 ) be the pressure at P at time t 
Equating the algebraic sum of the forces acting m the x-direttinn to 
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Fig. 51 


llit' product of mass and the x-componcnt of acceleration, we get the 
approximate relation 

- Ax Ay A: — = F\ - Ax Ay A: + (pi — pi ^ Ay Az , 

(I ' (ll <J X Jx 

where (i *=■ 32.17 ft ./sec. 2 Dividing by p Ax Ay Az/g, passing to the 
limit as Ax, Ay, and A; all approach zero, and making use of the first of 
equations (1), we get the equation 


dll dll dll dll g dp 

u — ~j- v - b w 1 = /’’i 

dx dy dz dt p dx 


( 2 ) 


Similarly, for the y- and c-dircctions, we find 


dv 

dr Or 

dv 


Fn - 

g 

dp 

xt + 

v U' — 






dx 

dy dz 

dt 



p 

V 

thv 

dir dir 

du' 


F a - 

g 

dp 

" — t 

L ip - — 

-i 

1 




dx 

dy ’ dz 

dt 



p 

dz 


(3) 

( 4 ) 


liquation* (2)-{-t) are the partial differential equations of motion of 
the fluid, for three-dimcndonal flow. If the How is two-dimensional, 
m».v in planes parallel to the xy-plane, the equations of motion become 


du dn dti g dp 

u — -*-«> — -r~ « F i ~i~L, 

dx dy d! p dx' 

r Hz Fn 

dx dy dt p dy 


(5) 


( 6 ) 
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In addition to the equations of motion, there exists another relation 
among our \anables, the so-called, equation of continuity. The rate at 
which fluid enters the face PABC is p « I Ay Az, and the rate at which 
it leaves the opposite face DEQG is p «J I+Ax Ay Az, so that the rate at 
which the amount of fluid m the element is changing owing to these two 
faces is 


( pit I — pit I ) Ay Az — — Ax Ay Az 
-I* 


pU 


-l*+Ax -T* 


Ar 

Likewise, the rates of change due to the other two pairs of faces are 

'"I , ... ’’“’La 


-Ax Ay Az- 


Ay 


and 


- Ax Ay Az - 


But the weight of the element is p Ax Ay Ar, and its time rate of change 
is ( dp/dl ) Ax Ay Ar Equating this to the sum of the preceding three 
expressions, dividing by Ax Ay Ar, and passing to the limit, we get 


dp d(pu) 1 5 (pi) d(pW ) 

dl dx dy dz 


(7) 


If the fluid m question is incompressible, so that p is constant, the 
equation of continuity is 


du dv Oiv 

— + — + — = o 

dx dy dz 


(8) 

Tor two-dimensional flow, we have instead of (7), 



dp ^ d(pu) d(pv) ^ 

df dx dy 


(9) 

and if in addition p is constant, 



du do 
— + — - 0 
dx dy 


(10) 

The quantity whoso components are 



1 fdw dt\ 1 /du diA 1 /do 

du\ 

(ID 

2 \dy ~d V’ 2 \dr dx/ ' 2 \dx 

” dy/ 


is called the rotation of the fluid, a small sphere of the fluid has on 
instantaneous angular velocity with these expressions as components. 
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If all throe of the expressions (11) are identically zero, the motion is 
said to be irrotational. Now the necessary and sufficient condition that 
u dx + o dy + w dz bo the exact differential of some function of x, y, z 
L« that the quantities (11) vanish identically.* Hence, if fluid motion 
is imitation al, there will exist a function, which wc denote by 
— 4(x, y, z), such that 


—<!<*> — udx + v dy + w dz. 


( 12 ) 


The function y, z) so determined is called the velocity potential. 
Since (h‘,> -- (d$/dx) dx -f- {dfi/ay) dy *+• {S<f>/dz) dz, we have 


ll — 


d<i> 

Jx’ 


a<t> 9<t> 



(13) 


When the fluid is incompressible and the motion irrotational, the equa- 
tion of continuity (8) becomes, in virtue of the relations (13), 


cTt> d~$ 

dx? dy 2 dz 2 


= 0. 


(14) 


Thus the velocity potential satisfies Laplace’s equation in three dimen- 
sions. 

The filrmmlines of fluid motion at any instant are defined as curves 
such that the tangent at any point of each gives the direction in which 
t he fluid at t hat point is moving at that time. Consequently the values 
of the velocity components M, v, w at that point arc proportional to the 
direction cosines of the tangent to the streamline. Now at any point 
of each surface of the family y, z) = const, the partial derivatives 
04 >/dy, and 04 >/dz arc proportional to the direction cosines of 
the normal to the surface. It therefore follows from the relations (13) 
that the streamlines cut each of the velocity equipotential surfaces 
<f> const, at right angles. 

Suppose now that the motion of an incompressible homogeneous 
fluid is irrotational, and that no external forces are acting. Since the 
motion i? irrotational, wc have 


5*r dr 

du 

rlir 

dv 

du 

' ** * 
dlj dz ' 

dz 

ax' 

tss 

dx 

V 

u , 


e?> 


d$ 


— » T~r~m 

1C « 

— , — 

dr 


ny 


dz 

«vH in Ch^\iU r 

nil. Art. 

. sr,. 




( 15 ) 
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Malang use of these relations, and setting Fi = F 2 - F 3 = 0, the 
equations of motion (2)-(4) become 


3u 3v 3u> 3 3A q dp 

u bv 1- w = . 

dx dx Ox dx dt p dx 

du dv dw d 30 g dp 

u 1- v f- w , 

dy dy dy dy dt p dy 

du dp dw 3 30 gdp 

w b v b w 

dz dz dz d£ dt p dz 

If q denotes the resultant \ elocity, so that qr = ur + v 2 + w 2 , the^e 
equations maj be written as 


-( 

$ 2 \ a o<t> 


dx V 

2 / dx dt~ 

p dx 

-( 

<r\ 3 30 

9 dp 

dy V 

>2/ ~dyTt ~ 

P dy * 

-( 

d 30 

_ 9dp 

dz\ 

, 2 / ~dz~di ~ 

p dz 


Multiplying respectivelj by dir, dy, dz and adding, we get for any feed 
value of t, 



Integrating, w e therefore find 


ff 2 30 

~2 Tt 


(1G) 


the. arbitrary element. oJt mt/Djpofjnn. hr ang, in. general a function of t 
If the motion is steady , so that p, g and <p are independent of the time, 
/(0 maj be replaced bj a constant, w hence 


V = c 


p 



(17) 


As an application of the foregoing theory , consider two-di mens ion ^ 
steady irrotational motion of an incompressible fluid near two bounding 
wall*, at nght angles to each other W e take the positive x* and y axes 
m the walls and suppose the lines of flow at a great distance from the 
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origin to be Forcibly parallel to the x-axis. 
rectangular hyperbolas,* 

xy = const. 


Tlien the streamlines are 
(18) 


Since the velocity equipotcntials are the orthogonal trajectories of the 
streamlines, we find (Chapter I, Art, 7(a)) for the former curves, 

x 2 — f — const,, (19) 


a second family of equilateral hyperbolas. 

Xow because the velocity potential 4> is constant along each of the 
curves (19), t must be some function of the combination x 2 — y 2 , say 
t - f(x~ — f). The form of this /-function may be determined from 
the fnct that. <i> satisfies Laplace’s equation in two dimensions, 


ax ax 

Ox- 0y~ 


0, 


( 20 ) 


to which (14) reduces when flow is two-dimensional. Denoting by /' 
the derivative of / with respect to its single argument x 2 — y 2 , we get 


dx 


— 2x/', 


ax 

— = 4;r/"+2/', 

0x~ 


(1$ 0 
- - -2 yf, ~ - iff" ~ 2 y. 

dy Oy- 

Rubstitution in (20) yields 4 (x 2 -f f)f" = 0, whence 


/" = o, /' « ci, / » c^ar - f) + cs, 


where c t and c 2 are constants of integration. Therefore the potential 
mu«t. be of the form 

<’ « ci(x~ - y-) + c 2 ; (21) 

Hu; values of n mid r 2 will depend upon the system of units employed 
and Hie choice of reference position from which potential is measured. 

If we arbitrarily take zero potential on the line y - x, so that c 2 = 0, 
the velocity components will be, by (13), 


do 0i> 

« ~ — — - —2c,t. v = 2c iy. 


Ox ' 0y 

Consequently the pressure at any point P(r, y) is, from (17), 


( 22 ) 


+ ir), 

t 7 


v.durr ?>., is the pressure at the corner (0, 0). 

* a. X, Art. (IS. 


( 23 ) 
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74 Flow of electricity in a cable In Chapter II, Art 26 we dis* 
cussed a cable carrying an electric current under steady-state condi 
tions We wish now to investigate that problem from a somewhat 
more general viewpoint, in which we consider not only the resistance 
and leahance of the line, but also its inductance and capacitance * 
We shall then take into account in addition to the v anatron of poten 
tial and current with distance along the line, the change in these 
quantities with time It is evident that such an anal} sis wall lead to 
partial differential equations, from winch transient effects as well as 
o x P q 


Source Load 



Fio 52 


stead} -state conditions may be studied We measure the distance 
X ~ OP (miles) along the cable from the source of e in f taken as origin 
(rig 52), and let 

e = e(x, 0 = potential (volts) at P at time l (sec), 
x = t(x, t) ~ current (amp ) at P at tune t (sec ), 
r ** resistance of cable (obms/milc), 
g = leak-in cc to ground (mhos/mile), 

L = inductance (hennes/nule), 

C = capacitance to ground (farads/mile) 


Then the drop in potential along a segment Ax = PQ will be, approu- 
matol} , 

ol 

Ac = — r Ax t — h Ax — , 

at 


so that, dividing by Ax and allowing it to approach zero, we 
limit 


bi 

Jz 


bx 
L — 
at 


get in the 


0) 


Likewise, the drop m current along Ax is, approximately, 


from winch wo get 


-g Ax e — C Ax — , 


Oi Oc 

— - -tfc “ c ~ 
Ox 01 


* Re suppose these four quantities constant per unit length 


( 2 ) 
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Equations (1) and (2) constitute a system of simultaneous partial dif- 
ferential equations in the independent variables x and l and the depen- 
dent variables i and c. We may eliminate i and c in turn, obtaining a 
single partial equation with one dependent variable, as follows. Dif- 
ferentiate (1) partially with respect to x, obtaining 


o 2 c 

di 

d 2 i 

— SB 

— y - 

~ I J 

c tar 

Or 

dxdt 


(3) 


and differentiate (2) with respect to t, whence 

O'i dc d 2 c 

_ —p c — 

dtdx dt dt 2 


(4) 


Substituting from (2) and (-1) in (3), we get 


or 


d 2 C 

dc dc 


d 2 c 


« rqr + rC }~ — 

ri- 

LC~ 

Ox 2 

dt ' dt 


dt 2 

d 2 c 

c» 

se 



= LC — 4- (rC + Lg) 


ri- rgc. 

Tx 1 

dt~ 

dt 



(5) 


This is a linear homogeneous equation of second order for the potential 
t. Likewise, we get by elimination of c from (1) and (2), 


<Yi 


dr 2 


= LC 


d 2 i , di 

rw + (rC + Lg) — + rgi, 
dt~ dt 


(G) 


which Is similar to (<»)*• merely replaces c. Evidently (5) and (0) 
reduce to the equations for c and i found in Art. 20, Chapter II, if 
1. - C - 0. The present equations (5) and (0) are called the telephone 
r (/uutiou?, being used in telephonic theory. 

Frequently, as in telegraph transmission, the leakanee and induct- 
ance produce little effect a.s compared to the effects of resistance and 
capacitance. Setting g « L « 0 in (1), (2), (5), and (0), we get 


dr 


T~ “■ ~ri, 

dx 

(7) 

di ( dc 


i>X ' dl ’ 

(8) 

d-V dr 

— s ~ iC~ . 

Ox- at 

(9) 

frV d: 

rcr yf* — „ 

dr 2 * d( T 

(10) 
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which are known as the telegraph equations We note that equations ( 9 ) 
and ( 10 ) are of the same form as the equation for one-dimensional heat 
flow (Art 71) Thus our methods of handling a problem in the flow of 
heat should be applicable to the study of current flow 

As an example involving the telephone equations, consider a trans- 
mission line, 100 mi long, for winch r — 2 ohms/mi ,L — 0 02 henry /mi , 
C = 5 10 “ 7 farad/mi , and <7 = 5 10 ~ 5 mho/mi Initially the potential 
at each point is independent of time, with the ends x = 0 and x = 100 
at potentials 100« = 272 volts and 100 volts, respective!} * If both 
ends of the line are suddenly grounded, reducing each end potential 
to zero, we wish to find the resulting potential function e(x, t ) 
Substituting the given values of r, L, C, and g in equation (5), we 
hav e „ 

^ - 10~*c -f 2 10~° — -f 10 -8 ^4 (11) 

dx 2 dt dt 2 

Assuming a solution of the form e(x, t ) = X(x) T(t), we get, b} the 
usual procedure, 

10 * - 10 »° 0Q7T + 2oor + T" __ 2) 

X T ” ' 

a constant This leads to three tjqies of solutions, 
e = ( Cx€ » -ioot( C3€ Vfet + a*-'/* 1 ), 

k> 0 , ( 13 ) 

c — (c 5 sin I 0 ~ '*■'/ —L x *f c 0 cos 10 “ 4 V ^ ~-~k x)t _100 ‘ (C 7 sm t 
+ eg cos y/ —h i), L <0, (14) 

C = (cgX + Cio)€ wl00, (Ciif + C 12 ), ^ " 0 (15) 

Now the boundary conditions are 

e(0, 0 - 0, e(100, t ) = 0, (15) 

for ( > 0 It is easy to see that these relations can be satisfied only 
b> a solution of type (14) Trom the first boundary co nditi on no get 
Ca = 0 , from the second, sm 10 ~ 2 V^T = 0 , whence V— I “ lOOnr, 
n bemg an integer It e therefore hav 0 


c = cgsin « 100, (c 7 sin lOOmrt + c» cos 100 ntt), O') 

* The data have been chosen go ns to make the coirputations rehtiuly * ,jn P* 
Also the symbol « 13 now used to denote tho Napierian base 2718 to avoi' 
confusion with potential e 
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which satisfies the differential equation (5) and boundary conditions 

( 10 ). 

We next consider the initial conditions of which there are two. First, 
since the potential at any point of the line before the change is inde- 
pendent of time, and because of the inertial effect of inductance, the 
initial time rate of change of the potential will be zero: 


From (17) we get 


tir~ 

dl. 


— o, 

t *~s0 


0 < X < 100. 


( 18 ) 


-- = Cr, sin K '°'(100/! -c- cos IOOhtt/ — l00n-cs sin lOOnr/ 

in ioo 

— lOOc; sin 100/ir/ — 100cs cos 100 h-/), ( 19) 

mid (18) therefore yields IOO11-C7 — 100c« = 0, or c$ — n-Cy. Conse- 
(juently (17) becomes 


n -rx 

c ~ r:,c 7 sin c 

100 


-1001 


(sin 100/i-f -f- n~ cos 100n-/). (20) 


To deal with the remaining initial condition, wc need a solution of 
(11) that, is independent of /. When e depends only upon x, c — c„(x), 
(II) reduces to 


d-c t 

1 ? 


= 10 ‘ 


( 21 ) 


which has the solution 


c,(x) — or ltM -f- bc~' !m . (22) 

Since e,(0) *• JOOc and r„(I(H)) — 100, wc get, from (22), lOOe = a + b, 
H'XJ at + b<~\ whence a = Q, b = 100c = 272. Consequently our 
other initial condition is 


r(x, 0) «- 272 t~* lm , 0 < x < 100. (23) 

It is apparent that (23) can he fulfilled only by taking an infinite 
.‘“’■rK- of terms of type (20): 


i vs 


X)'- • 4 ' ,00f (ain 100a it/ -f nz cos IOOiitt/). (24) 


Applying (23), we find 


" / (nWj„) an — 
^ 100 


l 


( 25 ) 
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Accordingly, v, c must have 

2 | 272 e-Wan. „ 

100 


(Chap MI 


nub. 


winch yields 


2 r 100 

’’ = ™/ 

100 J 0 IQQ > 


^ _ 544(1 — e 1 cos ttir) 

1 + ftV 


(26) 


Inserting these values m (24), we therefore get 


- — « cos«7r mrx 

= S~+nV e "°° ,(sm 100 "" 

This is the desired potential function + « 100i>„0 (27) 


PROBLEMS 


no L^Tw r tw ^ d “ onal 6t <*dy «<>* of an incompressible fluid in which 
no external forces act but m which the rotat.on * - $(Oo/dz - su/ty) * 0 

coM.n,nt.r , nm ,0nS “ 0 * - ft - 0 together' with the 


* + a ■ 

* c>y 


Since m the expression d«/dl = « *,/<>* + „ ito/fly + 0 »/0l we iiave fe/« - 0 
or steady motion along a strearahne it follows that the rotation m this type of 

motion is constant 

n a com P° ncnt3 of velocity m a certain steady flow of an incomprcss ble 
ac upon y no external forces am equal to those of a particle moving with 
constant angular velocity Aina counterclockwise d rcction along the circle x 3 4 5 + V s 
particle^ ° W ^ ^ t ^ ie rota t 1 on of the fluid is equal to tho angular velocity of the 

3 If m the example of Art. 73 the walls tnako an angle of CO "with each other 
it may be shown that the streamlines arc gu en by Zry - y* - const * Show that 
a permissible potential function is <*> = x* — Sxy 1 , and find the corresponding prow- 
urc p at any point (x y) if p(0 0) = po 

4 J h ® 8trcamLnes of steady irrotational twcwhmensional flow of an mcom 
pressi q fluid about a rotating cylinder are concentric circles z* + y* - const, 
oiiow Uiat a permissible potential function is £ - -tan" 1 (y/x), and fnd the corre- 
sponding pressure p if p - p, at an infinite distance from the cylin Jcr 

o A transmission line 1000 mi long is initially under steady-state conditions, 
with potential 1200 volts at the source (x - 0) and 1100 volts at the load (z - 1000) 
e terminal end of tho line is suddenly grounded, reducing its potential to zero 


•See Problem 7 Art 101 
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be 2WZH&X ’ aDd ' he t0tal flUX thread ”« • «* of rat bn s , <„ 

Hr, l) = 2 tt j xH(z, t) dx 
•'o 

Hence the e m f mduced m n shell of radms r and thickness dr mil be 


«/o ft 


dr. 


Ste CT W ° d,ffere ” lmted UDder the ■«, using fonnula ( 3 , 



the shelKvf 1S j If! re3I -sf* vl ty (nbohms/ cm 3 ) of copper, the resistnnic of 
?" 1 th,CkMSS A : ** be **/* Also, if . » the 
around th« eh u ^ abaitl P / cm *)• the eddy current circulating 

of run- f j 6 " 1 Consequently, by Ohm's hw , the product 

Khr>Il nh k D ^ csis * ance mus t be equal to the potential drop around the 
(I) ’ Hence neime ^ mduccd cm( > E > Given by equation 


2 rpr n r 

-zr~~H 0 * 

.--ir. 

prJ Q 


0 H(x, t) 


dx, 


dll(x, t) 


(2) 

I Jj™ 1 the fiheI1 of radius r and thickness Ar, but now of 

Ir mo! ° E °f the entire rod, as a solrnoid of one turn 

i i 10 ' TO the intensity at the midsection of a solenoid 
ose length L 13 \ ei} large compared to its radius is gn cn by ttnh /1 
Tihere n is the number of turns and /, the current (abimp ) in tie 
0 enoid Since «e liaie here n = 1 , /, = tZ, Ar, it follows that the 
approximate change in field intensity If(r, t) due to the cdd> current 
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flowing in the shell is MI « —lri Ar. Dividing by Ar and passing 
to the limit as Ar approaches zero, we get 


dH(r, t) 


= — 4 ^ 


and from (2) there follows 

ai!(r, 0 -l- r r a/J(x, o 


-=f< 

p o 0 


Differentiating partially with respect to r, remembering that the integral 
on the right is a function of its upper limit, we have 

d~II dll 4 ttt dll 

r 1 (4) 

dr dr P dl 

This is the partial differential equation for the magnetic field intensity 
//(r, t) ns a function of distance r from the axis of the rod and of time t. 

In conjunction with equation (•!), we have to take into consideration 
a boundary condition. At the surface of the rod, i.e., for r = a, the field 
strength must, be equal to the uniform value of II over the cross-section 
when an air core replaces the copper rod, whence 

7/ (a, I) rn 4 rr A T 7 cos 2 irft. (5) 

Following the usual procedure, suppose that there exists a solution 
of (!) of the form 

II(r,t)~li(r).T(t). 

Substituting in (4), we get 


rR"T + 7 VT 


JT 7?' _ 4ir r 

~F + 7r ~ T~t 


Now if, as in our previous problems, we set each member of the last 
equation equal to a constant, and examine the solutions of the resulting 
ordinary differential equations for positive, negative, and zero values of 
tin- constant, wo encounter a situation which has not arisen before. 
For, if the constant were positive, T would be an increasing exponential 
function of /, and therefore 77 would build up indefinitely with increase 
o, vJtne, for a negative constant, we should get for 7* a decreasing 
exponential function, so that II would damp oft indefinitely; and if the 
constant were zero, T, and therefore 77, would be independent of time. 
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Evidently none of these choices vail meet the requirements, since it a 
apparent on physical grounds that when the exciting current is a 
periodic function of time, the resultant field must also be periodic, 'is 
is m cheated by the boundary v alue (5) 

Further consideration of the difficulty, however, shows us that we 
can get for T a periodic function of the tune if we choose as our constant 
a pure imaginary number, jk, where L is real and j is used to demote 
a/— 1 to nv oid confusion with the symbol x for current Thus, we get 
the equation 


from which 

T — c\f? hfillir — ci (evs — + 3 sm , 

\ 4 v 4jr/ 

w T here ci is an arbitrary constant Since the boundary condition (5) 
requires that the penod of T be that of the current flowing in the sole- 
noid, we have kp/iir = 2irf, and therefore 


i -52, 

P 

T = c v t 2, ’ ft =* Cj(cos 2 tt/1 + j sin 2k ft) 

The equation for the determination of the function 12 (r) is then 
<fR dR 

r— H jkrR = 0, 

dr dr 


with L given bj (6) Equation (8) differs from the differential equation 
considered m Chapter VI, Art 63, only in the coefficient of the last 
term, this suggests the use of the substitution r = cz where z is a ncr 
independent variable and c is a constant to be determined Then wc 
have 

dR \dR <Pll 1 (T-R 

dr c dz' dr 1 <? ds 2 * 


and (8) becomes 


£R dR 
dz 2 dz 


— )U?zR * 0 


This will be the equation discussed m Chapter \ I Art 03 if c 1S 50 
chosen that her ^ I, or 1/c *= Hence a solution of (8) will be 

R - Job*:) ~ Jo&Vkr) 
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Combining this with (7), wc therefore have as a solution of equation (4), 

Jf-c,JoO' , v7r)< 2 ^'. («) 

Xow it was shown in Chapter VI, Art. 63, that. To 0 '-) is a complex 
function, with real component her z and imaginary component bei c, 

Joipz) = her z +j bei z. 

Thus the factor r) in (9), as well ns the exponential function 

c rJ/t , will be complex quantities, so that for real values of r and t, II as 
given by (9) will, in general, be a complex number. W ith the constant 
r, u complex number (which may, of course, be real as a particular 
e:>M>) , wc then get by separation of real and imaginary components in 
(9), an expression of the form 

11 - 11 , (r, t) +jlh{r,D, 

where 77, and lb. arc real functions of r and i. Substituting in (4), we 
have the relation 

(rlh dll i *1ttt Of/j f 0~1I« dll 2 4-r377 2 \ 

r— 1 -+j(r—^ + 0, 

Or Or p 01 \ Or Or p 01 ) 

which is satisfied identically in r and ( since 7/ is a solution of (4). But 
if a complex number is equal to zero, its real and imaginary parts must 
each be zero, whence 

(rill 37/, 4rr 3/7, 

r — - — j — , 

Or Or p 01 

3-7/ 0 t 3// 2 __ A- rOIh 
Or ' Or p 0t 

That is, (he real and imaginary components of 11 individually satisfy 
equation (-1). We may t herefore take as the physically possible solution 
of our problem the real part 77, of 77 as given by (9). 

Honev.-r, it is inconvenient at this stage of our work to break up II 
nto its two components //, and lb. and apply the boundary condition 
no to the function 77, (r, t) so obtained. Instead, we shall for the 
pre-.-nt continue to deal with the complex function (9), and shall 
p'pla'v to} bv the new boundary condition 


//{«. 1) *» 4 tX { . 


( 10 ) 
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and the power loss in a shell of radius r, thickness A r, and 1 cm long 
wall be, approximately, 


kN 2 I 2 [Mj{Vkr)]* 2*pr 

2 (3/ 0 (Vi a)l* Ar 


TTplN*I 2 

[il/ 0 (VXa)l 2 


riM^Vkr)] 2 &r 


Summing for all such shells from r = 0 to r ~ a, we get for the total 
heat loss per centimeter length of rod, 


Pi - 


vplN 2 ! 2 

[Afo(VM] 2 


frlMiCvtr)] 2 

Jo 


dr 


vpN 2 ! 2 

[Mo(y/ka)X‘ 


CVla 

I z[Mi(z)] 2 
Jq 


dz 


ergs per seeond, where z — y/k r 
To carry out the integration, we express Afi(z) in terms of the denva 
ti\ es of ber z and bei z Wc have 


J lO - ~ = f* 4 (her z + J hei z) 

F dz dz 

~ c Jr/4 (ber' z 4- j bei' z) 

Since the modulus of the product of tuo complex numbers is equal to 
the product of their moduli, and smeo the modulus of d wli is unit), 
we get 

[i»/i(z)] 2 = (ber'z) 5 + (be 1 'z) 2 , 

so that 

p ‘ " rnTTfi? + 2(b “' * )5) * 

Vv % ib ’tan* 7/usshlm \x> Tfrfix'gnfaj V> 'tismg Mho viti taatb *tf» CJ.'.'ujhx 

VI, Art 03 Tor the first term, let 


whence 


u — z her' z, 


du = — zbcizdz, 
In the second term, let 

w = s bed z, 


do = bcr / z dz f 
v - ber z 

dv = bed z dz, 


du — zberzdz, 


from which 


t =» beiz 



Aist. 7 t>| 
Therefore 
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f z ) 5 + . -(hoi’ =) ! I* 
Ja 


her z ber' 


ber z bei s dz 


' s+ f S ' 

C . IvTE# 

z bci z bei' z — J z ber z bei z rfcj 


= Vk a (ber VI a ber' Vjr a + bei Vfc a bei' Vfc a), 

and 

p „ (Ixt \/7: a ber' \/T; a + bei \ff: a bei' \/l: a). (14) 

1 {.Vo (V/:o))^ 

We thus have an expression for the power loss (ergs/scc.) in 1-cm. 
length of rod.* The foregoing theory has considerable practical 
application in connection with induction furnaces, f 
70. Diffusion problems.^ Consider a slab of porous material con- 
taining n liquid, being dried by evaporation. Let. the thickness of the 
slab be a (ft.), and suppose the edges coated so as to prevent evapora- 
tion from taking place except at the two opposite faces each of area 
N (ft.*). We shall investigate the “diffusional” stage of drying in which 
the liquid evaporates from the surfaces as bust as it gets there by difTu- 
from \W interior. Tl\<t liquid concentration at a surface is constant 
throughout this stage; we call this concentration the equilibrium liquid 
conccntiation. It will be assumed that the initial liquid concentration 
is uniform throughout the interior, but that at the surface it falls to the 
equilibrium value immediately at the beginning of the diffusional stage. 

The empirical law of diffusion upon which our analysis will be based 
i- similar in form to the third law of heat flow (Art. 71), and may be 
stated as follows: The rate of diffusion is proportional to the cross- 
sectional area and to the concentration gradient. Let c(r, t) (lb./ft. 3 ) 
be the concentration, and take the T-axis in the direction of flow, with 
origin at the mid "'action, so that flow takes place from the central 


* Tf.tt-s ig v.\!ut-. of hr r, U\ z, heri bri' z also npjx'ar in MoLncblan, pp. 
177-17'?. 

’ h— M?.rchlntik% "Th- Suri-Mriting Induction F umnee,” Jnmnl EX., Vo!. 
«.t, j< IICO; D.vicht a?nl Bagai, "Calculation' for CotvIcas Induction Furnaces/’ 
jf Ihcti March. JPliS, 

; hi vith th-\ pn,t Vm. f-e A. B. Xnvman, "The Drring of Porous 

h- !-• ! 'a C-Jiutatituis" Trcoa. A. 1. Cbn. //.. Vol. 27, j». 310, 1931. 
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plane x - 0 to the faces x ~ ±a/2 (Tig 54) Let Q (lb ) be the 
amount of liquid m the slab between x = 0 and x = x at time t (hr) 
Then by the above law, we have 


— *= KS — , 
8i 3x 


( 1 ) 


where K is the diffusivitj constant of proportionahty (ft 2 /hr ) Bj 
the definitions of c and Q, we nko 



have 


bo that 


= fcSdx, 

Jo 


dQ m 

d£ 


cS 


( 2 ) 


mg the resulting equation by S, we get 
3C , d 7 C 

Tt " K a? 


We may elimmatc Q bj difTerenti 
atmg (1) with respect to x and 
(2) with respect to t, anti sub- 
tracting Doing this, and divid- 


(3) 


Now let Co be the uniform liquid concentration at time t *=» 0, for 
—a/2 < z < a/2, and let ci be the equilibrium liquid concentration at 
x = =fca/2, for all / > 0 For simplicity, let C(x, t) denote the concen 
tration m excess of the equilibrium value, 

C = c — ci, 00 

which wc may call the free liquid concentration Then the initial free 
liquid concentration will be 

Co ~ Co - ci 

Since dC/dt = Oc/dl and d^C/dj? = d'e/dx 2 , wo maj write our ditfcr- 
ential equation in the form 

3£ = 

dt~ Ox 2 

V e wish to sohe (0) subject to the conditions 


(C) 
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Aivr* TCI wifi uu*v*^ a 

Assuming C(x, () = X(x)T(l), wc get from (0) 

XT' = JCX'T, 

T' X" 

Since C, nnd tliorcfore 7 1 , must decrease with increase in t, k must be 
negative; for convenience, let this negative constant be denoted by 
— X'-\ Then we have as a particular solution of (G), 

C — e" Kk \A cos Xx -f B sin \x), 

where .4 and B are arbitrary constants- Generalizing to an infinite 
series of terms of this type, we may write the formal solution of (G) as 

m 

C ~ cos \ n x + B n sin X n i), 

n** 1 

where the X’s, -4 *s, and IT s are at our disposal. 

Because of symmetry in the plane x — 0, C(x, t) = C( —x, l), and 
therefore we must have B n — 0 for every n. From (7), we get 

n V 1 -»ir , *n a 

0 - / C n /1„ cos — 

n**X * 

This condition will be most easily met, by taking all A\s with even 
subscripts equal to zero, nnd all ,Vs with odd subscripts equal to odd 
multiples of r/«: 

(2 « - 1)- 

-Isn = 0, X^n — 1 — 

a 

For, cos (.\;r._in/2) «= cos [(2» — l)r/2] « 0, so that each term of the 
aeries will vanish, while we have still at our disposal, for use in meeting 
condition (8), the .1 \s with odd subscripts. Our solution thus becomes 

r, w i 0, 

Now from 

(2 n - 1 )tx 

Co « / A»n-~\ COS • 

7TT a 

Bti; it wa« found (Chapter V, Art. 48) that it was possible to expand 
unity in a series of precisely this type, valid for —a/2 < x < a/2, with 
j . r (2;j ~ 1). lienee we have. 


i / rr 1 

V <? 3 


l 1 5rx 

~ tY>c p - COS 

3 a 5 a 
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and the solution of (6) which satisfies conditions (7) and (8) is gi\ cn b) 

4C 0 v" (-1 )— * 


* £~t 2n - I 


,-£2n-l )*r*ja/a 


(2 n — 1)ttx 
cos— — (9) 


This senes, as well as its derivatives, is uniformly convergent for 
— a/2 £ x ^ a/2 and for t ^ t t > 0 
It is desirable to have, in addition to (9), an expression for the 
average concentration c at any time t Thus, if at time t e\ aporation 
from the surfaces were stopped, the liquid in the slab would settle down 
by diffusion to this average concentration Let 

C = c — ci (10) 

be the average free liquid concentration at time t, evidently C = Co 
when t — 0 Then the total free liquid content at time t m the slab is 

f*l2 

€ aS = I CSdx, 

J-c/2 

whence 



Since the senes (9) is uniformly convergent, it may be integrated term 
bj term, and therefore 

a J 0 t ~i 2 a — I a 


_ fSCo yw (-I)"" 1 

L ir 3 (2ft - I) 2 

8C 0 I 

(2* - l) 5 ” 


„„ ( 2n 0” ]” B 
a Jo 


(It) 


It is of interest to note that (II) holds for t — 0 as well as for / > 0, 
for, u<»mg the «enes 

tT Y 1 1 i p 1 ( 1 J_ 

8’ E= 6r(2«~- r lf = 1+ 3 2 + 5 i + 7 2 
t\c get from (11), C = Co when / = 0, os we shouli 
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Consider next a porous cylinder with its ends coated, so that the 
liquid diffuses radially from the axis toward the curved surface, i.e., the 
liquid flow is now two-dimensional. Let. the cylinder be of length 
/, (ft.) and radius a (ft.); then for flow through a cylindrical surface of 
radius r < n, we get from equation (1) 


Moreover, 


whence 


dQ t k 

— = K2~rL — 
dt dr 


Q « 2 -Ij f 

*^0 


redr, 


dQ 

dr 


2 -Lrc. 


Eliminating Q as before, we find 



( 12 ) 


It may be remarked that, by reasoning similar to that employed in 
Art. 72, we get ns the general differential equation for two-dimensional 
liquid flow, 



For the cylinder we are now considering, c will depend only upon r and t, 
nod not upon 0. Hence the last equation reduces in this case to equa- 
tion (12), which we have derived ab initio. 

Since equation (12) applies also to the problem of temperature dis- 
tribution if we interpret t: as temperature and K as thermal difTusivity, 
the following analysis may be used in the study of the heating or cooling 
of n cylindrical surface. 

Again Using C, :vs given by (-5), to denote the free liquid concentration, 
ue may replace (12) by the equation 
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Under the same assumptions as before, we have m connection with (13) 
the conditions 


for t > 0, and 


C(a, f) * 0, 


C( r, 0) = C 0 


for 0 < r < a 

Assuming C(r, t) — R(r ) T(t), (13) leads to 


(H> 

(15) 


RT = K (r”T + ~ , 


r R" R' 
KT~ 1F + tR 


-X 2 


From T* = — ICK 2 T, we get 

T = 


(10 


whore A is arbitrary Now the equation for R(r) may be written 


d 2 R dR 

T l? + Tr + 


\ 2 rR 


= 0 , 


(17) 


which closely resembles Bessel’s equation of order zero (Art 57) 
Letting r — bs, where 6 is a constant to be determined, we have 


and (17) becomes 


dR ldR d 2 R 1 d 7 R 

dr b d&’ dr b 2 ds 2 ’ 


d 2 R dR 

s— H + \ 2 b 2 sR 

da' ds 


0 


Hence, if wc choose b *= 1/X, we have Bessel’s equation, so that a par- 
ticular solution of (17) is 

R = J 0 (a) « Jo(Xr) ( JS ) 

Combimng (16) and (IS), and forming a senes of such products, we get 
as a solution of (13), 

C - AtJoMc-**' -f + , 0 9 > 

where the A’s and X’s arc at our disposal 
From (14), we get 

0 *» A jJo(Xia)c -K>,< 4- Ajdo(X2fl) c 4* 



Al „. 76} DIFFUSION PROBLEMS 

Xow the Bessel function J«(*) has infinitely many positive zeros 
(Chapter VI. Art. 59): lt x = 2.105, U z - 5.520, 7? 3 « 8.654, 
Hence condition (M) may be met by choosing K ~ Tt tt (a, so that 


C ~ A v h (Ri £) c~ Kt %'* + .-1 2 J 0 (/?= ~) + • * ** 

From (15), we have 

C 0 = AfJ 0 (ih ~j + AJo (its-) +•*•• 


Tims ivii have to expand the constant Co in a series of Bessel functions. 
it was shown in Chapter VI. Art. 61, that the expansion of unity in 

such a series is 


i) 


A o(C i- T ) 


2 


T 


Ii*J ,(/? s ) 


./o(/?2l) +■ 


valid for 0 < x < 1. Letting x = r/a, we therefore have 


— C ~— ./n ( /?, -) + — — — Jo (l ?2 -)+••• , (20) 

Hi .;,(/?,) \ «/ jfe/i(/? 2 ) Vo/ 


which holds for 0 < r < a. 

'Fherefore the solution of (13) which satisfies conditions (14) and 
(15) w 


C(r, 0 - 2C 0 ^] lTTTri~\' J() ( Rn ~) c < 21 ) 


It is beyond the scope of this book to examine series (21) for conver- 
gence. We shall assume that (21) may be integrated term by term, 
so n« to obtain an expression for the average free liquid concentration, 
which is our principal result, and examine merely the resulting series 
for C. 

\\V have for the total free liquid content in the cylinder at lime t, 


whence, {rw.n (21). 


€•- a-L a 2-L f Cr dr, 

Jo 


t/1 X r ‘^° (ftn -J 

r r- f V - V 

<r Jo trf /iVi(/?*> 


dr. 
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Using the relation xJ 0 (x) — — [rJiO)] (Chapter VI, Art 58). we hate, 
dx 

with x — R n r/a y 


from it hich 




Consequently tte have 


5 = 


( 22 ) 


Since e KR n^ at £ 1 for t ^ 0, and R n > n, the terms in the summation 
of (22) are less than the corresponding terms of the com ergcnt senes 



-I 

When t 


Hence (22) converges uniformly for t ^ 0 
= 0, € = Co, so that ne get from (22) the interesting relation 


J_ 1 
Ri ~ 4 

Tliat is, the sum of the squares of the reciprocals of the positive zeros of 
J 0 (i) is equal to \ (Cf Chapter V, Art 45, Example 2 ) 


£ 


PROBLEMS 

1 A copper rod 6 cm. in diameter, 100 cm long, and of resistivity 1720 
abohms/cm s , is wound over its entire length with. 5000 turns of wire The roil 
is excited by a GO-cycle alternating current whose effective value is 0 1 abamp. 
(a) Compute the magnetic field strength when t = 003 see, at the axis, 1 cm 
from the am, and at the surface of the rod (5) Find the heat lass in watts in the 
entire rod. 

2 Find the r m s value of the field intensity over a cyclo at the am and surface 
of the rod of Problem 1 and at several intermediate distances Hence plot a cune 
showing the variation of effective field strength with distance from the axis 

3 For each of the points used in Problem 2, find the phase difference b< tw ron 
the field strength and the exciting current, and plot a curve showing the variation 
of phase difference with distance from the am 

4. A porous slab 2 5 in thick, and with its edges coated, is allow oil to drj M 
40 hr , dunng which diffusion controls the drying rate Initially the concintrnlM* 
h 0 1970 lb /ft *, and at the surfaci the concentration is 00309 lb /ft* If 1 ^ 
diffusivit) constant is K •=■ O (XX) 101 ft */ltr, find the nvirage concentration tf * 
the end of 10, 20, 30, and 40 hr , and plot a curve allowing the lime variation v £• 
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5. A jwotn ryliml'T, 9 in. in diameter and coated at the ends, is allowed to 
dry for -10 hr. Esins; tie- relevant data of Problem 4, find the value of C at the end 
of 10, 20, 3H, and 40 hr. and plot a curve showing the time variation of C. 

77. The vibrating membrane. As an example of a partial differential 
equation involving three independent, variables, we consider the prob- 
lem of the vibrating membrane. 

Suppose a membrane to be tightly' stretched and firmly held by a 
rigid rectangular frame. Place the membrane in the .ry-planc so that 
it* edges arc the lines x - 0, x - a, y — 0, and y = b, where a and b 
are measured in feet. Under the action of a disturbance of some kind, 
the displacement z (ft.) of the membrane will bo a function of x, y, and 
time i (sen.): z = z(x, y, (). 

The differential equation to be satisfied by z may be derived in a 
manner analogous to that of the vibrating string (Art. 70). The result 
is found to be 



where c ~ v / 7V/'/<; (ft. /sec.), T (lb./ft.) is the constant tension per 
unit length in any direction in the membrane, g (ft./sec. 2 ) is the gravity 
constant, and $ (lb./ft.*) is the surface density of the material of the 
membrane. In accordance with the position of the fixed edges, as 
mentioned above, we also have the following boundary conditions; 


r(0, y, t) = 0, 0 < y < b, t > 0; (2) 

r(a, 0=0, 0 <y <b, l > 0; (3) 

~Cr, 0, 0 = 0, 0 < jr < a, i > 0; (4) 

:(r, b, 0=0, 0 < x < a, i > 0. (5) 

Suppose that vibration is brought about by giving the membrane an 
initial displacement c ~ /(x, y), 0 < x < a, 0 < y < h, and releasing it 
from nvt. Then the initial conditions are 

z(x, y. 0) « fix, y), o < x < a, 0 < y < b ; (<>) 

ai , " °- o < ,r < 0 , 0 < y < /,. (7) 


A- -nine that them exists a solution of our problem of the form 
‘ " y\y)'T{(}. Sulj-tituting in (I) and separating the variable* 

Wcgvt ' 

T *' A" Y" 

c-T ' ~x ~ T' ® 
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Each of the three terms in this equation must be a constant, and 
m order that the function T(i) be a periodic function of time, each 
member of (S) must be a negative constant Moreover, to meet the 
boundarj conditions (2)-(5), z must be a periodic function of x and 
y as well Therefore we set 



whence (8) yields 

T" *= -cV + J3 2 )T (10) 

Toll owing the usual procedure, nc find from (2) that X must have 
the form c\ sin ax, where c 2 is a constant, and from (3) that a = mir/o, 
where m is an mteger Consequently 


tflTT 

A = ci sin 

a 

Similarly, boundary conditions (4) and (5) require that 


01 ) 


Y 


tviry 

= c 2 Bin — r~ , 
b 


( 12 ) 


where n is an integer Then (10) becomes 


where 

T" ~ + 

Hence 

for n? 
hnn - aj— + — 


T = c 3 sin cK mn irt -f- C 4 cos cK mn vt t 


where C3 and c 4 are constants 
Initial condition (7) now imposes the condition C3 
have 


tjittx nry 

s — c' stn sm — - — cos c/v mn irf, 


0, and we thus 


( 10 ) 


where c f is arbitrary , m and n are integers, and K mn is a corresponding 
number given by (14) Relation (10) satisfies the differential equation 
(1), all boundarv conditions (2)-(5), and initial condition (7), initial 
condition (G) remains to be met 

Neither (16) alone nor anj finite sum of terms of that tjpc will, 
in general, serve to satisfj relation (G), but certain special forms of tlio 
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function f(x, j/) may lead to n simple solution. For example, if the 
initial displacement is ^ 


J(x, y) - z 0 sin — sin — , 
a b 


(17) 


where (ft.) is a constant, it is easily seen that the full solution of the 
problem is 


rrx rry cttVo 2 + ir 

:(x, ij, () - z a pin — sin — cos t, 

a o a u 


(13) 


obtained from (14) and (10) with m = n — 1, c' = z 0 - 
In less s pccial cases, however, we are led to formulate the double 
series 

x 1 ' . m ~ x - . nT V ( m ~ n ~ \ 

= "EE , ” m 7“7 C0S (W^+p')- a®) 

This relation will formally satisfy all the conditions of the problem 
provided that f(x, y) can be represented In- the double Fourier series 

fnrrx . fury 


\—\ v— ' \ trur . r tur 

/(*, V) = / j / A»* sin sin — 


n *• 1 ti ** 1 


EE 

nt *h j > rs ** 1 


7?7T7/\ iriTTZ 
Btnn sin — ^ sin 


6 / 


( 20 ) 


for 0 < x < a, 0 <1 V < b. Now, for each fixed value of y between 
t) and b, (20) is the Fourier sine series for/(x, y) if 


E n-y 2 r r> frurx 

linn sin - ~ I A X, y) pin dx - g m (y), (21) 

„ „ i b a J n a 


say. This in turn will he valid if 

n 


linn « 


f Qn(y) si 

* 7 0 


n-y 

sm — tly. 
b 


( 22 ) 


Thus, (10) will be the desired result when the coefficients B r ~ r , are 
they piven hy 

1 A C\- , . m ~x nxy 

ft.n « 7 i A*, ?/) Pin sm— -dxdtf. (23) 

ab J it J 0 a b 

It should be noted that, although each individual term in (19) is a 
periodic function «>; l, the function r represented hy the double series 
is not, in general. periodic in l. For, the numbers A' r , n given by (14) 
are not integral multiples of any fixed number as m and n independ- 
entiy n^mne the values I, 2. 3, • • .. Conse{|uent!y a vibrating mem- 
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brane will not necessarily emit a musical note In special instances, 
howeter, a musical note will be emitted, thus, the function (18) is 
periodic m t, with period 2ab/c V a? + b 2 


PROBLEMS 


1 Let the initial displacement of the rectangular vibrating membrane of Art 77 
be gnen by 

*(* V, 0) «= f{x, y) «= h{ ax - i®) (by - y*), 

where A (ft “*) 13 a constant Show that the coefficients of the double scries (19) 
are then 

I6a*fc 2 A 

B„ n ■" y (1 — COS JHt) (I — COS TIt) 

2 Suppose a membrane to be stretched over a fixed circular frame of radius a 
(ft ), in the xy-plane and with its center at the origin Let the membrane be given 
an initial displacement z /(r 6) and released from rest, where (r 0 z) are cyhndn 
Cal coordinates. Show that the differential equation and the boundary and initial 
conditions axe given by 

^ j /£? . 1 £f . l£f^ 

<K 2 W** r dr r 3 * 

x{a, 9, t) - 0 51 = °> 6 °) “ f( r > ») 

3 Obtain a solution of Problem 2 in the form of a Founer Bessel expansion 

t cos m8 + D mn s m in$) cos c\ m J, 


n here J m is a Bessel function of order m X mn are roots of the equation J *(aX) *■ 0 
and 


0><WVM) ** 


jraV^+iCaX, 


-m: r/«(Xm«r)/(r, 6) cos mS do dr, 


xnVi.+ifaX™, 


of/: 


rJ n (l mn r)f(r, 0) em mO dO dr 


4 Suppose that the initial displ iccmcnt of the circular membrane of Problem 2 
is a function of r only, eny/(r) If the membrane is released from rest ebon that tho 
displacement z (ft ) is given by 


2 Jc(g B r/a) 


cos C -~ ^rJ<,(a n r/a)fir) 


dr. 


where a (ft ) is the radius and the a s ore the posit i\e roots of JoM “ 0 

6 If f(r) - hid 1 - r) in Problem 4, where A (ft _1 ) is a constant find the 
displncemi nt function r(r, t) Hint Make lev of the results of Problem 22 \rt C I 
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78, Potential due to charged sphere. The potential u at a point P, 
rlue to a point charge // at a distance r from P, was defined in Art. Go 
to he u - qfr. More generally, the potential at a point P(x, y, z), due 
to a distribution of charge of density p(r, t y u z x ) throughout a volume 
V, may be defined as 


, CCC -p(*i,VuZi) dTxthjxdZi 

- 'M- V(i - W - & ' w 


where (z,, t/j, is a point inside V and I: is a constant of proportion- 
ality depending upon the units of measurement. 

By partial differentiation under the integral sign, we get 


~ ** ~~p r^p(*i> 2/i, *i) dxj dl/i *i , 


where r = (z - x,) 2 + (y - t/i) 2 + (z — cj) 2 . Similar expressions 
are obtainable for Qu/dy and du/dz. Second differentiations with re- 
spect to x, y, and z, respectively, yield 


a? 

(J‘U 

dir 

frti 

5 ? 



3(x - z,) 2 

r 

r 

30 / - J/j ) 2 



r* 


p dr i dtjt dz}, 
P dx i diji dz i, 
p dz | d?/i dzi. 


Addition then gives 


<Yu d~u d 

o **b ,, 

dr * <V d-' 


■ 0 : 


( 2 ) 


that is, the potential function (1) satisfies Laplace’s equation. 

Now consider is spherical surface of radius o, carrying a given fixed 
distribution of charge. We wish to determine the potential u at each 
imini interior or exterior to the sphere. To deal with this problem 
analytically, it is convenient to use spherical coordinates instead of 
rectangular coordinates. Let (r, 0, 6) denote the spherical coordinates 
of a point /’. whoo- rectangular coordinates are (z, y, -), chosen so that 
we have the transformation equations 


x r sin 0 vo* <f>, y ~ r sin 0 sin 4>, z — r cos 0. (3) 

Here r denotes the length of tin* radius vector from the origin 0 to the 
point P, 0 is the angle from the r-nxis to r. and d is the angle from the 
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iz-plane to the plane of r and the z-axis Then, by a procedure analo- 
gous to that of Vrt 72, whereby Laplace's equation m two-dimensional 
rectangular form was transformed into polar form, relations (3) serve 
to change the three-dimensional rectangular equation (2) into 


, Sru du d'u du dht 

r 2 — + 2r 1 -f cot*0 1- esc 2 6 — - *= 0 

dr 3 dr S6- m dd? 


(4) 


Suppose that the potential distribution on the sphere, where r ~ o, 
is independent of 0, and thus is e\pressible as a function of 6 alone, 
so.} f{6) Then, by symmetry , the required potential function mil like- 
wise be independent of <j>, so that the last term of equ ition ( l) drops 
out We shall also require that the potential approach zero as the 
point P recedes indefinite^ far from the sphere Then the problem is 
to find a solution «(r, &) of the reduced Laplace equation 


_ d'U du d'll du 

r 2 -r- + 2r — + — + coU— = 0, 
dr 2 dr d0 2 09 


(5) 


satisfying the two boundary conditions 

«(fl, 0 ) = f(0), 
lim u(r, 0) — 0 


( 6 ) 

(7) 


We agam use the method of separation of variables, setting u(r, 0) 
= R(r)T{Q) Then, from (5), 

?R n T -f ZrR'T + RT” + cot 0 RT’ *= 0, 

whence 

r 2 /T + 2rR’ T” + cot $ V 

K * T ’ 

u cun^unh, Tim Ticfiur uqcrfaon Vucfc Tjtfafrtie& 5W?V 
rR" + 2rW — XT? =* 0, 

>ields the solution 

m -<*•+£ r. 

where n =* — ^ -+■ y/k 4- J, so that/ = n(» + I) and — \ 

*= — n — 1 Therefore the equation for T(0) becomes 

T” + cot 9 V + «(« + l)T - 0 


( 8 ) 

- V/7+1 
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By fitting r — oo? 0, this transforms into Legendre’s equation (Art. 
05. Problem 18). 

, dPT dT 

(1 - X 2 ) — 7T - 2x + «(« + 1)T = 0. 

«x" r/.r 

Comoqucntly flic Legendre polynomials are obtainable as solutions, 
provided that n is zero or a positive integer: 

T — P n (?) - P n (cos 0). (9) 

For points inside the sphere, we choose Co = 0 in (8), so that v does 
no! become infinite as r approaches zero at the center 0. Wc may then 
take, for 0 S r g «, 

sr 

«t (r, 0) = ^2 B n r n P n { cos 0) 

n — 0 

as a solution which formally satisfies Laplace’s equation (5). It re- 
mains to determine the coefficients Ii n so that boundary condition (G) 
i« met; that is, we must have 

0) - f(0) = ^ (U„a")P„(cos 6), 0 < 0 < jr. 

But this can be done (Art. Go, Problem 10), for suitable functions /(<?), 
bv taking 

2/i + 1 r* 

Bn - — I /(0)P„(cos0) sin 0 do. 

2 a" J f , 

Consequently, for points inside the sphere (0 a), the potential 

function is 


«»<M> <2n + 1) (-) P„(cos 0) X 

f /(O)Pr.(c os 0) sin 0 dt?. ( 1 0) 

When the point P is outside the sphere, we take c, - 0 in (S) so 
that boundary condition (7) can be met. This gives, for r a, 


\h 


XT' 1 C„ 

2 (r. 0) ~ 2 , -y P*{ cos 0), 

A ** t » ^ 
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and since we are to hat e, by (6), 

« 2 («, ») - m = J2-~h -P n (cos $), 
this requires that 

(2 n + l)o n+1 r T 

C n = - I /(0)p H (cos 0) sm 6 dQ 

2 Jq 

Hence the required solution for r & a is 


« 2 (r, e) =« l - (2/i 4* 1) (-) P„(cos $) X 
~ n-o Vr/ 

I 


/(fl)P„<cos8)sin0d& (11) 


If, in particular, the potential is constant oxer the spherical surface, 
so that /(0) = « 0 , equations (10) and (11) yield simple expressions 
For, since 


whereas 


I* 

f 


UoPo(co& 6) sin 6 dO 


= «o I * 


sm 0 dO — 2 u Qt 


i<oP n (cos 8) sm C d8 =• n 0 J" jP„(x) di = 0 


when n *= 1, 2, [equation (17), \rt 65J (10) gnes 
«i(r, 6) - u 0 , 0 g r S a, 

and (11) gnes 

i/o a 

w 2 (r, 8) = — , r ^ a 


Thus all interior points Imc the same potential as the surface ami at 
exterior points, the potential taries intcrsclv as the distance from the 
origin 0, just as if we had a point charge at 0 


I’JlOIlLI MS 

1 rind the stea<h -state temperature function u(r,0) within a solid sphere of 
radius a if the temperature on the surface ls u(a 0) — 50(1 + rostf) 

2 Tin I the steady-state tempcrnturi function u(r, (?) within n solid sj here of 
radius a if the upper hemispherical surface (0 < a < r/2) is kept at a constant tem 
perature «o and the lower (t/2 < 0 < ir) at zero temper itun 

3 Fin 1 the etcadj-state tunpemture function u(r 0) within a solid hcmwpl ere 
of radius a if tht hemispherical surface temperature is u(«t 0) - l00sm*C (0 < 0 
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< r/ 2), and if the plane circular ban* L insulate, so tiuit du/dO = 0 when 0 = *72. 
//if.f; (V the result of Problem 1, Art. 05, 

4. A spherical shell ha 1 ? inner radiu* a and outer radius 6* If the inner surface 
temperature U n(ct,(f) =* /(/?), while the outer surface is kept at .zero temperature, 
show that the steady-state temperature function u(r, 0) within the shell is given by 


ti(r, 0) « - ^ (2n 4- 1) ^Tfrr^irn (7) 7>,i(cos e) 'J 0 /(®)Cn(cos 5) f-in 0 tft>. 


A* ft partial check, take /(o) « ?/o, a constant, and compare the result with that 
obtained in Problem iu> Art. 14. 

G. Find the Meady-«tatc temperature function u{r f 0) within a solid hemisphere 
of radium n If the hemispherical surface temperature* is u(a, 0) ~ 7/o r a constant 
(0 < o < r/2), and if the lmw* temperature is zero. Hint: Define w(«, 0) to be 
~ im for r/2 < 0 < x, thereby creating an odd function and making po«s«iblc the 
rj^v-^arv expansion in odd I/egrndre polynomials. See a!«o Problem 3, Art. 05. 

G. Find tlio steady-state temperature function u(r f 0) within a solid that may be 
rumble red infinite in extent if the temperature along the r-axis is given by Mo r ~ T \ 

7. A non-homogencous bar, with ends at x » — 1 and x « 1, has thermal 
conductivity proportional to l — x~, and density p and specific heat c such that the 
product cp t c constant throughout. If its sides and ends are insulated, its tempera- 
ture ufr, /) is then given by (cf. Art. 71) 


Ou 

o? 



where h h n constant and / is time. If r/(x, 0) *= /(x), show that 

»U, n » \ T) (2» + i )i\(.-)r l,, ' n+>) ’ . (\r(x)p f XT) dx. 

ivhIj 

8. Fmd the tem|>ettiture function u(x y t) for the bar of Problem 7 if (n)/(x) » 
9>) ${z) *>* 

9. Show that the gravitational potential, due to a thin homogeneous circular 
uire of radius u and mass rrjr t is 


u{r t £) *» 
Tjfr. fU 


[ 1 “ l (7) f,) + 51 (') CKw 0) ] . ogr<«, 

* T [ 1 ~ •> (7) ^ + 57"j (7) Crfcos 0) ] , r> a 

10. Sh,m that the gravitational potential, due to a thin homogeneous circular 
pLt«* of ridhr c and >*«, is 

H* “ (bv n «. 

“ '.M G) /V<V> ' f>j -i ' 2~tG O ,Vw <7) -*••]■ 0 S r < a, 

iC) 


<. V # C'i 




F*:h bs* i\ 2. 




r > a, 
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79 Introduction Vector analysis is a tool frequently employed in 
the mathematical treatment of physical and engineering problems, and, 
as such, merits a place m a booh of the present sort Although it is 
probably true that any problem w hich can be solv ed by v cctor nnah cis 
is also susceptible to noa-vectonal methods, there are a number of rev 
sons why familiarity with vector notations and concepts is useful to the 
engineering student 

In the first place, many boohs on engineering topics mahe use of 
vector symbolism, acquaintance with this subject is therefore neces- 
sary to the perusal of such boohs Sccondlj , v ector analysis provides 
a convenient shorthand by means of which mathematical relations 
between physical quantities may be compactb written and exhibited 
In addition, to the student who acquires the ability to interpret 
physically the v anous v cctor expressions, such os divergence and curl, 
vector analysis becomes a mode of visualizing the underlying physical 
meaning of mathematical relations and theorems — becomes, indeed, a 
mode of thought 

The physical quantities with which we deal are of two hinds, scalar 
quantities and v ector quantities A scalar quantity is one which is com- 
pletely specified when its magnitude, i e , size or number of units accord- 
ing to some scale, is given, examples of scalars are mass, length, tem- 
perature, electric charge, and quantity of heat A vector quantity is 
one whose specification involves, in addition to magnitude, a direction, 
thus, displacement, velocity, acceleration, force, clcctnc current, and 
temperature gradient are all vectors, since we epeah of these things 
“in such md-such a direction ” 

A scalar may be represented algebraically by a symbol or number, 
geometrically by a line segment whose length indicates the magnitude 
of the scalar according to a giv cn scale, but w ho->e position in space may 
be taken arbitrarily A vector may be represented algebraically by » 
symbol, differing m <*oine wav from the symlvot indicating the m igmtudo 
of the vector quantity, and it may be represented geometrically by a 
directed line «egmcnt with arbitrary initial point and with an arrow- 
head on it, the length indicating magnitude, the inclination indicating 
direction, and the arrow-head indicating sou«c In this liooh a seal ir 
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v.ill be denoted by a number or a letter in italic type, as s, and a 
vector will be denoted by a letter in Clarendon or bold-faced type, as 
v,* its magnitude being denoted by the same letter in italic type. 

80. Vector algebra. Two parallel line segments of the same length 
and sense are said to be equal vectors, whatever their initial points 

may be. Two parallel line segments having 
the same length but oppositely sensed are 
said to be one the negative of the other; if 
one vector is denoted by v, the second is 
denoted by — v. A vector parallel to a 
second vector v and similarly sensed, but m 
times as long, is denoted by mv. 

Let a and b be any two vectors. If we 
place the initial point of b on the terminal 
point of a, the vector r drawn from the initial 
point of a to the terminal point of b is de- 
fined as the vector sum of a and b (Fig. 55): 

r = a + b. (1) 

This is the familiar parallelogram law for the 
composition of two forces (which are vec- 
tors). Evidently the same vector r will be obtained if we place the 
initial point of a on the terminal point of b and draw the directed line 
segment from the initial point, of b to the terminal point of a, so that 



r = a + b = b + a. (2) 

Consequently vector addition is commutative, i.c., the order of the 
vectors appearing in a sum is immaterial. The extension of our 



iMmitinn of vector addition to the case of three or more vectors is im- 
im mate. It L apparent from Fig. AG that addition is also associative, 


r — (a -f b) -j- c * a r (b -f c). 
Note that a. b, c need not lie in a single plane. 


( 3 ) 


* In v^-tor , r> 

i* t- A U iLm- - 


1 Vt r \s\*h u h,r omv it, X 


fk* v vrrjor v no #* 
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By the difference a — b of t\\ o \ ectors is meant the sum a -f (-b), 
or, in other w ords, the tector which added to b produces a (Fig 57) 

r = a - b, r + b = a (4) 

The two forms (4) being equn alent, it is implied that in such a rela- 
tion a \ector term maj be transposed from one side of an equality to 



Fig 57 Fig 53 


the other by changing its sign, just as in scalar algebra Another form 
equivalent to the relations (4) is (Fig 58) 

r + b — a =* 0, (4J 

where the right-hand member 0 signifies a vector of length zero, i e , a 
null vector 

To familiarize ourseli cs with the foregoing definitions, let us nppl> 
vector analysis to the proof of the following geometrical theorem The 
line which joins one l ertex of a parallelogram with the midpoint of an 
opposite side cuts a diagonal in a point of tmection Let a ~ AB 
and b = AD be adjacent sides of the parallelogram as shown in Tig 59 



b 

Tig 59 


If E is the midpoint of the side DC =» b, we lme BE — ^b, and AE 
= a + Jb Letting F be the point of intersection of AE and the 
diagonal BD, the sector Ar will be «omc fraction of AE, or AF 
= jfl + (x/2)b Since BD = b - a, the \cctor BF will likewise be a 
fraction of BD, or BF — yb — ya Then in the tnanglc ABF, wc ha\c 

a + yb — ya « xa + - b, 


or 


(1 - y — x)a + (g - b » 0 
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But fiinre a and b arc differently directed, the above equation can hold 
only if x 

\ — y — t — o, y-~ = o. 

Hence we get x = j, y — 3 , and 

BP = 5(b - a) = IBD, 


po tliat F is a point of Insertion of BD. Incidentally, we got also 
AF — lAF, so that F is a trisecting point of AE as well. 

It. is often convenient to refer a vector to a system of coordinate 
axes, A\ 1', 'A. This allows for a translation from vector notation to 
Cartesian notation, and conversely. For definiteness, we shall agree 
to use a right-handed system of axes,* as shown in Fig. 00. Let i, j, k 



denote the three unit vectors along the positive directions of the x~, y-, 
and r-a\es respectively. If r is the vector from the origin 0 to any 
point 7’(x, t/, z), we then have 

r ~ xi -f !/j d- He. (5) 

More generally, if a is any vector (with arbitrary initial point), who e c 
components along the axes are <ij. a 2 , o 2l then 


If also 


a >--■ n,i n2 j a. 0 l ]t # 


( 0 ) 


v> 0 have 


b 1 - h { » 4- 1>A -f hr, k, 

n b - ( 0 , -f. ?*i)i 4- (a 2 ~~ h,}j -f (« 3 -|- b^jk. 


( 7 ) 


* A 

\W\ S' 


fri jx *.iM in 

** in t hr Z'<U\ 

tiCT JVV^th* K 


rhlhuh'jul^ If zx pftvvs v:\lh will 

iunW th *• W - nnj:U* from the po-i- 

vu , 
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Having discussed sector addition, we turn now to the matter of 
v cctor multiplication Although the symbol ab may be given a mean- 
ing, this v ector operator, w hich is called a dy ad,* will not be considered 
here Of principal importance in elementary vector analysis are the 
tv o types of multiplication represented by the scalar or dot product of 
two vectors and the v ector or cross 
product of tw o vectors 
The scalar or dot product of a and b 
is denoted by 

a b - a6 cos (a, b), (8) 

w here (a, b) is the angle betw een the 
directions of a and b The name dot 
product is used because of the dot sym- 
bolism, the designation scalar product 
is proper since by definition a b is a 
scalar quantity and not a vector Other notations sometimes used for 
tins product are *Sab and (ab) Evidently (Fig 61) a b may be re- 
garded as the number obtained by multiplying the magnitude a of a bj 
the projection & cos (a, b) of b upon a, or as the number obtained by 
multiplying 6 by the projection a cos (a, b) of a upon b Since 

a b — b a, (9) 

scalar multiplication is commutative, moreover (Tig G2), it is distribu- 
tive, i e , 

a(b + c)=ab+ac (10) 



If a and b arc perpendicular to each other, neither being a null vector 
then cos (a, b) — 0 and a b = 0, if a b = 0, and neither a nor b is o 
null vector, then a is perpendicular to b In particular 

ij = jk = ki^0 (U) 

* See Gibbs-Wifaon, "Vector Analyiw,” and A P "Vector and Tca*or 

Analyst-*-’’ 
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If b «■ a, a-b = <r - lr; in particular, 

i-i = j-j = k-k « 1. (12) 

If a * n\\ -f- o 2 j -f ajk, b = l>,i -f hi + Mb then by relations (S), 
(1 1), and (12), we have 

a-b = ab cos (a, b) ~ (nji -f « 2 l + 03 k) *(M + M + ^3^) 


Consequently 


— (l\b\ + 0o?>2 *f" O3&3* 


cos (a, b) 


Q] h \ 02 l>2 63 

“d — . 

a b a b a b 


(13) 


* which, since a,/«. b x /b, etc., are the direction cosines of the line seg- 
ments a and b, is the familiar formula of solid analytic geometry for 

the angle between two lines.' 

The vector or cross product of 
a and b is a vector v (Fig. 63) 
perpendicular to the plane of a 
and b, so sensed that, a, b, vform 
a right-handed system, and of 
magnitude v ~ ab sin (a, b). If 
Vj is a unit vector in the direction 
of v, so that v = evj, wc have for 
the vector product of a and b, 

v = aXb= v t ab sin (a, b). (1*1) 

Geometrically, the magnitude of a X b is represented by the area of 
the parallelogram whoso adjacent sides are a and b. Other notations 
for the cross product are l'ab and [ab]. Vector multiplication is not 
commutative, for wc have 

b X a « -a X b, (15) 

as may he seen by interchanging a and b in the figure; lienee it is 
important to preserve the proper order of the vectors in a vector 
product. It is easily shown geometrically, however, that vector 
multiplication h distributive, so that 

a X (b -I- c) = a X b + a X c. (10) 

It ft is parallel to b, it follows from the definition (M) that aXb = 0; 
if a X b <-* 0, and neither a nor b is a null vector, then a and b are 
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parallel The relations 

i X i s j X j = k X k = 0, 
i X j = -j X i * k, 

(17) 

jXk= - 1c X j = i, 
kXi - -i X k = j, 
are of particular usefulness If 

a = oii -j- 02 ) + a 3 k> b = bji-f &jj + b 3 k, 
ne get from (16) and (17), 

a X b = (a t i + a 2 j + 03 k) X (bji + b 2 j 4- 63 k) 

= (a 2 b 3 — a 3 b 2 )i + (a 3 bi — Cib 3 )j 4- (aib 3 - a 2 &i)k, 

n hich may be easily remembered by suiting it in the form of a deter- 
minant, 

i j k 

a X b - a 2 a 3 (18) 

bj b 2 b 3 

Note that the components of a X b are the direction numbers, i e , 

numbers proportional to the direction cosines, of a line in space perpen- 
dicular to the line segments a and b 
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ami therefore, by (M) and (17), 

a X b — rin (or 4* ft) k = (cos ct i — sin or j) X (cos i *4 sin (3 j) 

= (cos a sin 0 + sin a cos /J)k, 

whence we get 

sin (« + £) = sin a cos j3 4 cos « sin 0, 


a familiar trigonometric formula. 


PROBLEMS 


1. Show by vector methods that the diagonals of a parallelogram bisect each 
other. 

2. Show by vector methods that the medians of a triangle meet in a point of 
triwuon of each irunlian. 

3. Derive the law of corines for a triangle. Hint: Express one Bide as the vector 
rum of the other two, n « b 4 c, ami consider the scalar product 

a*a *=* (b 4* c) • (b -f c). 

4. Uring vector methods derive the trigonometric formulas 

sin (<* ,d) «=* sin a cos cos a sin & t 


cos (a — fi) « cos ct cos *3 4 sin a sin ft* 


6. Show that 

a * (b X c) « b*(c X a) « c*(a X b) *» 


Oj ( 1 « 02 

b 1 6* bz 

Cl Cz Cz 


"Vm a ** op 4 oj + o:k, etc. Interpret the scalar triple product a*(b X c) 
geom«*tri rally. 

C. Show that 


a X (b X c) (o^;Cj — at^c i — a*b«ci 4* fljbiCsK 
4* (o.d>yrj — o:6jC 2 — ai&tc* 4* 

4 (ojkjC* — — Ozhzcs 4- at^C2)k, 

nhsw a ** «d 4* ojJ 4 cik, etc, 

7. Show tint 

ft X (bXc)« (c X b) X a. 

8. (a) Show that the Victor triple product a X (b X c) may be written as 

ft X (b X c) w* (a*c)b — (a-b)c, 

(a X b) v c » (a-clb — (b*c}a f 

* M t!iU roaJl5i*!imt».«n it in p-n-'nd not a-vocintfve. (ft) Show tint 

« X (b X e) -r b X' (c X a) -f c X (a X b) «. 0, 
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Consider now a scalar function of portion, u = u(x, y, z) The dif- 
ferential du of « is (Chapter VII, Art G6), 

3u du du 

du = — dx H dy -\ dz (6) 

dx dy dz 

Reference to equation (13) of Art 80 suggests that the abov e expression 
for du may be regarded as the scalar product of two % ectors ivhosc com 
ponents are du/dx, du/dy, du/dz, and dx, dy, dz, respectively Conse- 
quently we ha\e 

( du du du \ 

— l -f- — -J + — k ) (dxi -f dy} + dzk) (7) 

dx dy dz / 

If r = xi + yj + 2 k, the second vector in (7) evidently represents dr 
The first lector m (7) is, as we shall see later, of fundamental impor- 
tance m field problems, and is denoted by Vu 


du du du 

Vu s — i -| j -j k 

dx dy dz 


(8) 


The symbol V, called “del,” * therefore represents a vector differential 
operator, or symbolic vector, 


d d d 

V = 1 f-J f-k — 

dx dy dz 


( 9 ) 


If F = Fji + F 2 ) + F 3 k is a vector function of position, F F(x, y, z), 
w c hav e 

VF = (i— + j — + k—') (n» + F 2 j + F 3 k) 

\ dx dy dz/ 


and 

V XF = 


dFi dF 2 dF 3 
dx dy dz 


( 10 ) 


i J k 
Odd 
dx dy dz 
Fy F 2 F 3 


( 3 J±-°Ii\ + (°Il- a Ji)} + ( 9 Jl- a l!) k (11) 

\dy dz } \dz dz} \dx 0y / 


\dy 

* Sometimes called ‘ nabla or 
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71,0 vector Vu is called the nradient of «, and is then written grad u; the 
scalar V-F is called the dhngcncr of F, and written divF; the vector 
V X F is calKl the curl of F, and written curl F. The reasons for 
thrve names and the utility of these concepts in the applications of 

vector analysis to physical prob- 

, Jems will be indicated in the fol- 

\ X lowing articles. 

\ \. 82. Applications. We are now in 

\ \ a position to consider a few physi- 

j,-\ cal problems from the standpoint 

\. of vector analysis. 

.. „„ Consider first the motion along 

a given path of a body acted upon 
by a force. Lot. the force, which may vary in direction and magnitude, 
ho denoted by the vector F, let dr be the elementary displacement tan- 
gent to the path, and let 0 be the variable angle between F and dr 
(Fig. GG). Then the work done by F in producing the displacement dr is, 
approximately, 

AH' — F dr cos 0. 

But by definition of the scalar product of two vectors, Fdr cos 0 = F -dr. 
Hence the work done in moving the body from A to B along the path is 
given by the line integral 

IF «f F-rfr. (1) 

A«. a second illustration of the use of vector notation in mechanics, 
consider the moment M of a vector force F about a point 0, defined as 
the product of the magnitude F of the force and the perpendicular 
distance of the line of action of F from 0. 

H r i* the vector from 0 to the point of |F 

application of F. and 0 is the angle between 
the direction* of r and F, wc have (Fig. G7) 

.If « Fr sin 0. 

'I hw suggests cither the vector product 
r X F or the vector product FXr^ -rXF 
a* a vector reprr.'ontation of M. Adopting Js j 

the convention of making a moment pod- i 

live wh«n it tend- to produce rotation in y/ | 

the counterelockw i=<* n-e, we see that q j 

oh>.n the moment h right-handed about » 

n vector jx'rju'ndieular to the pajs-r and f t - 
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pointing toward us, as in the figure, ivcetor pointing in this direction 
will be a convenient choice Hence we wnte 


M = r X F 


( 2 ) 


If 0 is made the origin of the coordinate axes so that r - aa -f t/j -f zk, 
then, setting F = Fix + F 2 J + T 3 k, we get 


M = r X F = 


J 


I Ft Fi F z | 

« (V F z ~ zF 2 )i + (zFi - tF 3 )j + (xF 2 - yF x )K 
whence the components M x M v M z of M are given by 
= yF z - zF 2 , 


M v ~ zF x — xF z , 


(31 


M, = xF 2 - yF Xt 

which agree with the usual expressions 
In connection with our next topic, the kinematics of a particle wo 
require the concept of the curvature of a cun e at a point P on it Let 
the scalar variable s denote the length of the cun e from a reference 
point R to P, and let T denote a unit tangent to the curve at P, i e a 
vector of unit length tangent to the curve in the direction of increasing s 
(Fig 6S) When s is increased by an amount As, T changes not in 



magnitude but in direction, by an amount AT Tor small values of 
As AT is approximately equal to the arc of a unit circle with central 
angle AO, where A 9 is the angle through which T turns when a changes 
by As Hence AT /As is approximately equal to A0/A? in magnitude 
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A>tr. f>2j •« * 

mid in the limit as As is allowed to approach zero, we have exactly 

\d0\ 

,d»r 


lim 


|££j 

| dT | | 

o ! As 1 

i ds 1 | 


where the bars indicate the magnitude of the vector or scalar. Since 
tlO /ds is by definition the curvature of the curve, we define the vector 
curvature as 

dT I 


K 


d$ 


The direction of K is evidently along the normal at P. Then if p 
is the radius of curvature, we have 

dT 


K « - - 
P 


ds 


( 4 ) 
1/A’ 

( 5 ) 


Now, if at time I, r is the vector from an origin 0 to the point P 

on the path of a particle, we shall have r a 
function of time, r = r(t). In the time At, 
the particle will have moved from P to Q, 
say, and its displacement will be roughly 
equal to Ar (Fig. C9). Consequently the 
average velocity over the interval At is 
nearly equal to Ar /At, and therefore the 
instantaneous vector velocity v at P is 



v = j/T = 


where r is the speed, 
£r 

dr 


dr 

di’ 

The vector acceleration then is 
dv 
dl 


( 0 ) 


Xmv 

dT 

dT ds 

ihni 

It 

ds di 


d-r 

dv 




« — T 4 


dt‘ 

dt 


d dv dT 

~ O'T) = — T + t'-~ -• 

dl dl dl 


Kv, 


( 7 ) 


ib n^ we have the familiar result that the vector acceleration of a 
movlmt par b the sum of two vectors, one a tangential component 
of magniume d:;df, me other a radial or normal component of magni- 
tude rK *•- r/p. 
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TVe next consider the orbital motion of a particle acted upon by some 
force of attraction directed toward a fixed center 0 (Fig TO) E\\- 
dently planetary motion is of this type If here r is the vector from 
the pomt P of the orbit to the center of attraction, the vector velocity 
dt/dl will be directed along the tangent to the orbit, and the vector 
acceleration (Pi/dt* along PO, that is, in the direction of the attractive 
force Since the angle between r and 
cTt/dP is zero, we have 


drt 

— ; X t = 0 
dt 

Now 

d {dt 
— X r 
dl \dt 


( 8 ) 


\ dr dr 
/dt X Tt 


r 

. +7?Xr, 
dt dt 2 


and since the vector product of a vector 
into itself vanishes, (S) may be written 

d /dr \ 

-hXr - 0 
dt \dt } 

Integrating, we get 


dt 

T Xi = 
dt 


(9) 



where c is a constant vector Remembering that the magnitude of the 
cross product of two vectors represents the area of a parallelogram hav- 
ing the**} two v ectors as adjacent sides, wo may interpret the left-hand 
member of (9) as twice the area sw ept out by the radius v cctor r in unit 
time, so that this quantity, called the areal velocity, is constant for 
planetary motion 

Consider now the flow of nn incompressible liquid jn a three- 
dimensional region Let Q denote the quantity (lb ) at a point P 
of the liquid, flowing in unit time through a unit cross-sectional 
area perpendicular to the direction of flow , which we take as the direc- 
tion of Q, and let Q xt Q„, Q t be the components of Q along tho coordi- 
nate axes Consider an elementary v olumc Ax Ay A z of the region, as 
shown in Dg 71 Then the quantity flowing into the left-hand face is, 
approximately , 

Q y Ax Az, 

while that flowing out of the parallel right-hand face is, approximately 
«?„ + AQy) At Az 
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Hcnrc the approximate net increase of liquid in the parallelepiped due 
to these two faces is 


Q y Ax A; - ( 0 ;/ + a Q„) Ax Az — — A Q v Ax A:. 



Similarly, tin' approximate net. increases inside the volume due to the 
other two sets of parallel faces are 


— A Q r An A:, — A Q t Ax Ay , 

ro that the total increase is nearly equal to 



i <J ’ i:/ 


Ax Ay As. 


Ihn, fur an incompressihle liquid, this total increase must be zero, so 
that,. ■•'ttiup; the almve expression equal to zero, dividing by —Ax Ay Az, 
ami then passing to the limit as At. Ay, and Az all approach zero, wo get 


<’Q: 


Ox 


"T 



t iy 



» 0. 


( 10 ) 


d'iti' i' : one fonn of the so-called equation of continuity. Comparing it 
ebh ( qua.: ion (10) of Art. SI. we see that it may he written in the form 


div Q » V-.Q » 0. 


( 11 ) 




346 


VECTOR. ANALYSIS 


IChap VIII 

box will gne rise to lines of force which diverge from it, this indicates 
the reason, for the designation divergence for the operation V 
As a final example before proceeding with the do 1 ! elopment of \ cctor 
concepts, consider the gradient of a scalar function of position, V, 


av av av, 

vrs r 1 + rJ+r k - 

ox dy dz 


If ne operate on both members of this identity with V , 1 e , if we take 
the di\ ergence of the gradient of V, we get 


a a a\ /av av av \ 

\ ax ay dz) \dx dv as ) 


a 2 V d 2 V a 2 V 

dx 2 By 2 dz 2 


( 12 ) 


Thus the operator V V, or V 2 as it is usually wntten, is the three- 
dimensional Laplacmn operator The Laplace equation 

V°V = 0 (13) 


is, as has been noted before of great importance in mathematical 
phjsics, occurring for example, m the study of threc-dtmenstonal 
stead) -state heat flon We shall have occasion later m this clmpter 
to deal with the scalar operator V V ~ V* in other connections 


PROBLEMS 


1 If u 13 a scalar function of x y, and z and v and w are vector functions of 
x y 2 show that 

(tl) V (uv) « Vl/ T, 

((>) V X (uv) « Vu X v + uV x V, 

(c) V(v w) - v Vw + v X (V X W) + w Vv + w x (V X v), 
f#Tl V (y X w\ - w V X v - v V X w.. 

<c) V X (v X w) - (V w)v - (V v)w + (w V)v - (v V)w 

2 If u is a scalar function of position, and v« a vector function of position, 
show that 


(o) V X Vu - 0, 

(6) V V X v - 0, 

(e) V X (V X V) - V(V v) - V*v 


3 If V - (xi + y\ + ?k)/V x- -}- f / 1 + z\ show that 


V v - 


2 


y/x 1 + v* + ** 


vx v - o 
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4. If r <= Vz 5 + jr + s 2 , and n is a constant, show that 
VV = n(n + l)r" -2 , 

snd hrncc that the function l/Var + j/ 2 + 2 2 is a solution of Laplace’s cquntion. 

6. If a is a constant vector, and r = V ar + i/ 2 + z 2 , show that 

6. If v is a vector function of x, y, and z, show that 

Vv- * 2(v*V)v + 2vX(VX v). 

7. Let o he the constant angular velocity of rotation of a rigid body about a 
fixed axis. Taking o as a vector along the axis of rotation, its sense being such that 
to Ultima in the given direction is right-handed with respect to w, and letting r be a 
verier from a point on the axis to any point P of the body, show that the linear 
wlority v of P is given in magnitude and direction by v — o> X r, and that « = 

X v t (CL expressions (11), Art. 73.) 

8. A fluid is flowing across a plane surface with a uniform vector velocity v. 
If K h a unit normal to the plane, show that the volume of fluid that passes through 
a unit area of the plane in unit time is v*N. 

Let a ray of light pass from a medium whose index of refraction is n\ into a 
medium of index n*. If a and b are unit vectors along the incident and refracted 
nys respectively, their directions being those of the light rays, and N is a unit 
normal to the surface of separation of the two media, show that 


7*i N X ft ~ ucN X b. 

10, Consider a particle moving along a plane cum?, and lot r l>c the vector from 
the origin 0 of the plane to the position P of the particle at time /, the polar coordi- 
iuiu-s nf P being (r, 0). If N is a unit vector in the direction of r increasing and T 
L a unit vector perpendicular to r and in the direction of 0 increasing, show that 


dr dr 


nr do 

l H N + r 7i T ’ 



S3. Scalar fields; gradient. We have had occasion, in connection 
with some of the topics already discussed, to deal with a scalar function 
of portion, or scalar point function u(x, y, :). We now wish to examine 
htriher (his type of function as representing some physical property in 
a iiuve-dimensionul reirion or field. 
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If we set the scalar point function u(x, y, 2 ) (which we assume to be, 
together with its £r*t partial denvativ es, finite, continuous, and smgle- 
v alued) equal to a constant c, wo get the equation of a surface at every 
point of w hich u has the same v nlue We call the surface 

y, z ) = c (1) 

a lev el surface of the scalar point function U £et r = xi + yj -f zk be 
the sector from the origin 0 to the point P(x, y, 2 ) on a level surface (1), 
and let N be a unit normal to the surface at .Pm the direction of increas- 
ing u (Fig 72) If ds denotes the magnitude of the differential vector 



dr ~ 1 dx + 3 dy + k dz from P to a point Q on a neighboring lev cl 
surface, and dN the value of ds when dr is m particular taken in. the 
direction N, uc have 

dN = N dr, (2) 

« o that the differential du of the function u(x, y, z) will be 


du du r , 

d “~jN m = lN 1 ' dr 

But we have seen m Art 81 that du maj be written m the form 
. du dn , . 3ii 

du es — dx + — Ay -+• — dz 
dx dtf dz 

s= (1 ~ + j -f k— ^ (1 dx + j d'J + ^ dz) 

\ dx dy dz/ 


(3) 


Vu dr 


du 

— N di 
dN 


ilence w e get 


(4) 
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Since Oils relation holds for any differential vector dr, it, follows that 


Tu «. 



(5) 


Xow the length of path PQ ~ ds is least along the direction N, i.e., 
dN is the least value of ds. Consequently the maximum value of 
dit/th is dii /dN. We therefore have the following interpretation of 
Tu; The gradient of u is a vector along « normal to the level surface 
u(r, y, r) *= c and in the direction of increasing u, its magnitude being 
equal to (hr greatest rate of increase of v. 

The above interpretation of Tu is of considerable importance in con- 
nection with the concept of potential. We shall for definiteness discuss 
gravitational potential due to matter; similar discussions apply to elec- 
tric potential due to charges and to magnetic potential due to poles, 
h't a particle of mass m he situated at the origin 0, and let a second 
particle of unit mass ho situated at the point, P(r,y,z). If r = a-i 
i/j ck is the vector from 0 to P, the vector force F which the 
particle at 0 exerts on the particle at P is, when the magnitude F of 
F is measured in gravitational units, 


F = 




( 6 ) 


where rj is a unit vector in the direction of r, so that r = rti. We now 
define the potential at P due to the mass m at 0 as (cf. Art. (55) 


m 

11 “ 7 i (7) 

evidently u is a scalar point function satisfying at every point except 
the nriciu O, the conditions imposed at, the beginning of this article. 


Then tin 

'• gradient of 

u i 

*s 






Tu 

"" T 0- 


But r « 

(s' + tr 4- 

- a ) ! 

•, and - 

consequently 




0 

/IV 

1 Or 

T 



dr 

\r) *• 

r* Ox 

~ "n 7 



fl 

(l\ _ 

1 Or 

If 



7'!! 

W' 

* ***" 
r di; 

" r'* 



d 

3: 

0" 

1 dr 

r : dz 

r' * 
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bo that 


7 (zi + V J + 2k) 


Combining (6) and (8), wo see that 

du 

F — Vu = • — N 

dA r 


( 8 ) 

( 9 ) 


Thus the force of attraction is directed along the normal to the lei el 
(equipotential) surface, and its magnitude is equal to the greatest rate 
of increase of the potential From (9) we find also, since F = du/dN t 
that the difference in potentials between two level surfaces is 


v 2 — «= frdM, ( 10 ) 

Jy 

where the integration is extended along the path from one level surface 
to the other, the curve being such as to be normal to all level surfaces 
intersected But the right-hand member of (10) also represents the 
work done * in going from one level surface to the other along the stated 
path Moreov cr, since the potential is constant on a lev cl surface (here 
a sphere with center 0), so that no work is done in moving about on 
one such surface, it follows that the work done in going from one cqui 
potential to the other bj any path is equal to the difference in potential 
on these surfaces Since u approaches zero as r becomes infinite, bj 
the definition (7), we infer that the potential at any point P is equal to 
the work done in bringing the particle from infinity to that point bj 
anj path 

We gu e next an alternative expression, in the form of a surface inte- 
gral, for the gradient of a scalar point function, we shall make use of this 
result, m our later w ork Let P be a point m tVic scalar field under con- 
sideration, let Fbea small \ olume containing the point P and bounded 
b\ the closed surface S, and let N be a unit outward-drawn normal to 
an element dS oiS \\e shall now show tliat 


jfjfuNdS 

grad » ■= lira — , 01) 

i-o V 

• This work may bo done on or by (I c particle, depending upon the direction of 
traxcl, no consider here mertb the numerical value of the work done 
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where the limit is in he taken as V shrinks flown to P. To establish 
fhi« relation, we shall show that the right-hand member reduces to the 
rxprr.«-ion previously given for V a. In the first place, we may write 

N = (N-i)i + (N-j)j + (N>k)k, (12) 

so that the right member of (11), which we denote for brevity by A, 
Itmimc-s 



Now lot tlH i and d.S 2 denote the elements of area cut from the surface S 
by an clementoty cylinder parallel to the x-axis as shown in Fig. 73, let 



dS t K* the common projection of dS x and dS 2 on the i/:-plane, and let S- 
!v* the projection of N on the t/r-piane. Then if Nj and lb, arc the unit 
oorjnaD to dS l and ,iS 2 , respectively, we have 


dN- -- — (N, -ii d.Sj it: (I'tyi) dS 2 . 

^•tunc >i S and denote the values of u on dS t and tJS», rcspcctivelv we 
xh^ti $*'* ~ * r 
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J£u(N i) dS *= f£ M®2 i) dS 2 +££ «i(N, i) dS l 

=J£ («2 - «l) d-Si 

Now let Au = m 2 — «i, and let Ax be the length of the elementary 
cylinder between dSj and dS 2> so that 

JJ > i)ds J 0 LS-* 

v y 



where (Au/Ax)i is the average value of An/ Ax over the volume V 
If, now, we allow V to shrink down to P, so that Ax approaches zero, 
(Au/Ax)} will approach the value of du/dx at P Consequently we 
have for the coefficient of i in (13), 


Similarly, we hai e 


and therefore 


hm 
v— o 


f“ (N 


i )dS 


hm - 


V 

££uw j)ds 


/I"" 1 - 


du 

' Tz* 


JE- 


A = hm - 
i-o V 


0u du . du 
, = i +J _ + k— = Vu, 
Ox 0y 0z 


(14) 


the desired result 

84 Vector fields, divergence and curl In the preceding article no 
defined a scalar field associated with some physical prop< rtj winch was 
guen b> a t-calar point function If, on the other hand the phj«ic i! 
property to be nn estimated in some region is specified b} a sector point 
function v(x, y, z), we speak of the region lm olved as a \ector field 



353 


Aw. fiij VECTOR FIELDS; DIVERGENCE AND CURL 

Jusl as- 1 he gradient of a scalar point function plays a large part in 
scalar field problems, so the divergence and curl of a vector point func- 
tion enter into various vector field problems. Accordingly, we shall 
consider Ihe scalar V-v and the vector V X v more in detail in the 
present article. * 

We first establish an alternative expression for the divergence V-v, 
similar in form to the expression for the gradient V u discussed above. 
'The relation to Ik: obtained is 

div v = lim , (1) 

r- o V 

whore the symbols in the right-hand member have the same meaning as 
before. Tf r, t v : , r 3 are the components of v, so that v = r,i -f- r«j 
+ cak, we have 

N-v = r, (N-i) + m(N-j) + r 3 (N-k). 

Hence the limit on the right side of (1) may be expressed a.s the sum of 
three limits, the first of which is 



But this is similar to the left-hand member of equation (14), Art. S3, 
the scalar point function •'/ merely being replaced by the scalar point 
function r,. Therefore the first of the three limits whose stun is desired, 
h /dr, and, similarly, the other two are dr 2 /dy and dv a /dz. Conse- 
quently we have immediately 


ff N-v (IS 

. JJ* clr, 


lim 

v-o \ 


dr, di '2 dl’n 
ox oy dz 


which proves the truth of equation (1). 
Wc may show equally readily that 


ff?*'* 


curl v ^ lim — 

r-t> { 


♦ TL- ;v re - v, . t . ? . *«f r arc t.» rotUfv the Fame condition* im no.-ed 

i. 5% Art si " 



VECTOR ANALYSIS 


[Chap VIII 


3^4 

To begin with, we wnte (cf equation (12), Art S3), 

N X v = ill (N X ▼)] + jU (N X v)] + k[k (N X ▼)] 

But for anj three vectors a b, c, w e have a (b x c) = b (c X a) (<?cc 
Problem 5 following Art SO), so that 

N X v = i[N (v X i)] + j(N (v X j)J + k[N (v X k)] 


Consequently the right-hand member of (2) is a vector whose z-compo 
nent is 



X i) dS 


which, by equation (1), is equal to div (v X i) Likewise, we see that 
the y- and z-components are, respectn ely, div (v X j) and div (v X k) 
But by the definition of divergence, wc have 

div (r X l) = V (a 3 j — r 2 k) f 

dy dz 

dVt dl’3 

div (t x ]) = v (r t k - t 3 i) = 

dz dZ 


whence 


div (v X k) *= V (v 2 i — »ij) « 


dv 2 

dz 


dVi 

d'J * 


lmi - 


/J> 


XvdS 


/di 3 dv 2 \ (Bv x 
\<>y dz) + i \dz 


dz) \<?z $y f 


= vx v, 

and equation (2) follows 

We now proceed to consider a particular relation between a surface 
integral and a v olume integral, known os the div crgcncc theorem, w hich 
lias a number of uses in further theory and applications Let v bo a 
vector point function, and let the associated vector field be a volume V 
cnclo'-ed bj a surface S Then if N is an outward-draivn unit normal 
to the element of surface area dS, the divergence theorem states that 


fffavav-ffrvJS 


(3) 
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To prove this relation, suppose V to be subdivided, say by planes 
parallel to the coordinate axes, into small elements or cells. The sur- 
face integral in (3) may be replaced by the summation of the surface 
integrals taken over the aggregate of surfaces of these individual cells, 
for any surface common to two cells (Fig. 74) will be integrated over 
twice, the direction of N for one case being opposite to that for the 
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other, so that K 2 -v - -Ni-v and cancellation results from the two 
integrations. Lotting AS denote the surface of a typical small cell, 
we then have 

-/Xn-v-B, (« 

where the symbol 2 denotes summation over all the cell surfaces. 
Now if AV is the. roll volume enclosed by AS, the average value of 
div v over a cell will be, by equation (1), approximated by tlie expression 

and therefore the summation of the divergence over V will be approxi- 
mainly pi von by 

2 div v AV « 2 |J n-v d(AS) 


-f£ N 


by equation (4). Allowing the number of cells to become infinite and 
each AT to approach rem, we get in the limit the divergence theorem 

As a simple verification of equation (3) for a particular imn», let V 
W n ' <>* w»«»h r and «ith comer at the origin 0, and let 


V «- -l -i. yj 


-k. 




vector analysis 
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/ d d d\ 

t ~ (i f- J — -f* k — ) 

\dx l dy dz 


(xi + 1/J + 2k) = 1 4- 1 -f 1 =* 3, 


3 E irm **- 


On the other hand, since K and v are both directed along the radius of 
the sphere, 

N v = r, 
and 




Thus equation (3) holds in this instance 

Although the divergence theorem was obtained as a mathematical 
relation between a volume integral and a surface integral, it has an 
important physical bearing as well Regarding v as a vector represen- 
tation of a Dux, e g , electric or magnetic flux, heat flow , or fluid velocity , 
we maj state the divergence theorem in words as follow’s In. a \ector 
field the summation of the normal component of flux o\cr a closed sur- 
face S is equal to the summation of the divergence over the \ olume V 
enclosed b> S, each being a measure of the excess of outward flux o\ or 
the inward flux 

86 Theorems of Stokes, Gauss, and Green. As a prcliminarj to 
the derivation of Stokes’s theorem, we first obtain the following lemma 
Let v 6c o teefor point /unction, Id AS 6e a small element of surface area 
bounded by a closed curtc c, let T be a unit tangent to c, in an arbitrarily 
chosen positue direction, and lei N be a unit normal to bS in the direction 
related to the posilne direction 
around c as Ihc thrust and twist of 
a screw icith right handed thread, 
then approximately, 

(N curl v) AS «jfv Tds, (1) 

the approximation being better the 
smaller and more nearly plane AS 
tj? talcn 

Supposing AS to be so small rio 75 

that it is scnsiblj plane, construct 

a right c\ hnder of height k and having AS as its upper ba<-e (Fig 75) 
Let AT » h AS denote the volume of this small cj hnder, and let Nj lie 




357 


Akt.831 THEOREMS OF STOKES, GAUSS, AND GREEN 

a unit normal io the lateral surface ASi of the cylinder. Consider now 
tl,r. surface integral of the scalar function N-(N, X v) taken over the 
total surface of Hie cylinder. Since the unit normal to the lower base 
is- -N, the upper and lower bases will together contribute nothing to 
the surface integral, which therefore reduces to 


E 


N-(Nj X v)d(ASi). 


Si 


N'ow N-(Nj X v) = v-(N X N,) (see Problem 5 following Art. SO), 
and since AS t is of constant height h, the above integral may be 
written 


E 


Moreover, It X N| 
evlinder becomes 


v-(N X Ni)/i ds. 

C 

T, and consequently the surface integral over the 


ff N*(Nj X v) d(A. Si) « h fvTds. (2) 

JJ.-.S, J c 

Hut from equation ( 2 ) of Art. SI, we also have the approximation 

(N-curl v)h AS N- (Ni X v) d(AS t ). (3) 

Combining ( 2 ) tmt! (3), \vc get ( 1 ). 

t*Mnp (I), we may now easily prove Stokes's theorem, which may 
he Mated i\< follows Let S be any open surface bounded by a dosed curve 
C with unit tangent T t btv be a n dor point function^ and kl N 6 c a posi- 
tively directed normal to S; then 


ffy -curl v dS ~ f 


v-T ds. 


(4) 


To prove this relation Inhvecn a surface integral and a contour integral 

suppose ,<* sulxiividcd into small elements 
of surface AS. Then the line integral in 
f-l) may be replaced by the sum of the 
Hue integrals around the boundaries of 
all Ha* sulxlivHuuis, an arc common to 
]- ja 75 * no elements being traced twice in oppo- 

site directions and therefore contributing 
nothing (Fig. “<'■). Coa-eqjjently we have 


lit 

J 
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■where c 1 the boundarj of a typical element and 2 again signifies the 
summation of all such integrals But from equation (1) we get 

2(N curl v) AS ~ sj'v Tds, 

so that 

2(N curl v) AS —Jj Tds 

Passing to the hmit as the number of subdivisions becomes infinite and 
eacli AS approaches zero we get (4) 

Another important theorem is that known as Gauss's, which ma) be 
obtained from the divergence theorem of Art $4, 




vdS, 


where S is a closed surface enclosing a \ olume V Let r ~ xi + *f zk 
be the vector from the origin O to anj point P(x, y, z), and let be the 
unit vector in the direction of r, i e , from O toward P, so that r = ?Ti 
Take as the vector pomt function v the vector * 


so that 


Also, since 


/JW 

» + V) + zk 


■ffs 


r 3 ’ 


( 5 ) 


iVon 


•K6K&K6) 

tf + v' + f)"’ 




(1 

tJx 

±(L)„ , 

dtj Vr 3 / (x z + if + r ) M 

x 2 + IT - 2z 2 


(x 2 + ir + r 3 )^. 
x g + - 2 tf 


.]■ 


m- 


(x 2 -f y 2 + z 2 )* 1 ' 

• Cf Art S3 iv ! ere we !uul u — m/r, Vu — — mr/r* 
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whence 


div — = 0, 

r 


( 6 ) 


and therefore, from (5) and (6) combined by the divergence theorem, 

N*r t 

~ (7) 


Sr?*-' 


Apparently this is our full result. But let us examine matters a little 
mote critically. We have, in all the foregoing work, confined our atten- 
tion to formal manipulation, and have given little or no regard to such 
points as continuity and differentiability in connection with the func- 
tioire treated. However, although some of our manipulations and 
limit -taking processes require a more careful study and certain refine- 
ments to put them on a firm foundation, fortunately the results obtained 
are valid and complete, for all functions to which they apply in suitable 
regions of space. Here we see that our result (7) is correct only if the 
origin 0 is outside the surface S, so that we do not as yet know the 
complete story. For, if 0 is inside S, the function 1/r, the gradient of 
which is the negative of our vector point function v, becomes infinite* 
at a point (namely 0) of V, and consequently the volume integral of 
div v cannot be obtained. Hence we should write our result 



dS — 0 (0 outside S). 


<7i) 


Mow consider the case in which 0 is within S. We describe about 0 
as center a small sphere .S t lying entirely inside S and of radius c, and 



tale as V the volume Mwcen S t and K (Fig. 77). Then div v exists 
in thK region, and 1,7 ; ) may be applied to the complete boundary, so that 
*n*hav*‘ 







« 0 . 
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Note that since the unit normal N is to be directed outwardly from V, it 
mu^t be drawn toward 0 on the surface Sj Consequently N ri =» —1 
in the second integral, and since r = e for points on 5i, ive get 


and 


ff,9< 



4tt 


Allowing £ to approach zero, wc then lme for the volume enclosed by 
5 with merely the point 0 deleted, 


ffi' 


4ir ( 0 inside S) 


(7 a ) 


Relations (7j) and (7 2 ) together comprise Gauss’s theorem: 

f 0, 0 outside S, 

Ut, 0 inside S 


ff.9 


( 8 ) 


Gauss’s theorem may be interpreted physically in a simple manner 
Consider, for example, the l ector field of force surrounding a point 0 at 



which is placed an electric charge Q (coulombs) Tho electric force or 
field intensity Fat am point P will, by Coulomb's law , i ary in magni- 
tude itnctvely as the Fquare of the distance r from 0 to P Ut »S 
lie a closed surface to which 0 is interior and Jet S 3 lx* a second closed 
surface to which 0 is t\tenor (Tig 7S) Describe about O a sphere 
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S a with radius T! u lying entirely within Sy. Since the flux crossing the 
sphere ,% will be equal to that crossing Sy, we have 

On the other hand, any flux entering So will also leave it so that 

'N-r, 


f£ 


■ dS 2 = 0 . 


s. r 


•Since 0 is inside Sy but outside S 2 , we have here the two cases of Gauss’s 
theorem. 

We proceed now to the derivation of Green’s theorem, which also 
springs readily from the divergence theorem. Let w and w be two scalar 
point functions which, together with their first partial derivatives, are 
continuous and single-valued over a volume V enclosed by a surface S. 
Wc first take 


so that 


dw dw dw 

V = « Yw — iu f- jtt b ku — 

dz dy dz 


N -v = wN- Yw, 
d 

div v 


a { dw\ a / 3»>\ a / dw\ 
dx. v ar/ ay v ay/ + 32 v dz) 


, o - o . 


+ TT+ , 
3y 3; 


r) 


3» 3io 3u die du dw 

+ ~ 1 1 

dx dx dy dy dz dz 


iiN-Vto dS. 


( 9 ) 


/ 3'ir 

~ v \dx- 

= u Y~w -f* Vi/ ■ Vie. 

Hence, substituting in the divergence theorem, we get 

JJfr* 

1 bh h Green's theorem in the first form. Now if wc interchange the 
roles played by u and tr in v, we have similarly 

ffffr V-u + Yw-Ytt) dV = JJwN-Yu dS . (10) 

Subtracting (10) from (9), we find 

fffa X ' w ~ 1r v ‘») dV « ffjN ■ (« Wo - to Yu) dS, (11) 
which i'« GreenV theorem in the second form. 
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8G Further applications In Art 82 ne considered a fen simple 
examples, of the use of xector analysts in physical m\ estigations, 
these examples being based upon the results obtained in Arts S0-S1 
Employing al«o the matenal of Arts S3-S5, nc may now discuss 
further applications 

We begin by making use of the divergence theorem in the derivation 
of the partial differential equation of three-dimensional heat flon * 
Since the rate of heat flon across unit area is in the direction of decreas- 
ing temperature and is proportional in magnitude to the tempernturo 
gradient, ne hate 


£Q 

oi 


du „ 

-K — N = 
ON 


-K Vu, 


( 1 ) 


by equation (5), Art 83 , here OQ/Ol is measured in calones per second, 
u is the temperature m degrees centigrade, N is a unit normal in the 
direction of flow , and A is the thermal conductivity (cal /cm deg sec ) 
Non if p is the specific gravity and c is the specific heat (cal /gr deg), 
the amount of heat nhich leat es an elementary \ olume dV m 1 sec will 
be, nearly, 


and the total loss of heat per second tlirougbout the \ olume V 13 


c P — dV 


( 2 ) 


Letting S be the surface bounding F, the total amount of heat leaving V 
in 1 sec may also be n ntten as 


[Tn —dS » -A' ffn VudS, 

JJs 01 JJs 

by equation (1) Applying the divergence theorem, with v — Vu, no 
therefore lia\ e 

JJ If ~ dS « VudV (3) 

Combining (2) and (3), and remembering that d» Vu *■ V Vu *= V'u, 
nc get 


Cf Oiaj ii r MI \rt* 71 72 
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But if this relation is to hold for any volume V, the integrand must itself 
vanish, For, if the integrand were, say, positive throughout any region, 
however small, V could be chosen as this region, whence the volume 
integral would also be positive, contrary to (4). Hence we have the 


equation 


dtr 

OL 


= or V 




d 2 u 


driA 

+ + "T"o ) i 

d IT dz~ } 


( 5 ) 


where or ~ K/cp . If the flow is one- or two-dimensional, equation (5) 
reduces to one of the equations obtained in Chapter VII. 

We next consider the motion of 
a particle acted upon by a con- 
servative force, which is defined as 
a force such that the work done in 
moving a particle from one point 
to another is independent of the 
path followed by the particle. Let 
the vector F represent a conserva- 
tive force, let P and Q be any two 
points in the vector field, and let 
('% and be any two curves connecting P and Q (Fig. 79). Then the 
work done in carrying the particle along Ci and along Co will be the 
same, i.e., 

f F-T ds - f F-Tds, 

JCt Jet 

where T is a unit tangent to cither curve. If C denotes the complete 
circuit from P to Q along Ci in the positive direction and then back to 
P along Co described in the negative direction, we then have 



JF-Tcfe-O. (6) 

I mm Stokes's theorem it therefore follows that 

JJn- curl FdS *= 0, ( 7 ) 

uhem N is any open surface bounded by C. Since C is any curve in the 
vector field, we conclude that 


curl F = 0 


<i%(tvv.h»Te in the field. Conversely, if the curl of anv vector force F 
;; vl " ntU n ; l ' V "«*.»« « vc «or field, so that (7) holds, we get by Stokes's 
•w-orvm the tvsation (b), and therefore the force is a conservative one. 
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Hence a force is conscn ativ e if and onl) if its curl vanishes identical!) 
Moreov er, vv hen F is conwv ativ e, the w orh done in moving the particle 
from the origin 0 to anj other pomt P(r, y, s) will be dependent only 
upon the portion of P, so that we may write 

Jo F T ds = u(x, y, z), (S) 

w here u is a scalar pomt function Consequently, lettmg dr — T ds, 
where r — xt + Vi + 2 k, we get from (8), 

du *= F dr 

But no ha\e seen m Art 83 that du ~ Vu dr, and therefore 
F dr *= Vu dr 


Since this relation holds for an> v alue of dr, w e get 

F = Vu (9) 

Thus a vector whose curl is identical!) zero maj be expressed as the 
gradient of some scalar pomt function 
This lost result maj be used to prove a theorem of winch wc made 
U 1 *! in Chapter VII, Art 73 The ncccssarj and sufficient condition that 
u dr + v dy +- w dz, where u, i w are functions of x, y, and z, he the 
exact differential of some function is that the curl of the v ector F = 
ui + tj -f «k vanish identic all) To show the necessity of thus condi- 
tion, suppose that u dx + v dy + w dz is the exact differential of some 
function /(x, ij, z), so tliat 


But we have aUo, 


d/ =* udx + vdy + wdz 

„ Of ^ , Of Of 

df => — dx H dy H dz, 

' dx dy dz 


whence, since dr, dy, and dz are independent, we must have 

Of Of Of 

ti «= — , r = — , ic = — 
dz dy Oz 


Hence 


/Ow dp\ (du Oic\ t fdv thi^ 
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Conversely, if curl F = 0 identically, F must, by (9), be expressible 
ns the gradient of some function, 


Therefore 


whence 


F » V/. 

df of , df 

„i + rj + »k=F-F/=.- + J- + k- ! 


V 

dx 


sf 


V — 


w 


and 


dU 


df 

dz 


df df df 

» dx + v dy 4- io dz — — dx d dy -} dz — df, 

dx dy dz 


so that « dx *f r dy + w dz is the exact differential of the function 
ffo, V, ')• 

Our next problem is concerned with the potential due to a continu- 
ous distribution of matter over some region. Let V be any such region 



bounded by a surface S, and let pfoi, y 1( xj) be the density at any point 
•7*1 <x t, f/i, of U (Fig. SO). Then the potential at a point P(x, y, z) of 
1 due to the mass of an elementary volume dFj — dxi dijy dz\ at P\ is 

, p(ri,yi,Zi) dVj 


uhero ~ A (.r — x,)- a* (y — »/*)* -f- (x — x j ) • is the distance between 
P> and and the potential at P due to the entire mass inside S is 


u ~ 


Iff 


ft foil Vl! -l) 


dV, 


r 


( 10 ) 
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Since r but not p depends upon the coordinates x, y, e, we have, for the 
gradient of u, 




Letting r = rri be the vector from Pi to P, we Imc, ns in Art S3, 


' 0 - 5 - 


Consider non the surface integral I of the normal component of 
Vii o\ cr S For the contribution to I due to the cleraentarj mass 
p{x j, y i t Zi) dV i at P lt we lime from (11), 

dl «* -p(xi, vu zi) 

Since Pi and P are inside S, we get b> Gauss's theorem, 
dl = — 4?ro(x 1 , t/i, Xi) d\ T i, 

and hence 

I -J]^N VudS - -4 J rJjUp(x I> y, f r 1 )d7, 

■» — 4rfjJ^p(x, y, z) dV (12) 

But by the dn ergence theorem, 


Sfa V “"' 5 "//X d 


Combining (12) and (13), weget 

fff[v 2 u + 4*p(.x tV >z)\dV~o, 

and since V is an) % olume occupied b> matter, it follows that 

T 3 u + irp(x, y, z) = 0, 
or 

d 7 U d 7 U d 7 U 

+ + -lxp(x, v,z) 

dx~ dir dx~ 
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This is known as Poisson’s equation, which is thus satisfied by the 
potential function u throughout a region occupied by matter. If the 
region under consideration is devoid of matter, so that p — 0 at every 
point, (14) becomes Uaplacc's equation, 


t) 2 u d-u d z u 
dx 2 dtf dz 2 


(15) 


Analogous arguments may be formulated for the physical situations in 
whirh u is the electric potential due to a region containing charges, the 
magnetic potential due to poles, or the temperature at each point of a 
heated body. (Cf. Art. 78.) 

Using Green's theorem, we next show that a vector point function v 
is uniquely determined, at every point of a volume F bounded by a 
surface N, when its divergence and curl throughout F and its normal 
component, over S arc given. For, suppose that Vj is a vector point 
function having the same values as v for its divergence and curl in F 
and for its normal component over S, and let r = v — vi ; if we show 
that r ■= 0 for all points inside and on S, it will follow that vx = v, so 
that no vector point function but v can exist with the given properties. 
Now by supposition, 


(I) div r = div v — div v 1 — 0, throughout V, 

(II) curl r = curtv — curlv^ = 0, throughout V, 

(III) N-r — N*v — N>v 1 = 0, overS. 


brom (II), together with the statement following equation (9), we get 
r where » is some scalar point function. From (I) and (III) we 
then have 


div Yu — Y~u = 0, 


N-Vu « 0. 


(16) 


Consequently, taking ir - v in Green's theorem in the first form (equa- 
tion (9), Art. So), and using the relations (16), we find 


Hut Since (VuF cannot 1« negative, we must have Yu = 0 whence 
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As a final application, we indicate briefly the manner in which Max- 
T\ell s electromagnetic field equations are obtained Wc begin with an 
empirical law based on the experiments of Farada} and Hcnr>, which 
states that the work done bj an elcctnc force E (electrostatic cg.s 
units) in moving a unit po'utiv e charge around anj closed path C is pro- 
portional to the time rate of decrease of the flux of magnetic force H 
(electromagnetic c g s units) through any open surfaced bounded bv C 
In symbols, this ma> be written as 

£ ETds = -;iJ£ and * (17] 

where T is a unit tangent to C in the positive direction, N is a unit 
normal on the positive side of S, n is the permeability of the medium in 
which the magnetic field acts, and c * is equal to the ratio of a c g s 
electromagnetic unit to a c gs electrostatic unit of charge Maxwell 
using the results of Amperes experiments, deduced a corresponding 
relation in which the roles of E and H arc interchanged, symbolical!) , 
his relation is 

(h Tds « -- fjfjr EdS, (IS) 

Jc c dt JJs 

where « is the dielectric constant of the medium in which the elcctnc 
field acts, and the other notation is the same as in (17) The right hand 
member of (18), it should be remarked, is a quantity proportional to a 
fictitious current called by Maxwell a displacement current Now b) 
Stokes’s theorem we have 


Je Tch «JpTw curl E dS, 

X ht *“ If / 1 curl H dS 


Using these relations together with (17) and (18), it follows that since S 
is an> surface in the field, 

. _ v aH 

curl E « , 

c dt 

( 10 ) 

td E 

curl II 

c dt 

• Numerical y t - 2 00S X IO w , the veloot> (cm /*« ) 1 1 1 rM »n vnnio 
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These arc Maxwell's field equations. If we take the curl of each mem- 
ber of equations (10), we get 

VX(7XE)= ---curlH 

C cl 


m 8 2 E 


ed 

V x (V X H) = curl E 

C dt 


( 20 ) 


epta 2 H 

c 2 dl- ' 


It is readily shown (Problem 2(c) following Art. S2) that, for any 
vector v, 

V x (v X V) = V(V-v) - V 2 v. (21) 

Now further experiment shows that E and H are such that div E — 
div H ~ 0. llcncc, from (20) and (21), we find 


„ 0 2 E c) 2 E d-E *>x a 2 E 

y-E = — -f — ■ -f — = — — — , 

dx~ dy~ dz~ c dt~ 

„ 3 2 H 0 2 H 3 2 H eg a 2 H 

y 2 H = 1 1 = — 

dz~ dij~ dzr C~ dt 


( 22 ) 


These equations represent, wave motions, * and indicate that electro- 
static and electromagnetic disturbances arc propagated through the 
medium, the. eommon velocity of propagation being c/\/qI. It is this 
result which gave rise to Maxwell’s celebrated electromagnetic theory 
of light. 

PROBLEMS 


1. 1? u is a scalar point function over n scalar field of volume V enclosed by a 
surface X, nnil ’< b n unit, outward-drawn normal to S, show that 

JJI pmd udV ttJJ'uTi dS . 

^ If t h i\ vector point function over a vector field of volume V enclosed by a 
'urfncv n tul I* is a unit mitaanl-drmvn normal to S, show that 

jji curl rdV -JX H X v dS. 

* Cf. Chvptff VH, An. 70. 
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3 If F is a vector function normal to the closed surface S at each point, and if 
V is the volume bounded by S, show that 


JXJ, 


curlFdr-0 


4 If u is a scalar point function over an open surface S bounded by a curve C, 
N is a positively drawn unit normal to S, and T 13 a positively drawn unit tangent to 
C, show that 

Sf X grad u dS “ J* uT ds 

6 If or d and y are the direction angles of N, and if v «» tjl -f rjj + tjk» 
show that the divergence theorem may be written in Cartesian form as 

fffr (S + n + S) dV ’11/' “•« + ••“•»+«»•- *><* 

6 If or 0 y arc the direction angles of tho vector v « pji + raj + fjk show that 
Stokes s theorem may be written m Cartesian form as 


-i 


(n dx + Vs dy + 11 di) 


7 Wnto both forms of Green s theorem in Cartesian coordinates 
6 If n r* and u arc tho components of a vector v u is a scalar point function 
and p a and 6 arc constants express in vector notation the following equations 
from tho theory of elasticity 


P l? " 


1 / 1 .x 3u , 1 , dT| 3hi\ 

r_ (a+6) _ +6 ^_ + _ + _ r j, 

d’r* , du ./O'-v, d*vx 

a’-ri , , ,, f>« , , f&n , f>"fj , 

'■5r-< a+w S + *te + ^ + 5?; 

£ ff u and w are scalar point functions show that 

fuVwTdj - - ftcVuTdj, 

Jc Jc 

where T is a unit tangent to tho eloped curve C 

10 If u u a scalar and v a vector point function show that 

jjN (Vu X v + uV X v) dS - j \nr TdS, 

ill ere 5 u sn 05 * n surface boun leal 1 y C N is a positively drawn unit norma! to 
5 and T is a positively drawn unit tang* nt to C 
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11. If u fa a scalar and v a vector point function in a volume 7 bounded by a 
surface S , show that 


///,. (uV*v -fa Vu*v) dV 


where N in an outward-drawn unit normal to S. 

12. If u in n non-constant solution oF Laplace’s equation, show b} f means of 
Green’s theorem that 

Jj uN*Vu dS > 0, 

where N fa an outward-drawn unit normal to the closed surface S . 

13. Let m i>c the total mass of a sphere of uniform density and radius a. (a) 
^luuv that the potential u and gravitational force F at a distance r from the center 


of the sphere nre given by 




3 m 

mr 

Tar 

(r g a), 

u — ■ 

2a 

“ 2?’ 

1 

It 

rn 

ti ca — , 

r 


v - mT 
F " “ 

(r & a). 

(h) Hence show that ti satisfies Poisson’s equation at 

points inside the sphere and 


that it satisfies Ln place's equation at points outside. 

14. If v fa the vector velocity and p the variable density of a moving fluid, derive 
the general form of the equation of continuity, 


V+pY « 


dp. 

dt' 


ID. Let the region V , bounded by the surface 5, be occupied by matter of density 
f/. *), and let r « rrj Ik? the vector from the origin 0 to any point P of V, (a) 
l/'tting v » pxi in the divergence theorem, show that the potential at a point inside 
A* fa given by 

.-iffw-rdfiS-i fff Ti-VpdV, 

« lien* K is nn outward-drawn unit normal to S. ( [b ) If « satisfies Poisson’s equation 
and is such that Vp » 0, show that 

« ** - ~ JJVr, div F dS, 

wiif-re F is the gravitational force, so that if F is known at every point of S the 
potential at all interior points may be found. 
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87 Introduction Probabiht} considerations enter into scientific 
and engineering work m a \anetj of guides The theory of probability 
plajs an important role in modem phjsics and physical chemistrj in 
problems connected with atomic structure and in quantum theoi} and 
wn\ c mechanics Questions of engineering economics, and quality con* 
trol in manufacturing emplov the statistical method based on probx 
bibtj * Frcqucncj curves are used in standardization and sampling 
operations f Statistical mechanics is Likewise based on the theorj of 
probnbibtj , as is the thcorj of least squares which is useful m the ad- 
justment of ob^erv ntions and is emplojcd in precise suricjing 

In recent years, the entire field of numerical methods has been rap- 
idly growing Theories basic to such methods and machines capable 
of handling computations at amazing speed have developed together 
In particular, there has been considerable advance in techniques for 
solving ordinarj and partial differential equations numericall} 

It is the purpose of this chapter to introduce some of these ideas 
For convenient reference, we begin by stating a few of the principles 
of combinatorial ana!} sis and probabihtj J 

1 If an event A can happen in m wajs and then an event B can 
happen m n ways both A and D can happen in this order in mn wajs 

2 If two mutually exclusive events A and B can happen m m and 
n w ajs respcctn clj cither A or B can happen m m + n w ajs ( 1 and 
B are mutual!} exclusive if the happening of either precludes the occur- 
rence of the other ) 

3 The number of permutations (arrangements) of n things taken 

r at a time is = n(;t — I) (rt — r + I) =* n\/(n — r)l 

4 The number of combinations (selections without regard to order- 
ing) of n things taken rat a time is C(n, r) « P(n, r)/r\ « n\fr x {n — r)l 

5 If the number of wavs an event maj result can lie anaJ}zcd into 

* F L, Grant, Pnn«p!« of F ngmocrttiR Hcotiomy 

fT C Fry "Probability ant Ih rngmeerinK tec* , A rider "The Malle- 
laatu-it Theory of Probat ilitica introduetorj note by M C Rorty 

t More details! difcusrion'i of permutation* combination' and the clement* of 
probability may lie found in books on college algebra fee forcxamjle F It Milter 
"College Algebra and Trigonometry, Oiaptf r I 
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(l mc cows and b failures, each equally likely to occur, the a priori (or 
mathematical) probability of success in a single trial is p = a/(a + b), 
and the corresponding probability of failure is q ~ h/{a + b). 

0, If * successes in n trials have been observed, s/n is called the rela- 
tive frequency of successes. It is assumed that s/n approaches a limit 
as n becomes infinite, and this limit is defined as the a posteriori (or 
statistical, or empirical) probability of success in one trial. 

7. If ]h is the probability that an event E 1 occurs and p 2 is the 
probability that an event E» occurs, then p x p 2 is the probability that 
both events occur (in either order or simultaneously if E x and E 2 are 
independent ; in the order E X E 2 if E 2 depends upon E j, when p 2 is the 
probability that E 2 happens after E x has happened). 

8. If pi is the probability that an event E\ occurs and p 2 is the 
probability that un event E 2 occurs, then, when E x and E 2 are mutually 
exclusive, Pi -j- Vs is the probability that either E x or Eo occurs. 

0. If p is the probability that an event happens, and q that it fails 
to occur, then C(n, r)p r <f~ T is the probability that the event happens 
exactly r times in n trials. 

88. The probability curve. The observer, taking observations, trying 
to find the. value of some unknown, is analogous to a marksman try- 
ing to hit the center of a target. Strange though it may seem, these 
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emirs of observation or deviations of shots follow a mathematical law, 
or. rather, approximate it more and more closely as the number of ob- 
servations or shots increases. AH constant errors— errors for which a 


correction can be applied, like the temperature correction for a steel 
tape, etc. also mistakes, arc supposed to have been eliminated. The 
mathematical law applies only to unavoidable errors. Wc shall now 
fmd ft mathematical expression for this law in the form of an equation 
~>the equation of the curve of error, or the probability curve. 

We take an illustration based on a record of 3000 shots fired from a 
Taylor battery mm at a target 11 ft. high. Fig. SI shows npproxi- 











374 HlOBXBILm AND NUMERICAL METHODS {Chap I\ 

roately the number of hits m each division 1 ft wide, from which, c g., 
the (empirical) probability that a shot hits the center rectangle is 
or 0212, le , if another shot is fired under the same conditions, the 
probability is 0 212 that it hits the center rectangle 
If, now, nc lay' off the 11 intervals each Ax — 1 unit long on a hori- 
zontal x-axis, and draw rectangles w bo«e areas y Ax (or ordinates y, 
if Ax — 1) represent the probability that the shot falls within the 
rectangle (taking a different convenient unit vertically), we have the 
diagram shown in Tig 82 Thus, the probability that the shot falls 



betv\ een 2 S and 3 5 is the area of the shaded rectangle, 0 070 X 1 “ 
0 079 The sum of all the rectangular areas is 1 
W c can imagine the number of shots increased indefinitely while the 
widths of the inten als get smaller and smaller, then, while the total area 
of the rectangles always remains 1, the form of the area approaches that 


of the area under a smooth curve, y 


/(x), such thatj /(*) dx ** I 


\\c make the limits — « and pmee no definite finite limits can lie 
assigned which would cover all cases We now determine the func- 
tion /(x) 

Suppose that we make n observations s 2y , on a quantity 
whose true value is r Let x», x 2( , r„ be the errors of observation I 
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porftivc or negative according as the observed values are greater or 
loss (hail z. Then we have for the errors aud their sum: 

*1 = Si ~ Z, 

To = S 2 — 2, 

r 

Tn ~ $n Z, 

Sx=Ss-M2. 

Now (he true value of a quantity is unknown and can never be de- 
termined exactly by observation. If we assume that the arithmetic 
mean of the observed values is the best value that can be assigned to 2, 
and replace 2 in (2) bv we obtain 

Sr = ri + r 2 +- ••+*„ = (), (3) 

an approximation which becomes closer ns n increases. This relation 
(3) is equivalent to the statement, that, the positive and negative errors 
are compensating — their algebraic sum is zero — and might have been 
taken as an assumption from which the relation 2 = 2s/« would follow. 

If Ar is the smallest measured interval for a given set of observations, 
we say that 

/(r 1) Ar = probability of error xj, 

/(r 2 ) Ar = probability of error x 2 , 


/(r„) Ar = probability of error x„. 

Hence 

P - fix i)/(t 2 ) • • • /(r„) Ar" 

is the probability of occurrence of the set of errors n, x 2l * • *, x„. 
Now. instead of regarding 2 as a fixed constant, we may think of it as 
an unknown, capable of being assigned different values depending on 
the form of the / function. We assume * that when 2 is assigned the 
value 2s/n, that is, when equation (3) holds, the form of the/ function 
will be such as to give P its maximum value. 

In order to make P a maximum we maximize 

In P ~ ln/(xi) + lu/(r 2 ) +♦•>•+ in /(r„) + n In Ar 

by equating <0 zero the derivative of In P with respect to 2: 

S'(ii) dr 5 ( /'(to) dx 2 /'(r„) dx n 

/(n) dz ~ /(t 2 ) d: + ‘" ' /£J Ip" 0 ' (4) 

* fAswaptian t‘ ojv-n to criticism and has txvn much discu^cd, vet it yields 

«! th<* curve of i rror according to the method of Gauss, 


( 1 ) 

( 2 ) 
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But, from equations (1), 

(hi dx-y dx„ 


dz dz 


dz 


• “ - 1 , 


and, denoting the function — ~ by <£(x), equation (4) becomes 

/(x) 

$(xi) + <£(x 2 ) 4* 4* <A(x«) = 0 

The function ^ is to be determined from equations (5) and (3), that 
is, for all positive integral values of n, we must have 


(5) 


4- + 4- <#>(x„) = o, 

xj 4- x 2 4* 4- x* *= 0 


( 6 ) 


Let us to to satisfy equations (G) by assuming for <i>(x ) a power senes 
in x 

£{x) ■* a Q 4- nix 4- a»2r 4- (7) 

Then the first of equations (G) becomes 

na 0 + a^x 4- a 2 2jr + =* 0 (S) 

Since 2x = 0 by virtue of the second of equations (6), equation (8) is 
satisfied if «i is arbitrao and all the other as arc zero lienee we 
hav e as a solution of equations (G), 


0(x) 


/'(x) 

" /(x) ” 


5 fl lX 


(9) 


A more elaborate analysis would show that (0) is tlic only solution of 
equations (G) 

Integrating (9) with respect to x, we find 


ln/(x) - 


- 4- In e 


\\ e now demand that our curve of error, y =» /(x), be rapidly asymp- 
totic to the mi, so that the probability of making an error will de- 
crease v cry rapidly as the magnitude of the error increases It follows 
that <jj must bo negative, we write, for convenience, ai/2 — — h *, and 
the equation of the curve of error becomes 


( 10 ) 
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Wc now determine c. Since the area under the curve of error is 
unity, we have 

f cc~ h x ' dx — 2c f c~ h z dx = 1. (11) 

J— « J 0 

Representing the second integral by I, we may evaluate it as follows: 

1 = fV fcV dr = Cc-^dy, 

Jo Jo 

i 2 * r r.-**+* d y dx. 

j 0 «0 

Transforming to polar coordinates, we obtain 

J r»W 2 /i do 

c-^pdpdO 

0 •'0 


Tlicrcforc 


1 p r ' 2 7T 

= ~2i?f 0 e 


r* . Vi? 

1 = C - Vx dx = — • 

J 0 2h 

Substituting in (11), c = whence (10) becomes 


( 12 ) 


If ~ 



(13) 


the equation of the et/rre o/ error or the probability curi'c. Equation 
(13) is sometimes called the normal law of error, and a set of observa- 
tions which follows it closely is called a normal distribution. 

The constant h is called the measure of precision of the set of obser- 
vations. A large h indicates a high peak and rapid fall in the curve, 
that is, a large probability of small errors and rapidly decreasing prob- 
ability of larger errors. The area of the shaded rectangle, y Ax, in 
Fig, 83 represents the probability of an error x‘, the total area under 
the curve i.s 1. 

Denoting by P, the probability of an error x, and by P ab the prob- 
ability that an error is between a and b, we have 


IL ^ 

p. « *,-*•*• 

V- 

(14) 

Pa.t> *= —y~ 1 c * dx. 

V- Ja 

(15) 
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The probability that an. error is between — X and X is then 


P-X Y ** 


V* r 


r '-' v jx - 4- rv* w dr 

J—x v * */o 


If we let Ax « /, then hdx ^ dt, when x ** 0, Z *= 0, and when x *» A”, 
Z » hX, so tliat the integral becomes 


P-tr 


4-P 

V* Jq 


dl 


This is the probability integral , but in order to get the form given in 
Peirce's “Tables," where numerical values are tabulated, we replace 
the upper limit hX by x The letter used for integration \ amble is 
immaterial, since it is replaced by the limits after integration, calling 
it x instead of t, we ha\e for the probability integral 

P-X x « 4= r^ f1 dx, (10) 

V IT ^0 


where the upper limit x =» hX This function P_y y w sometimes 
called the error function erf x 


Example In a senes of obscnations of on angle taken to tenths of a second, 
h “ 06 Find (a) the probability of an error 2 ' 0 c , between I 0 » ' and 2.0 j 1, 
(b) the probability that the error is not numerically greater than 2 ' 


(a) From (It), P, « ~ 

Vr 


000 

~vT 


H 


0 008 


***‘(0 1} 
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Ant. 89! PROBABLE ERROR; STANDARD DEVIATION 
(b) From (16), P_ i* = - 7 = f e~ x ’dx = 0.91 (from Peirce’s "Tables”). 

89. Probable error; standard deviation. The number e, such that 
the probability that an error is between — e and + « is i, is called the 
probable error of a single observation. We have, from (1G), Art. 8S, 

P_t t = ~ f e~ xt dx = 0.5000. 

■Vtr J 0 


From Peirce’s "Tables,” the value of the upper limit corresponding 
to a value 0.5000 for the integral is he — 0.4769, so that 


0.4769 
e = 

h 


( 1 ) 


In Fig. 83, « is the abscissa corresponding to the ordinate which bi- 
peds the area under the probability curve to the right of the y-axis. 

In Art. SS we assumed that the true value 2 could be replaced by 
the arithmetic mean 2 $/n, of the n observed values, so that the error 
x is then the deviation of the observed value from the arithmetic mean 
of the observed values. When x is so regarded it is usually called a 
residual instead of an error. In terms of the residual p, the equation 
of the probability curve (13), Art. SS, can be written 


" V • 


( 2 ) 


The standard deviation, a, of a set of observations is defined as the 
root-mean-square value of the deviation from the arithmetic mean, or 
the square root, of the average squared residual. Thus, if « is the num- 
ber of observations, we have 

I2p~ 

* - V (3) 

' n 


We may derive a formula for a in terms of h as follows. The 
probability of a residual of size p (i.e., between p and p -f- Ap) is 
(Wt ) e“* v1 Ap. The manlier of residuals of size p, and hence the 
number of squared residuals of size p~, is (nh/\/ ~)c~ h ' p ' Ap, where n 
b the total number of observations and also the total number of re- 
ridunk If we multiply the value p~ of a squared residual by the mun- 
b r of such squared residuals, sum for all values of p, and divide by 
the total number of residuals, we obtain the average squared residual. 
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Thus 

** “ 1 / vi c ~ v ’' ip 


e “ Vdp ) 

The first bracket v anishcs, and the value of the integral 13 ■\/v{2h , b} 
equation (12) of Art 8S so that 



If we equate the values of a m (3) and (4) wc obtain a formula for 
computing the measure of precision, h, of a senes of observations, 


k ~ 



( 5 ) 


Replacing h bj its value l/\/2<r given by (4), we can write the equa- 
tion of the probability curve (2) in the form 


V 


y/2v v 


(G) 


and from equation (1) we hav e 


or 


e - 0 4769/A - 0 47G9\/2<r, 
< ■=> 0 6745<r 


( 7 ) 


The v alue of a or of c can be irol os a measure of dispersion of a 
set of ol^erv atious The form of equation (0) shows that for small <r 
the curve will haven, high peak and fall rapid!}, showing a small spread 
or dispersion in the observations Let us find the probability that on 
ob«crv ed v alue will dev jate not more tlian a on either side of the mean 
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Using the equation of the probability curve in the form (6), we have 
for the probability that a deviation is between —a and -ftr, 



Letting pj'\/2c = r, dp = -y/2 <r dx, the limits for x will be 0 and 
1 /n/2, so that 

9 /* 0.7071 

P-*.* = J o c“ l5 dx = 0.GS3 (by Peirce’s “Tables”). 


Unis, in a normal distribution, GS.3% of the observations fall within 
a of the arithmetic mean. Furthermore, 


P — 2<r,2<r — 
P ‘ — 3r ,3" 



dx — 0.954:, 


dx = 0.997, 


that 95.4% of the observations fall within a range of 2a on either 
sicit of the arithmetic mean and practically all, 99.7%, are within a 
distance of 3 a from the mean value. 

Collecting th c formulas for h, a, and <, (3), (5), and (7), we now 
write them in the forms 


h 




c 


0.G7-15 



( 8 ) 


As an example suppose we take the data given in Fig. SI of Art. 88 
and represented graphically in Fig. S2. Since the position of no one 
. ty' ?hn,s ^ P>ven exactly, their average deviation cannot be found 
Without further assumption. We shall find the average deviation 
(arithmetic mean of the deviations) of the shots from the middle line 
o the largest reel ancle (the origin of Fig. 82) under the assumption 
hat : ‘ li the :i».v mlen-.nl -0.5 to 0.5, 0.5 to 1.5 etc Fi- S o 

a* Itv-aled at the midpoint of that interval, 0. 1. etc., respectively' 
iuihuvim: are luted, in the first column, the number of shots- in the 
coU,,nn * thoir ‘•“'‘responding deviations from 0; in the third 
rU ‘ Umn ’ Um * l m * luo, - s of ,ht ' corresponding entries in the first two 
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columns The sum of the third column divided bj the sum of the 
first column will then be the arithmetic mean of the denations from 0 

2 

5 

-10 

16 

-4 

-04 

79 

-3 

237 

193 

-2 

-3SG 

201 

-1 

-204 

212 

0 

0 

190 

1 

190 

S9 

2 

178 

10 

3 

30 

4 

4 

16 

1 

5 

5 

1000 


— 4S2 

The mean denation from 0 is therefore — 

0 482 or, say, —05 

We non compute the sum of the squares of the residuals, that is, 
the sum of the squares of the donations measured from the arithmetic 
mean of the denations, namely, from —05 Following are listed, in 
the first column, the number of shots, m the second column, the corre- 
sponding residuals, m the third column, the squares of the residuals, 
and m the fourth column, the product of the entries m the first and 
third columns, thus multiplying each \alue of p 2 In the number of 
times it occurs, so that the sum of tho fourth column is £p 2 

2 -4 5 

20 25 

40 5 

1G -3 5 

12 25 

190 

79 -2 5 

6 25 

493 75 

103 -1 5 

2 25 

431 25 

201 -0 5 

0 25 

51 

212 0 5 

0 25 

£3 

190 1 5 

2 25 

427 5 

89 2 6 

D 25 

550 25 

10 3 5 

12 25 

122 5 

4 4 5 

20 25 

SI 

1 6 5 

30 25 

30 25 


2 ISO - V 

The standard deviation is 

<r - = vTisg - 1 5$, 

' n 

and the probable, error of a single shot is 


< «* 0 G715er - 10G 
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If we assume that the phot?- in each interval, — 0.5 to 0.5, 0.5 to 1.5, 
etc., arc uniformly distributed, we find that the number of shots within 
a range of c on either side of —0.5, that is between — 2.0S and 1.0S, 
is 201 + 212 + 0.58(193 -f 190) = G3S, or 6-1%. The number within 
a range of 2 <r — 3.16 is 79 + 193 + 204 -f- 212 -f* 190 + 89 + 0.16(16 
a. jo) = 971, or 97%, and the number within a range of 3<r = 4.74 is 
all but 1 -f 0.20(2 + 4) = 3, or 99.7%. These percentages agree with 
the theoretical ones for a normal distribution, namely 6S.3, 95.4, and 
99.7, as well ns could be expected, considering the assumptions made 
and the number of shots yielding the data. Furthermore, the number 
of deviations vitliin a range of t on cither side of —0.5, that is, be- 
tween -1.50 and 0.5G, is 204 -f 212 -f- 0.00(193 + 190) = 439, or 
43.9%. compared with the theoretical value of 50%. 

As another example, from the 12 measurements of a base line given 
in the first column of the following table, find the length of the line L 
(arithmetic mean of the measurements), the standard deviation a, the 
probable error of an observation e, the measure of precision h, and the 
probable number of donations within a range of 0.1 on either side of 
the mean if SS more observations were taken with the same precision. 


500.05 

0.10 

0.0100 

,20 

—0.35 

0.1225 

.45 

-0.10 

0.0100 

.43 

-0.12 

0.0144 

.73 

0.18 

0.0324 

,50 

-0.05 

0.0025 

.SO 

0.25 

0.0G25 

,50 

-0.05 

0.0025 

.38 

-0.17 

0.02S9 

.55 

0.00 

0.0000 

.85 

0.30 

0.0000 

.53 

-0.02 

0.0004 

'UE 


0.37GI 

. S06..V, 




In the second column we have the residuals (deviations from the mean 
„ ~ r>06 - 55 )* iin(1 m lllf? tlrird column the squares of the residuals 

IU‘!KV 

(V /0.37G1 

* - Vt = Vir = 01S ~ 

€ 0.6745? =• 0.12“, 



n 

ov: 


‘0.3761 


4.0. 
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The probability of a donation between —01 and 0 1 is 


9 /’(10K0 1) . 9 rOi 

-7= e~*'dx - -L | c~ z dx 

'VvJq V«'* , o 


0 43, 


so that if 8S more observations were taken, then, out of the 100 obser- 
vations, 43 would probably donate from the mean by not more than 
01 

We notice that, of the 12 observations, G7% hav e residuals between 
— <r and a, and 100% lie withm a range of 2c on either side of the mean, 
a result agreeing closely enough with the theoretical percentages, con- 
sidering the small number of observations Furthermore 60% of the 
residuals he between — e and < 

Note on measures of dispersion In determining the best value for a 
quantity by taking the antlimetic mean of a set of ob«er\ ed \ alues, 
it is desirable to have an accompanying number which will indicate 
the measure of precision or the measure of dispersion of the observa- 
tions, but there is no uniformity in the u*e of such a number By 
making certain more or less reasonable assumptions it is possible to 
obtain a value for h which is V(n — l)/n times the value given m 
(5), then, according to this theory, a number p (mean-square error of 
a single observation) is used, which is Vn/(n —1) times the standard 
deviation, and a number < (probable error of a single observation) is 
used, which is Vn/(n — 1) times the value of < used above Thus * 



The v alucs of h, p, c computed from formulas (S') differ slightly from 
the values of h, a, t computed from formulas (8), and the difference 
vanishes with increasing n Even for n « 12 in the previous example 
on ba«e-hnc measurements where we found from (8), 


h « 4 0, <r « 0 18“ t « 0 12“ 
we would have from (S') 

h ~ 3 8, p ~ 0 18 + , * = 0 12 + 

Instead of the numbers <r, « of (8) or p, * of (S'), any numbers pro- 
portional to them could be u«cd as measures of dispersion Wc may 

* Sec, r e , D r Bartlett "The Method of Least Squari* and O M Lctand, 
"Practical Lra*t Squares. 
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divide each of these numbers by \/n and obtain from (S), 


Cr\ 


v V 


n 


( m — 0.6745 ■ 


f v Z 
Zp 


or from (S') 


V 




v _2 


n(n. — 1) 


( 9 ) 

(O') 


Tlie numbers a n , n„, t m are called, respectively, the standard devia- 
tion of the mean, the mean-square error of the mean, and the probable 
error of the mean. In writing: the value of an arithmetic mean, one of 
these numbers is sometimes attached to it with a dt sign, but the 
usage is not standard in this respect. One must be familiar with the 
notation of the author in order to know the meaning of the number 
used. Perhaps the second number of (9') is the most common; using 
it, we would have for the data given in the previous base-line measure- 
ments, 

I 0.3761 

e n = 0.6745 \ = 0.036, 

v 12 X 11 


and the length of the line would be written 

L = 506.55 ± 0.036. 


In some books the number of (9) is used, which here would be 

Vo 3761 

tm =■ 0.G745 = 0.034, 

i n ' 


or f of (8) is used (enclosed in parentheses).* Thus the length of the 
above base line would be written 


L = 506.55 ± 0.034, 
or 

L « 506.55 (±0.12). 

It is of little importance which of the values of h in (8) or (S') f or 
which measure of dispersion is used. We shall avoid the ± attach- 
ment to a mean, and use formulas (8) for determining h, <x, and t. 

* Tor cxnsnpt", C. It. Forsyth, “An Introduction to the Mathematical Analysis of 
,trt. 03. 

**'“ v H. v. Mw-*, “Vorle*.ungen nu» dejn Gcbieto tier angewandten Matlie- 
mvA." Hi. I. Atv-chfiitt ill, §12, for a statement of the hypotheses leading to 
daTcjvtn fumnilv; for m^urcs of dbjKr-ion, and a critical di*cus4on tlicrcof. 
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PROBLEMS 

1 Show that the standard deviation js the nbscis&a of a point of inflection on 
the probability curve 

2 Locate the points on the probability curve which are nearest the origin 

3 Show that, as h vanes, the tangent line to the probability cune at a point 
of inflection envelops an equilateral hyperbola 

4 In a senes of observations of an angle taken to tenths of a second with 
h ** 0 447, find (o) the probability of an error between 1 0 ' and 1 1", (b) the 
probability that the error is not numerically greater than 3" 

5 A line is measured 400 times, and the probable error of each observation is 
0 3 era flow many positive errors should occur between 0 2 and 0 4cm? 

6 The weights and volumes of ten samples of a homogeneous substance are 
measured and the following values of specific gravity are computed- Find the 
mean value and the standard deviation. 


1 736 

1 738 

1 745 

1 751 

1 743 

1 740 

1 739 

1 738 

1 747 

1 752 


7 The time required for a body to fall freely in a vacuum through each of ten 
distances is measured and the following values of the gravity constant arc com- 
puted Find the mean value and the standard deviation 

32 12 32 13 

32 21 32 20 

32 18 32 15 

32 10 32 25 

32 23 32 19 

6 Find the standard deviation and the mean of the following chest measure- 
ments of 10,000 men x — chest measurement in inches, y m number of men. 


* y 

33 5 

34 33 

35 127 

30 331 

37 745 

3S 1300 

30 1SOV 

40 1935 


x y 

41 1M3 

42 1127 

43 505 

44 220 

45 82 

40 28 

47 7 

4S 4 


9 From the following observations on the length of nn iron bar, find (a) the 
length of the bar and the standard deviation, (t) the probable error of an observa- 
tion, (c) tho number of residuals numerically between 001 and 0 02 theoretically 
and compare with the actual number, (<fl the probabiht) that another measurement 
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(akf-n under the Rime conditions will 
numerically. 

83 . 25*1 


-302 


-255 

.273 


.310 


deviate from the mean by more than 0.006 

S3. 321 
.301 
.295 
.263 
.270 


10. Trom the following twenty angle measurements find the value of the angle, 
the standard deviation, and the probable error of a single observation. 


97° 36' 39.05" 
37.55 

41.15 

38.95 

43.15 

37.75 

40.75 

40.95 
39.00 
36.70 


97° 36' 40.45" 
34.40 
40.30 
41.45 
42.05 
40.35 
3S.25 

37.15 
38. 65 
40.70 


90. The method of least squares. Let $ 2 > * • •, s n be n observed 
values of a quantity, and let S represent- the sum of the squares of 
their deviations from a number q : 

S - (Si - q if + (s 2 - q ) 2 4 f (s„ - q)~. (1) 

We shall show (hut 5 is a minimum when q is equal to the arithmetic 
mean of the observed values. Differentiating (1) with respect to q, 
we have 


7 “« -2<>i - q) - 2 (s 3 - q) 2(s n - q) «* -2 (2s - n q). 

aq 

This derivative vanishes when $ = 2s/n, and since d 2 S/dtf = 2 n > 0, 
.S will have its minimum value. 

In AtI . $$ we assigned the value 2s/n as the best approximation 
to the measured quantity z which could l>c obtained from n observa- 
t ions. We can now also say that wo .assigned to r a value such that, 
when the deviations of the observed values are measured from it, the 
sum of the squares- of these deviations is least. This is the principle 
of least squares as applied to direct measurements of one unknown: 
Choose as the l«*d approximation to the unknown that value which 
mhumhes the sum of the squares of the deviations from it of the ob- 
values. Here the value chosen for the unknown is simply the 
arithmetic mean of the observed values. 
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Suppose, howev er, that the unknown is to be determined by indirect 
ob^n ations Tor example, suppose that we are to determine the area 
of a circle, not by measuring the area directly , but by taking n meas- 
urements of the diameter Should we compute the n corresponding 
% alucs of the area and then average them, or should we first average 
the n measurements of the diameter and then compute the area? 

The diameter is the quantity measured, the measured v alues being 
saj , di, d 2 , , d» The unknown area A is connected with d bj the 

formula A — r.d? (A, or a/ 4 A/ir = d The principle of least squares 
non becomes Choose as the best approximation to the unknown that 
value which minimizes the sum of the squares of the donations of the 
observed \ alues from the value which the observed quantity would 
hav e if computed from the chosen v nlue of the unknown Applying 
this principle, ne choose that value for A which minimizes the sum 
of the squares of the differences between tho observ ed val ues of d and 
the value of d computed from the formula d *=* V4 A/tt Henco wo 
minimize 



Differentiating with respect to A, we hav e 



obtainable from the n observations of the diameter, is therefore found 
bv first av cragmg the n measurements of tho diameter and then com- 
puting the area. 

Suppose next that x and y are two related variables and that, cor- 
responding to a set of values of x, we have measured a set of values 
of y Suppose further that, taking tho values of x as abscissas, we 
have plotted tho values of y as ordinates and have found that the 
points follow approximate^ n straight line How shall wc find the 
equation of tho straight lino which best approximates the linear law 
connecting y and x, I c , the equation of the line which best fits the 
data*' If y «=> a + bx represents tho equation of the line, ft rough 
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graphical method of determining a and b would be to draw a line by 
guw-a, which would seem to best fit the plotted points, then measure a , 
the ^-intercept, and determine b as the negative quotient of the y- and 
^--intercepts. We shall, however, solve the problem by the method of 
least squares. 

Corresponding to the values aq, x^, • •*, x n of x suppose that we 
have observed the values pi, y*, •”> Vn of y, and suppose that we 
know, or have found by plotting, that the points (aq, y{), (x 2 , Pz), 
* • *j (x n , Vr) follow approximately a straight line. We write the so- 
callcd observation equations, 

V\ = a + bx u 

)/- *» a -f- lixo. 

( 2 ) 


‘ Vn = « + bx„. 

Here there are two unknowns a and b to be determined from n obser- 
vation equations. It is assumed that n > 2; if n were equal to 2 the 
two equal ions could be solved exactly for the two unknowns. The 
principle of least squares now becomes: Choose as the best approxi- 
mation to the unknowns those values which minimize the sum of the 
squares of the deviations of the observed values from the correspond- 
ing values which the observed quantity would have if computed from 
the chosen values of the unknowns. Applying this principle, we 
minimize 


•S *- \tji — (ad- ?uq)}" -f hfa - (a + bx*)]*" -j b \y n — (a + bx„)] 2 . 

Now »S is u function of the two unknowns a and b; hence, in order to 
minimize ,S, we equate to zero its two partial derivatives with respect 
to o and b: 


AS 

r~ ~ (« *b bxt)] — 2[j/ 2 — (n + bi«)} — • ♦ • 

tin 

~ ~llJn ~ (o + &X„)] = 0, 

.f h 2 x,{t/i - (o -b f/x,)] - 2 x 2 [|/2 - (a + fcr 2 )] 

- 2x n [y n - (a + 6x„)J = 0, 

from which 


m + (2x)b - 2j/, 


(Zr)a + aV)6 « Zxy, 


( 3 ) 
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Solving equations (3) for a and b, we 

have 



where 


A r a 

a = — , 

D 

D * 


(4) 

D « | 

n 2x I 

!s> sx*!’ 

v 1 ** 
A r a s= 

1 2xy 

2x 1 

2z 2 r 

HL 

=» 1 

2 xy 1 


When a and & have been determined from formulas (4), the line y •= 
a + bx will best fit the plotted points, it will not ncccssanlj pass 
through any of the points, but the sum of the squares of the v crtical 
deviations of the plotted points from this line will be less than for am 
other straight line that could be drawn 
As an example, let y (gm ) be the weight of potassium chloride which 
will dissolve m 100 gm of water at temperature z° C Suppose that, 
corresponding to the temperatures x given in the first column, we 
hav e the measured \ alucs of y giv cn in the second column, v hence we 
compute the corresponding values of x 2 and xy in the third and fourth 


columns. 




z 

v 

** 

*v 

0 

27 0 

0 

0 

10 

31 0 

100 

310 

20 

31 0 

400 

cso 

30 

37 0 

900 

1,110 

40 

40 0 

1,000 

l.COO 

60 

42 0 

2,500 

2,130 

CO 

45 5 

3, COO 

2 730 

70 

48 3 

4,900 

3,3S1 

80 

61 1 

0,400 

4,0S$ 

00 

54 0 

8,100 

4,SG0 

100 

5G 7 

10,000 

6 070 

650 

407 8 

3S500 

20,559 

Using formulas (4), we liave 




11 

550 1 


D « ] 



121,000, 


1 550 

3S,500 | * 

1 

1 IG7 S 

550 1 


iV.- 

I 


3,102,850, 

1 2G,559 

3S,500 1 “ 


11 

407 S | 

31,859, 

Nt » | 



1 550 

20,559 | ** 


3103 


31 SO _ 

Q «=* • 

2S 1, 

b - 

0 288 


121 


121 
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Hence the best linear law connecting r and y is 

y = 2S.1 + 0.2SSx. (5) 

We may compute the deviations of the measured values of y from 
the values of ?/, say y C} as computed from equation (5). The algebraic 
sum of these deviations is theoretically zero, as indicated by equation 
(3) of Art. SS, but will usually differ from zero on account of the decimal 
approximations in (5). We also compute below the sum of the squares 
of these deviations; this number is smaller than it would be if any 
other linear law than (5) were used. 


v 

Vc 

V ~ Vc 

iv - Vc) 2 

27.fi 

28.1 

— 0.5 

0.25 

31,0 

31.0 

0.0 

0.00 

31.0 

33.9 

0.1 

0.01 

37.0 

3fi.7 

0.3 

0.09 

40.0 

39.fi 

0.4 

0.1G 

42.fi 

42.5 

0.1 

0.01 

45.5 

45.4 

0.1 

0.01 

4S.3 

4S.3 

0.0 

0.00 

51.1 

51.1 

0.0 

0.00 

51.0 

51,0 

0.0 

0.00 

56.7 

56,9 

-0.2 

0.04 



0.3 

0.57 

SQf 

- Vc) - 0.3, 

- 2/e) 2 

— 0.57. 


PROBLEMS 


1. FM ermine the volume of a sphere from the following measurements of the 
dir* meter in intllwicters: 3,03, 3.50. 3,01, 3.57, 3.00. 

2. If p U the pull required to lift a Weight tr by means of a pullcy-block, find a 
linear law of the form p *» a + h?r connecting p and tr, using the following data. 

ir(Ih.): 50 70 100 J20 
p (lb.): 12 15 21 25 


Compute p when xr ^ 150 !b. Abo find the sum of the deviations and the sum of 
the .-ms uv 4 * of the deviations of the given values of p from the corresponding com- 
puted vahw*. 

3, In the following tnb!« y is the weight of potasftUtn bromide which will dis- 
K'lve in )Oo gm. of water at temperature x. 


0 10 20 30 40 50 00 70 SO 90 10Q 

Visrm'u 53.5 50.5 G3.2 70.fi 75.5 SO .2 S5.5 90.0 95.0 99.2 1DI.0 


l ead n law of the form y 
f*tnud th~ * quart:* of the 


t h~ AW> find the sum of the deviations and the 
d*-viatio»< of the given value* of y from the corresponding 
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4. \ amply supported beam eames a concentrated load P (lb ) at its midpoint. 
Corresponding to % anous values of P, the maximum deflection y (in ) 13 measured. 

P 100 120 140 100 180 200 

y 045 055 0G0 0 70 0S0 085 

Find a Law of the form y »• 0 + 1>P 

5 If It is the resistance to the motion of a tram at speed I find a law of the 
form It ** a + bY* connecting It with 1 

F (mi /hr) 10 20 30 40 50 

P (lb /ton) 8 10 15 21 30 

Koto that It 13 linear in T' 5 

6 In tho design of elliptic gears for quick return mechanisms * the ratio bfa 
of the ellipse is related to the quick return ratio r by the equation 

b /~2sm'(r/(r +1F 

5“ < \M-smW(r + l)l 

Taking r «* 1 5 20 25 30 35 40 and 4 5 compute the corresponding values 
of bfa and find a linear relation of the form b/a ~ A + Br 

7 The maximum velocity ratio M for the elliptic gears of Problem 6 is git cn by 


V 


2(r + 1) 


Taking the \ alucs of r pven in Problem C find a linear relation of tho form M ■ A 
+ Br and the eum of the squares of the deviations 

8 A tank contains 100 gal of bnno m which 50 lb of salt are dissolved Brine 
containing 1 lb /gal of salt enters tho tank at tho rate of 2 g»L/min and the 
mixture leaves the tank at the same rate Hence tho theoretical salt content 0 (lb ) 
at time t (min ) is given by Q ~ 100 — 50e _,/M (cf Art 7) Measurements yield 
tho following ects of values 


t (min ) 10 20 30 40 50 GO 

Q (lb) 59 C6 73 78 82 85 

Assuming a relation of the form Q — A *f compute the values of A and B 

from tl c above data and compare with the theoretical result 

9 In the following system of observation equations (n > 2) where z and y 
represent the unknowns, 

«i* + h y - u 
n*i + “ **, 


* Fee Proportions of FU ptie Gears for Qu ck Return Mechanisms ' F II Miller 

and C. II \oung Pr&Iuci Enfftnttrtng July 1915 
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Arm 90 j 


derive tin' approximate solution: 

x » 


.V, 

~o’ 


y 


Xv 


D 


Z<r 

Zah 


Zan 

Zah 

Zab 

VP ' 

Z0 m i 

, Ax«= 

Zbs 

Zb- 


Za- 

Zas 

Zab 

Zbs 


10. The altitudes of A above 0, B nl>ovc -4 , and B above 0 arc found by measure- 
ment io !**, reflectively, 24.5, 2S.0, and 53.0 ft. Apply the result of Problem 9 
to find the adjusted value of A nfxivc O. 

11. Find the best values of x and y to three decimal places from the equations: 


2 x + y + 1 « 0, 
x — 3y + 4 *=0, 
x + 4y *“ 3 » 0, 

3x — 2y + G ® 0, 

~x + 2y - 3 « 0, 
x + 3y — 2 « 0* 

Tire flic formula* of Problem 9. 

12. In an experiment for determining the resistance of a Wheatstone bridge wire, 
the fol lowing observation equations were obtained, where x is the resistance of the 
bridge wire in ohm^ and c that of the connections: 


O.lx 


« 0.224, 

O.Gx 

+ c 

*59 

1.20S, 

Q.2x 

+ * 

« 0.430, 

0.7x 

+ c 

BK» 

1.412, 

0,8x 

+ c 

« 0.G15, 

O.Sx 

+ C 

es 

1.G03, 

0.4x 

+ c 

** 0.S2G, 

0,9x 

-f* c 

855 

1.79S, 

0.5x 

+ c 

- 1.040, 

l.Ox 

+ C 

W 

1.990. 


Vfing the formula* of Problem 9, find the resistance of the bridge wire. 

13. The weights of three xriids were determined by means of an equal-arm 
balance. Enough standard weights to make all the measurements directly not 
King available, the following observation equations were obtained by varying the 
distribution of the solids, r, y t and z representing their weights in grams. 

x — y *» 3.1, 

p — r « 1.5, 
x-zm 4.9, 

? + 5.5. 

Obtain value* for t n y, and r. 

14. Find h law of the form e »* cl -b fa- from the data in the following table, 
^h^re r ii the tfjerni^Wtric nt the junction of copper and lead at a tempera- 
ture f 4 C. u h*n the other junction i« at IO"* C. 

<{*&): -200 —100 100 200 

t (10 -e volt); -490 -2S0 350 770 
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16 Four po nts \n the order Pi P* Pj P* he on a line Trom a po nt O outside 
the hne the folio uog angle measurements are taken 

ZP t OPj» 8*27 42 8 
L '.PiOPi «= 12*45 103 
^PjOP< » 21*13 2S5 
ZPjOP, - 4* 17 34 0 
2P,0Pi - 12*45 45 5 

tatting x tj t represent the excesses of angles PiOPj P\QP% P\OP% over 
8*27 428 12*45 10 3 and 21*13 2S5 respective!} the observation equa 

lions can be written m tl e simple form 

x =• 0 

y “0 
t - o 

V — x «* 0 5 
r -X - -0 2 

Hn I the adjusted value of the angle PiOP 4 

91 Numerical solution of ordmaiy differential equations Methods 
of soiling differential equations treated in Chapter I were restricted to 
certain special types of equations whose integrals are expressible ns 
finite functional relations Picards method and the method of Tro- 
bcnius (Chapter IV) arc less rcstrictne in scope but these likewise aim 
to find analytical expressions either ns finite approximating functions 
or as infinite senes in the independent lariable, from which numerical 
results can bo computed 

At this point we shall consider a different hind of approach one 
wdnch is arithmetic rather than analytic There are many ti pes of 
numerical methods only the most elementary will be touched upon 
here * 

Let there be gnen a first order differential equation 

i/ «= r(x y) 0) 

where y = dy/dx together with the condition that y shall haic tie 
lalue yo when x •=> Xo 11c seek a solution 

v-m ® 

• \ eon pre! en. uu treatment of mod rn toel n qu^rnll be found in W I Ml ■ 

Numerical Solution of Dffer ntial Fq txtion* I r related numerical mrll »t« 
involving III nnn equation* an I mteq>oLii on | rirw n-e also \\ I Milne a 

Num neal Cnlml u» 1 M Milne-Tl np^on* Calculus of I irute Diflen we* 

J It Sruboroig! a Numerical *1 fit! ema ties! Inalyaui K. T BUtuWand 
G ltd twn# Calculus of donation* 
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such that i/r, - /(x„). Let x„, x 5 , x 2 , be equally spaced values of 
x , so that x„ 4 . t — x„ = h, a constant, for n = 0, 1, 2, • • Setting 
y„ = /(x„), we have, by definition, 


>4 = hm 






1/n tfn-B — 2/n 

- — ~ Inn 

*^n A — 0 “ 


In place of the given differential equation (I), we then deal with the 
corresponding difference equation 


lln-u 1 ?/n 


A 


(^m I/n)j 


or 

t/n-f-l J/n "f~ AA (x ni // n ) 1/ n 1/ * (3) 


One fairly obvious way to proceed would be this. Choose a smnll 
value of h and. with n ~ 0, compute y x = y 0 -f hF(x 0 , y 0 ) ; with n - 1, 
we then calculate j/ 2 — y x -f hF(x t , jq); and so on, until we arrive at 
the approximation ?/.v for the value of y corresponding to x — xx. 
However, there is no way, in general, of determining how good such 
an approximation will be; evidently one arbitrarily chosen value of h 
may give a sufficiently accurate result for some functions F(x, y) and 
when the final value n -■ A r is not too large, whereas other functions 
F(r, y) or still larger final values a = N might require a smaller value 
of h and a considerable amount of tedious calculation to achieve com- 
parable accuracy. 

To get an idea of the reliability of our method, let us examine the 
Taylor's series for the unknown function /(x) in powers of x — x„ (cf. 
equation (0), Art. 37): 

m - /(-r„) + f\x n )(x - x„) + (x - x,,) 2 +■••• (4) 


1/.-S x -- x n .j i, so that x — x„ « x n+1 — x„ = h ; also, using y n = /(x n ) 
fur convenience, we then have 


m 

Vn 




( 5 ) 


t'ornparing (3) with (a), we see that the error introduced by using the 
difference equation (3) is due to the dropping of terms involving Ir 

and higher powers of h. We say then that the error involved is of the 
order of /<’*, 

Xuw. to improve the efficiency of the method, we proceed as follows. 
h“t x r in (-11. so that x - x n - x,_, - x, s = —h; then we get 
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and subtraction from (5) yields 

+2ff> + |-* , + •• «S) 

According!}, we maj use, instead of (3), the relation 

J/a+i = y n _i + 2 t/nh, (7) 

then the error mil be of the order of At 3 , which, for A sufficient!} small, 
mij be expected to be less than w hen the second po\\ cr of A is neglected 
Since y n -i appears in (7) this formula first gives, for n = 1,2/2 = 
Vo + 2y[h Accordinglj we must compute yi and y[ bj other means 
to get started on the iterative process To be consistent with our wash 
to neglect onlj third and higher powers of A, we use the first three 
terms of (5) in the computation of y lf that is, we calculate 

2/1 *= Vo + 2/oh + 2 Vo& l&) 

Tlie values x 0 and ya being given, we thus have to evaluate j/o « 
F(x o, y 0 ) from the given differential equation (1), and then y 0 from 
the result of differentiating (1), 


v" 


bf dr . 
t ~ + ~r~V > 
ox By 


(9) 


wherein we put x — x 0 , V ~ Vo, v' ** Vo The method therefore m- 
v olves the following successive steps 

1 Use the given differential equation (1) to get 2/0 “ f'( T o. l/o)> ari ^ 
(9) to compute yo 

2 Using i/o, j/o and Vo, together with a chosen value of h, find y i 
from (8) With Xj = x 0 4* A and yi, calculate y\ from (1) 

3 From formula (7), get 2/2 Vo + 2t/jh With x 2 = xj + A, find 
1/2 from (1) 

l Repeat step 3 for y 3 and y' 3 , y\ and y\, and so on, through as man} 
stages as desired 


Example I ind the maximum value of y if 


w *2! JL 

y (100 + x) 1 50 ' 


Jo “ 0, l/o “ 0* 


<10) 


This differential equation tinges in the folution of Problem 4, Art 42, here 
x represents time (min) and y the quantit} (lb) of fait in tank II B} the 
conditions of tliat problem, tank 11 (which onpnallj contains onl} water) 
receives ralt from Link A , but eince the contents of A are being eteadil} ill 
luted, the amount of Filt in 11 must reach a maximum and thereafter dcwi’e 
Although the u*e of power eenes serves to determine y for an} value of x If"* 
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tlian 100 min., tins method fails beyond that time; likewise, Picard’s method 
determines V for u given time j, but the successive integrations become more 
nnri mom complicate*!, and higher approximations are needed to determine 
y fur relatively large values of x in order to attain a reasonable accuracy. 
Moreover, neither of those two methods is well suited to the problem of study- 
ing th>* time-variation of salt content, a 41 is needed here to find the maximum 
value of y. 

‘Die stojjs in the solution aie as follows. 


L 

From (10) we get y 0 ~ 10V(100) 3 - 

-0=1 

, ami also 





_ t* 

3 X 

10" 

if 





y - ~ 

(100 + x) 4 

CJi! 

oi 


uhenre ib sr5 

-3 X HP 

,'(100)‘ - 

1 „ 
r>o — 

-0.05. 



*> 

1/4 m arbitrarily choose h - 

= 1 min 

\* Then (8) gives ij\ 

- o + 0)0) - 

*(0.05) - 0.9 

75, and therefore y \ 

* lOV(ioi) 3 - 

- 0.975/50 = 

0.9511, by (10). 

3. 

Formuffl 

\ (7), with 

ij *■= 1, y 

iclds ij: 

= 0 + 

2(0.951 1)(1) i 

- 1.902, whence 

m 

give.- t h 

« 107(102 

) 3 - 1.902/50 = 

0.9013. 



4. 

The following stage* arc indicated, 

in part, 

below. 



li 

J/n 

Vni I 


71 

9n+l 

Vn+l 


o 

2.784 

0.8591 


. , 




3 

3.021 

0.8 1 66 


42 

15.S72 

0.0247 


4 

K 41 7 

0.7755 


4 3 

15.889 

0.0171 


5 

5.172 

0.7303 


41 

15.900 

0,0099 


0 

5.889 

0.6985 


45 

15.909 

0.0031 


7 

0.509 

0.0025 


40 

15.912 

—0.0034 


8 

7,214 

0.0279 


47 

15.902 

—0.0096 


11 

7.S21 

0.5919 


48 

15.893 

-0.015G 


* * 


...... 


49 

15.872 

-0.0211 


The slope y' r . gradually decreases, changing sign between x — 4G and x — 
■17 min. It appears that the maximum value of y is a little more than 15.9 lb. 


A variant of the above method, which provides improvement in ac- 
curacy imd a partial cheek of ihe calculations, may lie devised in the 
following way. Instead of using y' n in difference equation (3), we take 
the average of the slopes //’. and yl , , to provide the so-called trape- 
7<tidal formula 

j - */« + l(v« + y’m i )/i. (li) 


'Hie iterative process then consists of these steps, at the nth stage. 

♦ I t.i< rh-c-e, up-m which Uw accuracy of the refill depends i- nrce.-Airily 
•nfi.tii!; to tnnU in U.- nb-» j.-v of further knowj-dg,- about the variation of t, »s x 
i ''"‘ K -b' rS ' l «** «»th tiuwrir*! an-.lv'i- tutumlly b £l help and, a« u‘,1! U 
-!> h ‘O.-d bo r, tt -tv < vet n Utu sn< ate and check- for the pro- „t m> thw I 
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1 Compute a trial xnlue of y n +i, which may be denoted In y n+1 , 
from formula (7), 

Vn+t “ V«.-\ + 2yhh t 

and the corresponding \ alue of y* +l from the differential equation (l), 
t/«+i ~ ^(^«+i> y«+i) 

2 Adjust to a second \aluc of y n , say y n +\, using trapezoidal for- 
mula (11), 

«* y* + \{y n + y»>+i)A, 

and get y n+x = F(x n+Xt £*4.1) 

3 Repeat steps 1 and 2 until no further changes occur m p„+i and 

Vn+i 

Applied to the illustratnc example, for « = 2, this new procedure 
gnes y 3 = 2 784 and y 3 = 08594 (the tabulated x allies) as trial fig- 
ures Then (11) yields 

y = 1 902 + |(0 9013 + 0 S591) « 2 784 *» y 3 , 

so that no adjustment is needed On the other hand, for n » 14, say, 
wc have j/45 — 15 906 and y 3i = 0 0099 as trial xalues, whence 

j/45 *= 15 8S9 + 5(0 0171 + 0 0099) = 15 903, 


The small difference between and y\$ requires no further adjust- 
ment, so we take y <3 = 15 903 in place of 15 900, if that much accu- 
racy is warranted and desired To deme benefit from tins method as 
a refinement of the first, it should of course be used consistently from 
the beginning of the computation 

In the problems following Art 92, extensions of the basic methods 
to the solution of higher order equations and systems of equations arc 


gnen 

92 Partial differential equations. Methods for finding numerical 
solutions of partial differential equations arc not, on the whole, as broad 
in scope as arc those dex iscd for soh mg ordinary equations Instead, 
the wcll-dcx eloped and widely' used processes are restricted to linear 
partial equations, mainly those arising in engineering and phy sits such 
as those considered m Chapter VII Hero onH a single method will 
lx 1 considered, in connection with a \ ihratmg string problem 

Suppose a taut string of length L (ft ) to be originally at rest in its 
equilibrium position, the nortion of the x-axis from x » 0 to x - L 
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Assuming the displacement y, at distance x (ft.) along the string and 
at time / (see.), to he small compared to L, we have the partial differ- 


ential equation (Art. 70) 


5 -.'/ 

or- 


Zl 

dx 2 ’ 


( 1 ) 


where a = Vl'g/w (ft ./see.). Let the end x = L be kept fixed, and 
set the string vibrating by giving to the end x = 0 the simple harmonic 
motion y = A sin ( g-l/L ). Then the boundary and initial conditions 
accompanying equation (1) are 


1/(0, t) 
y(x, 0) = 0, 


Gt ri 

A sin — - , y(L, f)=0; 

lJ 


dy 

dl. 


0. 


/« o 


( 2 ) 

(3) 


The method of separation of variables previously used does not serve 
to attack this problem. However, it should he noted that the solu- 
tions obtained for the natural vibrations of the string with both ends 
fixed were periodic functions of time l, the period being 2 L/a (of. re- 
lation (•!), Art. 70), (he same as that of the motion imparted here to 
the end x « 0. Accordingly, we may expect a condition of resonance 
in the present problem. 

As in the preceding article, we shall deal with a difference equation. 
For time t = /„, let x m j.j — r in «= It (m = 0,1,2, • • • )• Then we have 
the difference quotient 


-Vf-Tps -I't » t n ) If (Xn, ri.) 

- 


(4) 


corresponding to the. partial derivative Oy/Ox. Hence we further have 
t, /,.) ~ y(x n , ri) y(r„, ri) - y(x n -\, ri) 


h 


h 

h 

_ yf-Li-t 1 , fit) 2y(x rt , /„) -f- y(x n _j, /„) ^ 

■■ r~ (5) 


corresponding to trip A. r. .Similarly, if we let ri — t n _! 
for x x,,. 

y(x y„ rix ii y(x r ,. ri.) 


and 


we have, 


( 0 ) 


k 
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as the difference quotients corresponding to dtj/dt and d-y/dt 2 f respec- 
ti\ eh Consequcntl% the difference equation corresponding to the par- 
tial differential equation (1) is 


y(*m, tn+i) - 2y(T„, /„) -}- y(x m , i) 
hr 

, t n ) - 2 y(x M , U) + y(x n - u O 

= „- — ( 8 , 

Tor com enicnce, we may take h — ah, then equation (8) reduces to 
the simpler form 

y{Xm L»+l) = y(T m+l , in ) + y(X n -u t n ) - V(x m , t n ~ l) (9) 

It turns out that solutions of the differential equation (1) are neces- 
sarily solutions of this difference equation (9) also * Accordingly, (9) 
may be expected to produce accurate numerical results prowded that 
the condition h = af is fulfilled 

To illustrate the procedure, let h = L/5, so that L = L/5a For 
m — 0, 1 , 2 3, 4, and 5, u e thus have x = 0, L/o, 2L/5, 3L/5, IL/5, 
and L, respectnely , for n — 0, 1, 2, 3, , nc therefore haxe t - 0, 

L/aa, 2LfSa, 3 L/3a, , whence a-rt/L - 0, ir/5, 2r/5, 3x/5, • In 
the tabulation below, the first column (m = 0) lists the \ allies of 
y{ 0, l n )/A — sin (ijt/o) t in accordance with the first of the initial 
conditions (2) The last column ( m = o), of zeros, satisfies the other 
initial condition The first row (n = 0) contains only zeros, to meet 
the first of boundary conditions (3) Now, to deal with the remaining 
boundary condition for interior points 0 < x < L, of the string (tint 
ts, for to =* 1, 2 3 and 4), we use the difference quotient (0) corre- 
sponding to dy/dt Putting n = 0 for / = 0, this yields the relation 

y{*m /i) = y(x m , 0) = o, 

and therefore the four inner entries of the second row arc all zeros 
Using difference equation (9), the inner entries of the third and follow- 
ing rows arc then readily computed, in turn Tor example, when 

*T1 n follows from the fact that every solution of (1) H of the form y(r 1) - 
/{x + a/) -h (See, for example, I' I! Miller, "Partial Differential I qua 

tions Art. 02 ) Substitution of this m (!)) yields an identity if A - ah, *« t* here 
stipulated 

t Note tint tl e amplitude coefficient A has l>ecn suppmwd, for Mmpb«t> *n i 
eonsequenlly tarh entry y{x m f„) must lx. multiplied by A to Ret the actual dis- 
placement To be consistent with the assumptions made (Art 70} in denvfn* 
equation <1) i is supposed to Ire small compare*! to l. 
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y(x- 2 , l] o) — ?/(- r n. h) + ?/( x i» “ ?/( T 2 t fs) 



- — 

1.5380 - 

0.9511 - 

(-0.5S7S) 

= -1.9022. 

\ m 

0 

1 

2 

3 

4 

5 

n\ 







0 

0 

0 

0 

0 

0 

0 

1 

0,8878 

0 

0 

0 

0 

0 

2 

0,0511 

0.5S7S 

0 

0 

0 

0 

3 

0.0511 

0,9511 

0.5S7S 

0 

0 

0 

4 | 

0.5S7S 

0.9511 

0,9511 

0.587S 

0 

0 

r» i 

0 

0,5878 

0.9511 

0.9511 

0.587$ 

0 

0 

-0.5S7S 

0 

0.587 S 

0.9511 

0.9511 

0 

7 i 

—0.0511 

-G.5R7S 

0 

0.5S7S 

0.3G33 

0 

8 

-0.9511 

-0.9511 

-0.5S78 

-0.5878 

-0.3033 

0 

9 

-0.5878 

-0.9511 

— 1 .5359 

—1*5389 

-0.9511 

0 

10 

0 

— 1 .1750 

-1.9022 

-1.9022 

-1.1780 

0 


Only one cycle of oscillation of the end x — 0 has been treated in 
this tabulation, but the simple pattern of operations entailed in using 
relation (0) makes it easy to extend the table, if desired. The ten 
curves shown in Fig. SI indicate successive positions of the string. 



The effect of resonance is already apparent after the first period, for 
th- n the (negative) dhplnc-w-nt of the midpoint of the string is nu- 
mencally tv. ice us grc.it as the amplitude of the motion performed by 
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the end x = 0 Continuation of the gn en calculations is called for in 
Problem 8, below, it will be found that departure from the equilibrium 
position becomes greater as time t increases cycle bv cycle 
\\ ith the aid of operational calculus this problem may also bo at- 
tached analy tically That will be done in Art 115, using the powerful 
methods of the Laplace transformation W e shall there find acnfica 
tion of the results obtained here by numerical methods and of the 
inferences resulting from the preceding discussion and the accompany- 
ing Problems 8 and 0 


PROBLEMS 


1 Taking A » 2 rework the illustrative example of Art 01 and compare results 

for accuracy 

2 Taking A « 5 rework the illustrative example of \rt 9! Plot the points 
(r y) obtained and from the graph estimate the maximum value of y 

3 Taking A » 2 but adjusting with values of y* by means of the trapezoidal 
formula (11) Art 91 rework Problem 1 

4 Lsing the trapezoidal formula for adjustment rework Problem 2 

5 Show that the numerical met! ods of Art 91 are applicable to a system of r 
first order differential equations involving one independent and r dependent vans 
bles Show also how a single differential equation of order r may be replaced by a 
system of r first order equations m the r variables representing the original depend 
ent variable and its first t — 1 derivatives and hence that the methods of Art 91 
are likewise applicable to such a htgl er order differential equation 

6 Apply the procedure of Problem 5 to IJesscl a equation xy + y + xy ** 0 
Hence taking A — 0 1 compute Jq(1) 

7 A weight suspended from a spring oscillates with periodic motion Resist 
nnee is negligible but the spring does not obey Hooke s Law so that the motion is 
given by the non I near d ffercntial equation d* x/dC — — z — z*/10 If x *■ 1 ft 
and dx/dt — 0 wl en time ( (see ) is zero find tl e displacement x and velocity dx/dt 
at 0 1-sec intervals plot tbo points so determined and 1 once evaluate the period 
of the motion As a check find the period using elliptic integrals 

8 Txtend tl e computation of the illustrative example of Art D2 through three 
cycles and d termine with the aid of graplis similar to Tig 84 tl e d "placement of 
the midpoint of tl e string at the end of the tl ird cycle 

9 Rework tl e illustrative example of Art 92 taking A » Lf 10 and verify the 
aVilrmem Ymrt 2 Vd) - 

10 Suppose the left ban I end of the stnng of the illustrative example of Art 92 
to lie gmn tl o motion f/(9 0 - A sin (rat/ 2) oil er con Iitions remaining ll e name 
Taking A - L/'t calculate y(x t ) through twenty stages (one cycle) an I leo^ 
show that tl s motion is periodic Draw displan ment curves for tlefrsl ten stages 

11 01 tain a d (Terence equation rom^pnn ling to the \ irtial d fferential equa 
tion du f 0t “ ertfu/dx*) by the following procedure l sing tie Taylor senes 


tdx„ 4 j /«) 






ifiuh 1 
+ Ar* 2 


ilr 1 f» + *x<2l + ’ 


where A - x„ + i — x m and tl e partial derivatives are evaluated at (r« <•) together 
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with that for v(xm-i, fn), get the second difference quotient (multiplied by a 2 ) 

„ lt(x m 4-l, t n ) — 2 tt(Xn, t n ) + v(Xm—l, t n ) „ d'U ^ „ d U h ^ 

a'— *2 “ dx^ a dx 4 12^“’- 

Similarly, with k = t n -i - tn, get the first difference quotient 
ufam, i n+ 1 ) — t-n ) _ OU ^ Bru k ( 

fc et ‘ at 2 2’ r ‘” 

* a 2 u , e 4 u fc 

= T a 7751 — . 

dx~ dx 2 

since du/dt = cr^u/dx 2 ), d~u/dt~ — a 4 (d 4 u/dx 4 ), * ■ ♦. Now choose /; = fc 2 /6a 2 in 
order to eliminate d 4 u/dx 4 as well as d'u/dxr, and hence derive the relation 

t/(Xr», ~ “f* ^TZ^X-tti, fn) “j“ ^(Xjtj — l t ^n)3* 

This is a difference equation which ma}- be used for the numerical solution of prob- 
lems in one-dimensional heat flow (Art. 71), electrical transmission in which leak- 
ance and inductance are negligible (Art* 74), diffusion (Art. 76), and other phe- 
nomena obeying a partial differential equation of the form du/dt = cf^dhi/dxr). 
The error involved is of the order of h A . 

12. Use the difference equation of Problem 11 to find the temperature values 
u{x, t) if the boundary and initial conditions are 

Xt(0, o = 0, u(10, o - 0, u(x, 0) - X(j(10x - X 2 ) 2 . 

Take h = 1 and carry the computation through 30 time-stages. Note that, because 
of symmetry, only the left-hand half of the bar need be considered; that is, calcula- 
tions need be made only for m = 1, 2, 3, 4, and 5. Check 3 r our results by using the 
analytical solution for u(x f t) (see Problem 5, Art. 71) for the midpoint x = 5 and 
times given by art = 1, 2, 3, 4, and 5. 



CHAPTER X 


Functions of a Complex Variable 


93. Introduction. In most of the problems considered up to this 
point, the constants and variables involved have been real This his 
seemed natural, since we should expect an application of a mathematical 
theoo , m which the phj sical quantities have v alucs represented bj real 
numbere, to be concerned with reals throughout 

Our method of solving the eddj -current problem of Chapter VII, 
Art 75, however, led us to consider complex functions from winch the 
physical real expressions for field intensity and heat loss could be 
obtained The student who has studied nltematmg-current-circiut 
theory will be aware that in this field also complex quantities provide a 
useful and convenient tool for the engineer 

It therefore seems desirable that we devote some tune to the study 
of functions of a complex variable Part I of this cliapter is concerned 
with elementary considerations, and is to be regarded as an introduc- 
tion to the general theory * and its applications In Part II we discuss 
brief!} , and without going deeply into the underlying theorj, the 
Schwarz-ChnstofTel transformation and some of its uses m field prob- 
lems of engineering Part III deals with further portions of the theory 
of functions, which we employ m the evaluation of some definite inte- 
grals and which underlie the Bromwich treatment of operational meth- 
ods (Cliapter XI, Arts 112-113) 

PART L ELEMENTARY THEORY OF ANALYTIC FUNCTIONS 

94. Analytic functions We begin by recalling tome of the prop- 
erties of a complex number a -f ib, where a and b are real and t “ 

Let 6, called the amplitude or argument of a + ib, denote the angle 
between the line drawn from the origin O to the point (a, b) and the 

* The student wdl find in the second Caras Mathematical MonoRroph, ' Analytic 
Functions of a Complex \ ambit," by P IL Curtiss, an escillcnt introduction to 
the theory 
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positive rr-axis, and let r, called tlie modulus or absolute value of & ~f~ ib, 
be tbe length of the line from 0 to (a, b). Then we have (Fig. 85) 

a 4- ib = r cos 6 + ir sin 0 = r( cos 0 + i sin 0), 
r = \ // a 2 b 2 = j a + ib |, 

0 = arctan (b/a) = amp ( a + ib). 

By Euler’s relation, e i0 = cos 6 + i sin 6* Hence we may write 

a + ib = re t0 . 



From this polar representation of a complex number, the rules for the 
multiplication and division of two complex numbers and De Moivre's 
theorem follow immediately. Thus, 

(cti + ibi) ■ (a 2 + ib 2 ) - rie z0l -r 2 e ie "- = rir 2 e m+0i) , 

+ Si _ r jC- _ ~ e m ~ 02} 

a 2 + ib 2 r 2 e l ° 2 r 2 ’ 

and 

(a + ib) m = (re ie ) m = r m e im8 , 
where m is any real number. 

Now let s represent the complex variable x + iy, where x and y are 
real, and let w be a function of z. In the general sense of function, the 
latter statement means that, corresponding to each value of z in a given 
region B, we have one or more values of w. But when z is given, x and 
y are known, and hence any complex function of x and y will be a func- 
tion of z. Consequently we write 

w - u(x, y) -F iv(x, y) = F(z), 
where u and v are real functions of x and y. 

* This relation is established later in this article. 


( 1 ) 
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Suppose now that wc wish to find the rate of change of w with respect 
to z, when to - F(z) is given b) (1) Tor a real function of a single 
real variable, y = /(x), we had as the rate of change of y with respect 
to x, 

dy /(x 4- Ax) - /(*) 

= Iim , 

dx At-*o Ax 

b\ definition Here no difficult) arose prov ided morel) that the limit 
existed, since Ax can approach 2 ero in onl) one way, the v amble x bav - 
mg geometncall) speaking onl) one degree of freedom But if we 
define the derivative of tv *= F(z) analogous!), 

dw F(z + Ax) — F(z) 

= Inn , 

dz a»-*o Az 

as wc should like to in order that a function of a real variable be morel) 
a special case of the more general function of a complex v enable, with 
formal differentiation the same for both kinds of function, we see that 
a complication arises Tor anj fixed z, to which the point P corre- 
sponds, the neighboring point Q, given b) z -f Az, ma> approach P 
along an) straight or curved path in R joining these points (Fig SO) 



Thus it appears that dvcfdz ran) depend not only upon x and y (that 
is, upon z), hut also upon the manner in which A z approaches zero 
To illustrate the situation, consider the simple function obtained by 
taking u ** 2x + 1, t — y, so that 


tc - 2x + 1 — 
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Then we get 

A to 2(x -f- Ax) -f- I — i{y -f Ay) — 2x — 1 -f~ ty 

As Ax -f i Ay 

2 Ax — i Ay 

Ax -f i Ay 

Now (Fig. 87) if Q is chosen on the horizontal line through P(.r, ij), and 

ri 


Q(x,y+Ay) 


P(x,V) <?(x+ Ax,y) 



Fig. 87 


-X 


Q then approaches P along tliis line, we shall have Ay = 0, Az = Ax, 
and consequently 

Aw dw 

— = 2 , — = 2 . 

Az dz 


If, as a second possibility, Q is taken on the vertical line through P, and 
approaches P along this line, we have Ax = 0, As = i Ay, and 

Aw dw 

-=-l, — =-l. 

Az dz 


For other choices of position of Q and other paths of approach of Q 
toward P, we can get as many distinct values of dw/dz as we please. 

Such functions of z = x + iy as the one we have considered in this 
example are called non-analytic or non-monogenic functions;* the 
dcri\ alive of such a function at any point has in general many values. 
From now on we shall not consider such functions but devote our atten- 
tion to analytic functions of z; the derivative of an analytic function 


Also sometimes called polygenic functions. An extensive literature on the 

n«'°«'\°V ) ?'Ti Cn,C TpT l r J ' devc!o F cd in rcccnfc years- See, e.g., K ICas- 
,. ^. A « \° h \ m Z (0T Json ' Mon °S ctlic ) Functions,” Science, Vol. 60, 

n, ' : ‘ ’ iV - ?■ 5 , cd , nck: bon-Annlytic Functions of a Complex Variable,” 

Bull Am. Math . ,$oe., Vol. 39, p. 75, 1933. ’ 
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at any point has only one x alue, tho same for all the ways in -n hich As 
can approach zero In fact w e shall now say that the dem atne dtr/dz 
of a function to = u(x, y) + u(x, y) ~ F(z) exists only when 

, F(z+Az)-F(z) 

lun 

A* -0 Az 


has the same x alue for all the ways m which Az can approach zero, and 
then this limit shall be the definition of dw/dz Since for an arbitnrj 
choice of u and t, dw/ds does not exist, as shown by the preceding 
example it becomes a fundamental problem to determine the access an 
and sufficient conditions on w and v in order that dw/dz exist 
Tins question is settled by the following theorem 

Theorem Gtien w = u(x, y) -f n(x, y) ~ F(z) If dw/dz exists 
for all i afuca o/zmo region R, then everywhere in R 


du dv du 

(1 } — =• — , — * 
dx dy dy 


dv 

dx 


and 


du du dv dv 
(2°) — , — ■ , — , — ' 
dx dy dx dy 


are continuous functions of x and y, and conierschj, gtien (1°) and (2 s ), 
dw/dz exists for all talues of z in R 


The first part of the theorem states that (1°) and (2°) are necessary 
conditions for the existence of tho dem ati\ e dw/dz, the com erse states 
that these conditions are also sufficient 
\\ e first deduce the necessary condition (1°) Tor any xaluc of r in 
R, consider the difference quotient 


Aio Au -f- t Av 
Az Az 


„ + Aj t y 4- Ay) 4- n (x + Ax, y j- Ay) ~ n(r, y) — nfo y) ^ 

Ax + 1 Ay 

Since by hypothesis dw/dz exists (i e , is the same for all ways m which 
Az can approach zero) the x alue of dw/dz must in particular lie the same 
for the two ui*> s of approach u^cd m the abox c example Tor the first 
way A: = Ax, Ay = 0 and (2) becomes 

Aw u(x + Ax, y ) ~ u(x, y) t (r -f Ax, y) — t(z y) 

Az Ax Az 


whence 


dw 

dz 


du dv 

b i — 

dx Ox 


( 3 ) 
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Consequently 

/ du di\ 

Au 4* t At- = ( f - 1 — ) (Ax + t Ay) + t?i At + V 2 Ay, 

\0 1 5x/ 

where and t? 3 arc complex quantities approaching zero as Ar and Ay 
approach zero Using this expression for Aw, we get 

Aw du dv Ax Ay 

“ — -f- t — rjx ^ + V2 : 

A 2 dz dx Az + 1 Ay Az + i Ay 

Since | Ax/(Ax -f t Ay) | £ 1 and | Ay /{As 4* * Ay) j ^ 1, and since 
j?i — » 0, I}* — * 0, w e see that 


dio 

Aw du 

dv 


«= lun — h 

i — . 

dz 

At - o Az dx 

dx 


(7) 


Consequently du/dz exists, since (7) holds for any manner of approach 
of Az =s Ax 4~ 1 Ay toward zero 

The relations (0) are called the Cauchy-Riemann equations, after 
the tw o mathematicians who m\ estigated tlicir bearing on the theory of 
functions of a complex variable 

In the example considered above, m which w = 2x 4- 1 ~ ij/, we 
have du/dx = 2, du/dy *= 0, dv/dx = 0, dv/dy » — 1 Hence the 
second hut not the first of the Cauchy-Ricmann equations is satisfied, 
which accounts for the multiplicity of values of dw/dz in tins case 
But suppose we have ic = i 2 - jr + 2 ixy Then 


du dv 

— « 2x = — , 

dx dy 

du Oi 

— — —2 y — — < — , 

dy dx 

so that both equations are satisfied, and we get from (7), 


dw 

Tz 


2x 4- 2iy 


In the latter case, ic= (i + iy) 3 *= z 3 , «o that ie can actuallv l>e 
exposed m terms of z alone Whenever to can he so writ tin the 
com. ponding rc it functions u(r, y) and t (x, y) will s the CjupIiv 
R iemnnn equations Tor, let 


vr ~ u 4 - jr «* }{x 4- ty) “ /(r), 
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the functional notation /(x + iy) now indicating that w is expressible in. 
terms of the single argument x + W- Then 

dw du . dv df 

dx dx dx dz 

dw du . dv . df 
dy dy dy dz 

so that 

du . dv . du dv 

dy dy dx dx ’ 

and 

du dv du dv 

dx dy ’ dy dx 

A function of 2 which is single-valued and which possesses a unique 
derivative with respect to z at every point of some region R is said to be 
analytic in that region. Unless otherwise stated, the functions discussed 
in the following are supposed to be analytic except possibly at isolated 
points of the 2 -plane. 

We shall show in Art. 103 that if f(z) is analytic, derivatives of all 
orders with respect to 2 exist. It follows that all partial derivatives of 
v and v likewise exist, throughout the region of analyticity of /(z). 

Before continuing with the discussion of properties of analytic func- 
tions in general, let us examine the particular function w = <?. We 
need first of all a definition of the exponential function of a complex 
variable. Now if wns found in Chapter I, Art. 10, that formal manipu- 
lation of the Maclaurin series for the exponential function led to the 
relation 

c <j+i 6 _ ( C os b -f- i sin b). 

In order, then, that this relation hold, we take, as our definition of <f, 
<r = c*(cos y -f- i sin y). 

Wc now Lave v = cf cos y,v — <? sin y, whence 


du _ dv 

— = e* cos y — — 
dx dy 




du . dv 

— = ~<r sin y — 

dy J dx 

Tims the Cauchy-Bicmann equations are verified, and the function <f 
is analytic. Moreover, when z assumes the real value x, C becomes 
the familiar real function r. Also, by equation (7), 
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d 


dz 


du dv 

b x — = cos y + :c* sin y 

dx dx 


<?, 


so that the dem atn e of e 1 ls c* } just as the denvatn c of e* with respect 
to x is e* Finally , we shall see, in Art 104, that e* is caprc'sablc in a 
senes formally identical w ith the Maclaurm senes for t f Our definition 
is therefore a consistent and desirable one 
AVe return now to general matters If w e differentiate the first of 
equations (0) with respect to x, and the second with respect to y, and 

add. wc get - » 

d~u d'u 

-rs + * 0 (S> 

dxr dir 


Hence the real component of an analytic function is a solution of 
Laplace’s equation, which arose m the discussion of two-dimensional 
heat flow under steady -state conditions (Chapter VII, Art 72) Like- 
wise, differentiating the first of equations (6) with respect to y, the 
second with respect to x, and subtracting, we find that the imaginary 
component v of an analytic function also satisfies Laplace’s equation, 


d\ 
dx 2 



(?) 


Consequent!) one reason for the importance of analytic functions of a 
complex % anablo is that such a function furnishes U 3 with two solutions 
of Laplace’s equation 

A solution of Laplace’s equation is called a harmonic Junction, and 
the two components u and a of an analytic function arc called harmonic 
conjugates , or dimply conjugate functions 

95 Geometrical aspects Let to = /(z) *= wfo y) + n(x , y) he an 
analytic function, and consider the tw o singly infinite families of cun w 
ti(ar, y) = c t and i{x, y) *» where c x and c 2 are arbitrary constants 
By formula (18) of Art GG, Chapter YI I, the slopes of thc'mtno families 
arc given by 
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respectively. Since v and v arc conjugate functions, they satisfy the 
Cauchy-Riemann equations, and consequently the slope of the ^curves 


mav be written as 


Wc then sec that we have 



du 

df 


dx. 

V du 


dX 

dy~ 


dx. 

U 


1 

dyl ’ 


( 1 ) 


so that the two families of curves, u = cj and v = c 2 , are orthogonal 
trajectories of each other. For example, if w = £ = (x + Vj ) 2 - 
3 -'-! _ _|_ 2 ixy, we have as the two families of curves, x 2 — y 2 = ci 

and 2 xy — c 2 . When c t ^ 0, the curves x 2 — y 2 = Ci are rectangular 
hyperbolas with their foci on the x-axis or on the y-axis according as 
Ci > 0 or cj < 0, while the straight lines y = ±x, obtained rvlien a - 0, 
also belong to the w-family, and serve as the common asymptotes of the 
hyperbolas of the family. For c 2 = 0, we get the x- and y-axes them- 
selves, which are not perpendicular to the lines y = ±x, but wliich are 
normal to the curves x 2 — y 2 = c x , while if c 2 ^ 0, the curves 2 xy = c 2 
arc again rectangular hyperbolas, but now with the coordinate axes as 
asymptotes, and orthogonal to the u-hyperbolas and to the lines 
y - ±x (Fig. 8S). The reason that the straight lines of each family 
do not cut the straight lines of the other family at right angles may 
be found from an inspection of the two slope expressions, 

<fy*| _ x dyl _ y 

dxj„ y ’ dxj v x 

For, the first does not exist when y = 0, and the second does not when 
x ~ 0, so that we cannot say that the relation (1) is satisfied when the 
lines x ~ 0 and y ~ 0 are involved. However, when xy ^ 0, the above 
-dope expressions do have meaning, and since equation (1) then holds, 
each of the curves x 2 — y 2 = c u including the lines y = ±x considered 
as a single curve (a degenerate hyperbola), cuts each of the hyperbolas 
2 xy « c 2 , when c 2 0, ortliogonally. 

We consider next the question of graphing in connection with the 
function ir — f(z). Obviously we cannot plot a single locus showing the 
variation of tr with change in a, as we do in the case of a real function 
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of a real \ amble, since wc should need for complex variables a four- 
dimensional region with axes along a Inch we could measure the ■values 
of the four % anablcs x, y, u, t m\ oh ed Instead, wc make u*e of tw o 
complex Gauss planes, one for the enable z = x + ty and the other 
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As nn example, let the mapping function be w = c z = c x+iV = 
r (cos y + i sin ?/). Then « = c x cos y, v = e* sin y, and we have by 
elimination of a; and y in turn, 

v — u tan y, u 2 + v 2 = e“ x . 

The parallel lines y - const, map into the pencil of lines through the 
origin, and the parallel lines x — const, map into circles concentric with 
the origin. The rectangular region bounded by the lines x - 0, x = 1, 
y = 0 ,y- v/4, maps onto the sector of a ring as shown in Fig. 90, 



bounded by the lines v — 0, v — u , and the circles ir 4- v 2 = 1, u 2 + v 2 
= c~. Since = c T [cos (y + 2 air) + i sin (?/ -f- 2?;-)] = (f(cos y + i 

sin y) when n is an integer, the map w 0 of the point z 0 corresponds to all 
points to + 2mrf. Hence, if we divide the z-plane into horizontal bands 
by the lines y = 2n~, and let each strip include its lower but not its 
upper boundary, then each strip is mapped onto the entire ta-planc 
(with the exception of the point w — 0 to which no finite z-point 
corresponds) by the transformation w = c. 

96. Inverse functions and multiple-valued functions. In connection 
with the function w — r 2 , we discussed in Art. 95 the curves u — x 2 — y 2 
*= const., «' = 2xy = const. Viewing this functional relation as a trans- 
formation, we may consider the curves x 2 — y 2 = const., 2 xy — const, 
as the maps in the r-plane of the horizontal and vertical straight lines 
a = const., v « const, in the nvplanc. But when dealing with the 
transformation tr - r we considered the maps in the to-planc of the 
straight lines x ~ const., y ~ const, in the z-platiei i.e., our mapping 
hem proceeded in the direction opposite to that followed in the former 
problem. 
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This naturall} raises the question w hether a given functional relation 
beta cen the variables z and tc w ill allow us to map straight lines in one 
plane onto cunes in the second and at the same time allow ns to map 
straight lines in the second plane onto cunes in the first The answer 
to this question is bound up with the concept of inverse functions, since 
w c are rcallj ashing whether or not the im ernes x ~ x(u, v), y ** y(u, i) 
of a pair of functions u = u(r, y), a *= ti(x,y) exist For, if these inverses 
do exist, then not onl} may we map the lines u = const , v = const onto 
the z plane, using the relations u = u(x, y), v ~ i(x, y), butwe may aho 
map the lines x = const , y ~ const onto the re-plane, using the rela- 
tions x = x(u, r), y — y(u, t>) 

The question of the existence of the functions inv erse to gn en func- 
tions ls an important one m the theory of functions of real \anablcs, 
which we cannot discuss full} here, * we shall mercl> state the theorem 
as it applies to our discussion 

Theorem If u — u(r, y) and v — r(x, y) are smgle-ialucd functions 
possessing continuous first partial dcmatucs oier some region of the xy~ 
plane , and if the Jacobian determinant 


On du 
Ox dy 

J a 

dtf dv 
Ox dij 

different from zero for x and y in that region, then the inverse functions 
x «=* x(«, t), y ~ y(u, v) cxtsl and are si ngle-i allied and continuous oicr 
that region 


Let us see what this theorem implies m tlie cose of an anal} tic func- 
tion w = u -f iv f(z ), for which the hj potheses on « and t stated in 
the theorem, arc met In virtue of the Cauthj -Riemann equations, we 
have 

du dv dll dV 

J a 

Ox dy dy Ox 




-l*r 

\dx 1 

- \m P 

• Sr« Gournt tlednck * Mathematical \n.ilj 


tot l.Chap II 
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Hence the inverses x = x(u, v), y = y(u, v) exist and are single-valued 
and continuous for any region i?i of the z-plane in whi eh/ (z) 0, and 
consequently the region i?j of the z-plane and the corresponding region 
7? 2 of the u-piane are mapped one-to-one on each other. 

As an example, consider again the function w — z" • Here the region 
J?i may he any region not including the point z — 0 since f'{z) — 2 z 
vanishes at that point only. The maps of u — x? TT — const., 
v — 2xy — const, have already been examined; the hyperbolas, none 



Fig. 91 


of which passes through the origin, are proper maps of the straight lines 
v - const., r — const., while the straight lines x = 0, y — 0, and 
V = give trouble, as we have seen, since they pass through the 
critical point 2=0. Now by elimination of z and y in turn from 
u~ x 2 - ir, r = 2 ry, get = 4if(u -f if). i z = —ixriu — srj. 

These equations evidently represent, for x — const., y = const., con- 
focal and mutually orthogonal parabolas with the n-oxis as axis (Fig. 
01), provided again that x =£ 0, y =£ 0; i.e., 2 0. 

Let us now examine more closely the difficulty encountered with the 


j>0‘,nt c = 0 for the function tr 


the inverse of which, is z = vf* m 


MTen tr = 0, we get the single value 2 = 0, but for any w ^ 0, a is two- 
valucd. For, if wc write tr = rc* ? , r > 0, we have 


ML ^ ^ 

= A rc 


2, = V 


Wo soy then that 2 = ?.- ha? two branches, r . and 


k 2 . ? coalescing at 


m 
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ip ** 0, and tic call tr « 0 a branch-point. By allowing to to describe a 
circle about the point w = 0, and examining the variation of r, we 
C3n see how the branches z t and z s are related. Let the point tr start 
at, nay, te = 1, and let the function z *= tr* 4 start from the point z ** 1, 
so that r ** 1, $ ■=> 0. Then for a circuit in the positive direction, r 
remains equal to unity and 6 increases from 0 to 2 r, so that at the 
completion of the circuit we have tr = cos 2 t -f* t sin 2 s- 1, while 

2 *= cos r-f-ifimr= —1. Thus one branch of z lias been changed 
into the second branch By a second circuit of the same sort, the second 
branch will be replaced by the original one 
In the same way, it is easy to show that the inverse of the function 
w = tr 0 *f* (* — *o)\ where Zq and ir 0 are complex constants and n is a 
positive integer greater than one, is n-valucd, i c , has n branches, the 
branch-point being to <= tr 0 . 


PROBLEMS 

1. The function 10 ■ u + ic « a; -f i, tv here a find i> ore complex constants, 
defines on integral linear transformation, (a) Verify the fact that the components 
ti(r, y) and r(j, y) satisfy tho Cauchj-TUemann and Laplace equations, nnd that 
the lines u » cj, v » f» arc orthogonal to each other. (b) Show that an integral 
linear transformation is equivalent to a combination of transformations of the 
forms »*■*!+ b, *i "* az, where tr ~ z l •+- b » a translation and a — or is a 
rotation and stretching transformation Hint Express a and r m polar form, 
a ** z — re M 

2. Given the function vs — u -f ic “ 1 ft, which transforms the whole i- plane 

with the point z 0 deleted into the tn-planc with tn — 0 deli ted (o) Verify 
the fact that u nnd v satisfy tho Caiiehy-Ricnmnn and tnplacc equation. 1 ! in any 
region not containing the origin, and that u «* ci, v «■ ci arc two families of circles 
orthogonal to each other when fio* r* 0 (6) Show that this transformation H a 

circular transformation, in which all 011 x 11*3 and straight lines in the r-plane arc 
transformed into circles or straight linea m the tc-plane Winch Circles in the z-plane 
lioeome straight line* in the i^plane, and which stratght lines arc transformed into 
other straight lines? 

3. Discuss the general linear transformation ts — (or 4* b)/(es + </)♦ Fhon in 
particular that it may he regarded as a combination of transfonnations of the tjfH*s 
given in Problems 1 and 2 when ad — be ^ 0. What w the map of the entire 
r-plane when tul — be — O’ 

4. Given the function b ^ i 3 , where tr — w + ie Fhow t)wt u and r satisfy 
tlie Cauchy -ILcmann and In place equations, and tliat the families of cur' es u — Cj 
and r *■ cj an* orthogonal to each other 

8- Given tho function ir •* u -f ir Miow tliat u and r the Cauchy- 
Itirmann arid la place equation*, nnd that the curves u *■ ejandr •» cj arc orUmgo- 
nal to each o tlier 

G Gwen tins (unction v<*u + ir-nni defined for complex vatu'** of t hy 
the rchtun nn t •• (»** — e~*')/2i (n) Show lliat u and f satisfy the fnurji)- 

Ibcmann and Laplace equations everywhere, and that the maps 0 / the hues 
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x = const., y - const, fonn a Bystem of confocal central conics, (b) Find all 
roots of the equation sin 2 = 2. Show also that all the zeros of the function sin z 

arc real. . 

7. Given the function to = cos z, defined as cos z = (e' £ + Determine 

the maps in the to-plane of the lines x = 0, y = 0, x = 1, and y — 1 in the z-plane. 
Describe and sketch the trace of the mapping point to as z traces the square bounded 
by y = 0, x = 1, y =■ 1, and x = 0 in that order. 

8. Given the function to = u + iv — sinh z = (<f — c —I )/2. (a) Show that u 
and o satisfy the Cnuchy-Ricmann and Laplace equations everywhere, and that 
the maps of x = const., y = const, form a system of confocal central conics. (6) 
Find all roots of the equation sinh z = 2. 

9. Given the function w = u + tv - cosh z = (<f + e -£ )/2. (a) Show that u 
and v satisfy the Cauchy-Riemann and Laplace equations everywhere, and that 
the maps of x = const.., y = const, are confocal central conics, (b) Solve the 
equation cosh z — i and show also that cosh z has no real zeros. 

10. Given the function w = In z, defined as the inverse of the exponential func- 
tion, so that to is given by the relation z = c w . (a) Writing z in polar form, show 
that In z is infinitely many-valued. (6) Show that u and v satisfy the Cauchy- 
Riemann and Laplace equations in any region to which the origin is not interior. 


PART n. THE SCHWARZ-CHRISTOFFEL TRANSFORMATION AND 

ITS APPLICATIONS 

97. The Schwarz-Christoffel transformation. Our purpose in this 
part, of the present chapter is to consider, from an elementary viewpoint, 
a few field problems arising in physics and engineering, and to apply the 
mapping properties of functions of a complex variable to their solution. 
The fields we deal with are two-dimensional regions of a plane in which 
some sort of steady" flow takes place; the flow may be electric current 
flow, electrostatic flux (lines of force), heat flow, fluid flow, etc. 

We call the curves along which flow takes place the streamlines, and 
the curves orthogonal to the streamlines we speak of as equipotentials. 

Consider first the simple physical situation in which we have electric 
current flow along straight lines above and parallel to the x-axis, and 
suppose, for definiteness, that the flow is from right to left. Here the 
streamlines are the straight linns y = const,, and the equipotentials 
arc the straight, lines a- = const. (Fig. 92). Let the sheet in which the 
current is flowing be such that the resistance between opposite sides 
of a unit square is 1 olun. Then for a current density of k t amperes 
per unit width of path, in the ^-direction, we. shall have a potential 
drop of volts per unit distance in the direction of flow. If we take, 
for convenience, the line x = 0 as our line of zero potential, the poten- 
tial V at any point (x, y) will then be 

F = l:yx. 
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Similar!), we sav that the stream function S is the amount of current 
we cross in trav cling along a line x = const starting at the edge of 
the field y «= 0, c o that 

S *= 

If we combine these t\\ o real v ambles I r and S into a complex quantity 
F ** 1 + 1 &, w e liav c 

F <= I + iS ~ *iCr + ty) == l\t (I) 

W c ma\ regard equation (1) as a relation defining a simple trans- 
formation mapping the upper half of the 2-plane, in which parallel flow 

*1 


Fio. 92 

takes place, onto the upper half of the F-planc, in which we have a 
similar net of orthogonal lines representing lines of cquipotcntinl and 
lines of constant stream-function Here, since kj is real, our trans- 
formation consists of morel) a stretching or contracting in the ratio Ai 

It is evident that the preceding discussion, dedtng with a flow of 
current applies cquall) well to a parallel flow of heat or of fluid, or to 
clcctrost ttre flux In the ease of heat flow, the term potenti il w to lie 
interpreted as temperature, the equipotentmLs being isotherms and the 
stream-function represents quantit) of Iicat instead of the amount of 
current I or fluid flow , we 1m c the so-called v eloeit) potential n ploo- 
mg potential, and the stream function representing the amount of 
fluid I or electrostatic flux, we have again the potential ami the lines 
of force as streamlines 

As a second example, let trs examine the flow of heat in the upper 
half of the xy plane toward a single point on the edge of the sliest 
which wt take as the ongin 0 Then the fttrmmhncs arc radial lines 
through 0 ami the isotherms are corircntne semicircles about O (Fig 
03) Con i kr half a ring «*Iwped region of radii r and r + tir The 
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quantity of heat flowing across this half ring per second will be, by the 
third law of heat flow (Chapter VII, Art. 71), proportional to r and 
to the temperature gradient dV/dr, where V is the temperature in this 
region, and since that quantity of heat will be constant for steady flow, 
we have 

dV_h 

~dr ~ r ’ 

where k 2 is a constant. Hence 

V = /; 2 In r + const., 

and if we take our temperature scale such that F = 0 for r = 1, we get 

F = 1:2 In r. 

Now let us choose the physical properties of the sheet, such as thermal 
conductivity, specific heat, etc., in such a way that the stream-function 



$, which represents the quantity of heat crossed hi traveling along an 
isotherm from the positive x-axis as starting point, and which is then 
proportional to the angle 0 swept over, will be given by 

S « k 2 0, 

with 1; 2 the same as in the preceding expression for F; this corresponds 
to our choice of the resistivity in the current-conducting sheet in the 
first example. Then we have, writing the complex variable z in polar 
form, z ~ tc '° , 

F = V 4- iS - 1 : 2 ( In r + iO ) - k 2 In z. (2) 

Just as equation (1), or the inverse relation z = F/k u defined a 
transformation mapping the parallel current flow in the upper half of 
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the s plane into parallel flow in the upper half of the F-p!ane, so equa- 
tion (2), or the inverse relation 

z = e F/h , (2') 

defines a transformation mapping the radial heat flow in the upper half 
of the r plane into parallel flow in the /’-plane Again, our second prob- 
lem mi) be interpreted with the proper v crbal changes, in connection 
with radial current flow or other similar field problems 

It will be of considerable help in visualizing the efTect of a trans- 
formation in n specific physical problem to regard it as producing con 
ceptuallj an actual pin sical distortion Let us consider the transforma- 
tion (2 ) in connection with the clcctnc field between the plates of a 



Fia M 


condenser Imagine an idealized substance resembling rubber sponge 
in which the cells nrc extremely small and infimlclj compressible or 
expansible so that the substnnee will fit into nnj volume, however 
Fmall or will fill an) volume, however large Suppose this ideal sub- 
stance placed between two long parallel plates AB and CD, and draw in 
it the streamlines (lines of force) and equipotcntials perpendicular and 
parallel re«peeti\ cl) to the plates Now let A and C be brought nearer 
together, and B and D separated Then the streamlines and cqtnpotcn- 
tiaU wall l>c distorted into circle arcs and radial lines as shown in tig fit 
^ e have thus earned through conceptual!) the idealized ph) sical analog 
of the mathematical transformation (2^ If we could realize a fu1>* 
stance of the sort imagined, one wa) of solving a problem with a 
compile ited pattern of streamlines and equipoti ntnls would bo to 
straighten out the boundancs until the) make some simple configura- 
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tion to which we can fit a system of mutually orthogonal lines or 
curves, and then fold back the boundaries to the given shape and 
examine the resulting streamlines and their orthogonal trajectories. 

I.ict us now examine this conceptual process from a mathematical 
viewpoint. Suppose the streamlines and equipotentials to be, for a 
given problem, of a more complicated nature than those of our previous 
examples, owing to the fact that our field is not the upper half-plane 
with the x-axis as sole boundary, but some other region, open or closed, 
bounded by straight line segments or rays. When the region is closed, 
i.e., finite in extent, the boundary then is what is ordinarily called a 
polygon, and the field will be the interior of the polygon. For an open 
region, we shall also, for brevity, call the bounding configuration a 
polygon, and shall speak of the field in question as the interior of the 
polygon; thus, if the field is the first quadrant of the coordinate plane, 
the polygon will consist of the positive axes. 

Assuming, for the present, that we have a transformation w — f(z ) 
which maps the polygon in the tc-plane onto the x-axis, and the interior 
of the polygon onto the upper half of the z-plane, it follows that the 
inverse function, z = g(w), will, when obtainable, map the upper half of 
the z-plane onto the interior of the w-polygon. We then put into the 
upper half of the z-plane a simple system of streamlines and equipoten- 
tiaLs fitting the boundary conditions, say that for parallel flow as given 
by equation (1). Substituting z — g(w ) = x(«, v ) + iy(u, v) into (1), 
we get 

V -f- iS = kix(u, v ) + ikiy(u, v), 

whence 

V - iq x(u, a), & = hyiu, v ). (3) 

Our parallel flow in the upper half of the z-plane has now been mathe- 
matically transformed into flow inside the ta-pofygon. Since the poten- 
tial is constant for T r = const., the curves given by the first of equations 
(3) will represent equipotentials for the field bounded by the re-polygon; 
similarly, the curves given by the second of equations (3) will represent 
streamlines inside the w-polvgon. 

Our main problem is, therefore, that of finding a transformation 
which will map a given polygon in one plane onto the axis of reals in a 
second plane. This mapping problem is solved by the Schwarz- 
Christoffcl transformation,* in which three t complex planes, w, z, F, 
are employed, where w - u + iv, z = x + iy, F = V + iS. The 

* Numerous applications of this transformation may be found in Miles Walker’s 
"Conjugate Functions for Engineers.” Sec also Rothc, Olicndorf, and Pohlhausen, 
"Theory of Functions as Applied to Engineering Problems.” 

! In snn\e problems it is necessary to employ more than three planes. 
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gn cn poh gon is drawn in the ie-plane The proper Schwarz urn trans- 
formation, as it is usuallj called for short, will map this poU gon m 
the u^plone onto the x axis of the lntcrmetltatc r-planc, and will at 
the same time transform the original flux lines and cquipotcntials 
Next the x-axis is mapped onto a poh gon in the /’-plane in such a w a> 
that the field m the z plane is transformed into a net of orthogonal 
straight lines in the /’-plane 

Consideration of our mapping problem leads us to expect that the 
required transformation will be given in the form of a differential equa- 
tion in w Inch the rate of change of tr with respect to s appears T or, let 

dir = | die | c' e “, dz *= \ dz | e i9t , 

then 

is 1*1 

so that the amplitude of du/dz represents the angle between the ele- 
ment die m the te-planc and the clement dz m the z plane Now, since 
wc wish to straighten out each interior angle of the poljgon m the 
tr-plane into an angle *• along the t axis, wc sliould expect each angle 
of the m-poljgon to be related in some waj to the change m amp 
(dw/dz) as wc turn through that angle 
To determine the expression to which dw/dz must then bo equated, 
let us examine a few simple transformations Letting t p ^ re 9 , consider 
first the transformation tr « ***, orz *= t r Then z *= re 29 , so that 
amp 2 = 2 amp tr, and the first quadrant m the u'-plane is mapped onto 
the upper half plane of z, i C , the 90° angle m the uvplanc is straight- 
ened out into 180° Here dtc/dz = \z~ i<l If u » 2 51 , wc lme z = u* 3 
= rV 9 , and the sector between the u-axis and the GO 0 lme is straight- 
ened out into the upper half-plane of z, in tins ca«e, dw/dz *» 

In general if z = ir m » r'V ” 9 , where m is an) rational number, the 
angle r/m is opened up into 180°, and dw/dz (1 /m)z lln ~ l 

Now if r = ar"’, where c * a + ib « to**, aa> , then z = Cr"c ,(,,,8+ " > , 
so that the te-configumtion is stretched or contracted in the ratio C 1 
and is turned through the angle a bj this transformation finis the 
introduction of a complex constant of proportionality serves to change 
the size and orientation of a figure 
/Vs a final example, let z — 2b " c(«? — tr 0 )*\ where z 0 and tr 0 are 
complex constants Then the angle v/m having its vertex at tr 0 ls 
ojienetl up into a half plane with ‘ virttx ’ at r<j »n addition to Ixang 
rot ited, i e , the figure ls translated as well as rotated and fanned out 

II< n. ir - ir 0 « c~ x - zo)' ,m and ~ ~ C m ~~( g ~ 
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Suppose, then, that we wish to straighten out an interior angle 
a) . = Tr/m,. of a tr-polygon and translate the vertex of the angle to a 
point xi, on the x-axis of the z-plane. Since 1 /w* — a iJ ~ it appears 
that we must have dw/dz proportional to ( z — Xk) c,k, ~~ 1 - If the 
10 -polygon has n vertices, dw/dz must then be proportional to each 
of the n expressions (2 — Xk) ak ^ r ~ l , (k — 1 , 2, • • •, n), and therefore 
to their product, so that the Schwarzian transformation should be of 
the form 

— - K(z - x{) ai/r -\z - x 2 ) ai/r ~ l - • • (z - x n ) a * /r ~\ (4) 

dz 


Here xi,x 2 , ■ • •, x n are real constants, K is in general a complex num- 
ber, and the interior angles at the n vertices of the w-polygon are 
at, «2, 

To clarify further the meaning of equation (4), let us see what hap- 
pens when the point w moves along the polygon and the mapped point 
2 moves along the x-axis. Let z — x/ ; = (k = 1,2, • * • , n) and let 
K = | K | c' e . Then equation (4) becomes 


dw 

dz 


dw 

Iz 


c i(6«-0,) 


K 




♦ r* n p t * 5n ^ 71 
' nb i 


where for brevity sjt is written for ce k /ir — 1. Then the amplitude of 
dw/dz is given by 

dw 

amp — = 0 W — 0. = /9 -f si amp (z — * 1 ) -j f- s n amp (2 — x n ). 

dz 

Now as w moves along a straight line from, say, w k to 2 moves along 
the x-axis from x t to x 2 . "While xt < x < x 2 , amp ( dio/dz ) - 6 W — Q. 
remains the same since 0 tc and 0- do not change. "When w passes through 
ir 2 , so that 2 passes through x 2 , the quantity z — x 2 changes sign, and 
ampfy - x 2 ) changes by -. But the signs of 2 - x u z - x 3 , • • •, 
2 - x„ remain unchanged when x t < x < x 3 , and consequently 
amp (dw/dz) changes by | s 2 « | “ | « 2 — it | as w passes through w 2 . 
Similarly, amp (dw/dz) changes by | s /: ir | = | ai: — v | as w passes 
through v'i: (k — 1, 2, • • *, n). Now when 0 < a k < it, as at w 2 and 
in Fi S- 95 > the change in amp (dw/dz) is an increase, and "since 
s >~ ~ is negative, the algebraic value of the change is -s,~ 

= - - a k , which is evidently the angle through which we turn when 
passing through tr*. On the other hand, if — < a k < 2-, as at w 4 , the 
change in nxnp(dw/dz) is a decrease, and since s k - = a k — tt is now 
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positiv c, the algebraic v alue of the change is again —stv *=> t — at, the 
angle through which we rotate at tr* Thus equation (4) is such that 
the poljgon m the ir-plane wall be mapped onto the ar-nxis of the 
z plane 

The abov e discussion is meant not ns a ngorous derivation of the 
Sehwarzian transformation, but rather as an indication of its geometric 
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import Moreover, even though tins transformation will map the 
te-pob gon onto the x axis, w e have not as > et shown that the intenor 
of the te-poljgon will thereby map onto the upper half of the z plane, 
which is essential to our field problems Our present mathematical 
equipment does not allow us to demonstrate tins fact, it is, however, 
shown to be the case in Art 105 v 

W e proceed now to a consideration of some field problems to which 
the Schwarmn transformation mnj bo applied Here, also, since our 
purpose is mcrelj to give an introduction to the subject, wc shall draw 
fredv on geometric and phjsical concepts 
93 Flow near a right-angled comer As a simple first example, let 
us find the equations of the streamlines of current flow and the equa- 
tions of the eqmpotentials near the comer of a large square sheet of 
conducting material Let the square plate be placed in the first 
quadrant of the ir-planc with tin edges along the axes, and Jet one of 
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the streamlines follow the direction, indicated b3 r the arrows (Fig. 96). 
We map our polygon, here consisting of merely the positive u- and 
maxes, onto the s-axis, letting the origin of the re-plane map onto the 



2*— plane 
Fig. 90 


origin of the z-plane. Then Xi — 0, a\ — i?/2, and the Sehwarzian 
transformation is 

dio .. 

— - Kz*>, ( 1 ) 

(12 

whence 

to = 2 + K'. 

Since c = 0 when w = 0, the constant of integration IC will be zero, 
and we have 

w = 2 


Since the boundary streamline in the tp-plane maps into the a>axis 
sf rcamlino from right to left, we may put into the z-plane a parallel flow 
of current such that the a-axis is one of the streamlines. Hence the 
mapping from the 2-planc to the final /“’-plane may be brought about 
by the simple transformat ion F ~ l~, where k is a real constant depend- 
ing upon the system of units, or scale, used; this transformation will 
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certainly change the net of straight lines in the c-plane into a similar 
net in the /’-plane Then (2) becomes 


F = — — tc 3 =. ctr, 
4 K 3 


(3) 


where c is constant If sic non think of the relation (3) ns mapping 
from the F-plnnc to the tc-plane, we sec that the straight horizontal 
streamlines of our parallel current flow and the vertical equipotentials 
orthogonal to the streamlines are transformed into the corresponding 
streamlines and equipotentials in the first quadrant of the ic-planc, i c , 
into the desired cun c* 

It is easy to see that the constant of proportionality c m (3) may be 
taken ns real Tor, vv o saw in Art 97 that such a constant scrv cs merely 
to change the scale of measurement in virtue of its modulus, and to 
rotate the figure in \irtuc of its amplitude Since the positive w-axis 
has been mapped onto the positive V-axis, the figure as a whole lias not 
been rotated but merely fanned out and consequently the amplitude of 
c may be taken as zero, whence this constant is real Since the scale of 
measurement wall depend upon the data of our problem and upon the 
system of units employed, \\c leave c as an nrbitrnrv real constant 

Therefore, separating real and imaginary components in (3), vve get 


V - c(u 2 - r), 

S = 2cui 


(4) 


It follows that the maps of V « const are rectangular h>7>orbolas 
asymptotic to the line v ** « and the maps of S *» const are al o 
rectangular hyperbolas asymptotic to the u- and t>-axcs Thus the 
full curves in Fig 97 represent streamlines and the dotted curves 
equipotentials in the neighborhood of a comer of the sheet 
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In the preceding discussion, we have considered the distribution of 
lines of current flow and of constant potential. It is apparent that 
we may interpret our result in connection with the analogous problem 
of heat flow, for which equations <4) give the flux lines and isotherms 
near a comer, or in connection with fluid flow, for which equations (4) 
represent flux lines and the lines of velocity equipotential. 

99. Flow near two 90° comers. Having considered in our first 
problem a conducting sheet indefinitely large in two dimensions, we next 
deal with a rectangular strip of width a and so long compared to a that 
its length may be supposed infinite. We again place our sheet in the 
first quadrant of the tr-plane as shown in Fig. 9S, and suppose that 



one streamline is along UOBC as indicated by the arrows. We map 
this polygon with interior angles <*i = -/2, a 2 — t/ 2, symmetrically 
onto the x-axis, the midpoint A (0, a/2) of the edge OB mapping onto 
the origin of the r-plane, and the corners 0 and B mapping onto the 
points x — 1, x — —1, respectively. The streamline boundary UOBC 
is thus mapped onto the x-axis, this latter streamline proceeding from 
right to left. 

We then have for the Schwarzian transformation, 
dw 

— = k(z + 1 r w (z - 1 r H 

dz 

K 

~ (Z 2 - 1 )« ' & 

whence 

in = AYcosh'~ I z 4- K') 
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or 


z =■ cosh 



■nherc K' is a const int of integration Since z *= 1 when tr =* 0, a\e 
get A' = 0, since z = — 1 when to = ta, we then ha\e 


ta a 




and 

vw 

z => co«h — (2) 

a 

Smcc wc mat again put a parallel flow in tlic z plane, we maj cinplo\ 
the transformation / ■» kz, gi\ ing us 

too 

F « l cosh — , (3) 

a 

where 7 is a constant which maj , as before, bo taken ns real We then 

T' + iS ** l cosh — (« + tv) 
a 

( rti tin. mi trtA 

k / I cosh — cosh h Pinh — sinh — J 

\ a a a a J 

,/.*» « , . «* «\ 

7. I cosh — cos — > smli — san — 1 , 

\ a a a a/ 

and therefore 

mi tv mi t v 

T =» 7 cosh — cos — , S « k mnh — sm — ( i) 

a a a a 

The maps of V «= eon°t mil be the cquipotcntiaU (or isotherms), and 
the maps of & «= const wall lie the streunhnc'* 

100 Edge effect m a condenser, flow out of a channel Let the 
edge* of n parallel plate condone r, or of a chanml con\e\ ing a liquid 
lie along the linos r « ±a to the left of the points (***b, ±fl) in the 
second and tlnnl quadrants \\ e j-upjwse then: edges so long « omp ired 
to the distance 2a between them that thej ma\ lx. considered infinite 
in length 
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If the plates v — ±o of a condenser are at different potentials, there 
■will be lines of force between them. Sufficiently far to the left of 
u — —l) i these lines will be sensibly straight and vertical, but as we 
approach the boundaries at u — — b they will evidently be considerably 
curved. We wish to study this edge effect for the parallel-plate 
condenser. 

Another physical interpretation of the present problem is in connec- 
tion with fluid flow\ Again, far to the left of u — —b, the streamlines 
will be nearly horizontal straight lines, but will curve as w r e proceed to 
the right, and diverge as the liquid issues from the channel. 

Because of the evident symmetry in the u-axis for both physical 
problems, ve need consider only the upper half of the figure in the 
u-planc (Fig. 99). We shall then think of our open polygon as running 
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from A (w = —») to P(—b, a), then back along PA and joining on to 
Bat u = —co, and then to the right along the w-axis. Thus the angles 
involved are oq = 2r at P and a 2 = 0 at B. 

To open out this polygon, we first unfold the line AP by rotating it 
through 180° about P; this gives us flow in a uniform strip and thus 
straightens out the equipolcntials of the electric field (or the stream- 
lines in the case of liquid flow) into horizontal straight lines. We then 
fan out the strip between v — 0 and v = a by bringing together the 
edges at « as — oo and separating those at u = -{-= 0 , as in the concep- 
tual process described in Art. 97, until we have a single straight line; 
this fans out the lines of force (or the velocity equipotcntials) into semi- 
circles, and the electric equipotent'mls (or fluid streamlines) emanate 
radially from a point. 
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For convenience, we map the point (—6, o) onto the point (-1, 0) 
of the 2 plane, and the pomt u = — co (the junction of A and D) onto 
the onpn Thus the upper edge AP, when unfolded, maps onto the 
x-axis to the left of (—1,0), the upper edge PA as it appears in tho 
to-planc maps onto the segment from (—1, 0) to (0, 0), and the lower 
edge p = 0 maps onto the poMluc ar-axis Hence the Schwarzian 
transformation will be 

die / 1\ 

--A-( 2+ l)*->-A-(l+-), (« 

and therefore 

w « K(z + In 2 ) 4- K' (2) 

Now the fluid streamlines along the boundary of the tc-.pol} gon nin 
from left to nght along AP and the t/-axis, and their maps run awaj 
from the origin along the x-axis Here, therefore, we may put into 
the r plane a radial flow emanating from 2 «= 0 To transform this 
radial flow into parallel flow, we take («ec Art 97) the mapping func- 
tion 2 ■= < Since the real constant A eenes morel} to change the 
scale of our map, giving us IV and AS instead of simply V and S, we 
set A ^ 1 for simplicity Ihcn we lmc 

tr - K(e r 4* F) + A" (3) 

To determine the constants K and A', WTite r in polar form, s = re' 1 , 
so that equation (2) becomes 

w = K(rc i9 4 * In r + id) + A' ( t) 

As we pass from t = 0 to r =* a in the tr-planc, t c changes b} ia, and we 
may think of 2 as passing from a pomt on the post no x-axis, where 
0 « 2nr and n ls an integer or zero,* to a pomt on tho negatn c x-ft\is 
where 0 = (2n + 1)*-, nnd then allow these points to approach the 
origin For these changes w 0 therefore Iia\ e 

tej *» lim ^(re^ + In r 4* tfl) 4* A' j 

10 “ lim [A'(-2r + *r)) “ irA', 

r -.0 

whence 

A' - - (5) 

r 

• Tbw dmgmtion of 9 b newwary wncc tn x u rrmltiptc*vnjurd »rc Frobkm 10 

stowing Art W 
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POINT SOURCE AND POINT SINK 

Moreover, z - -1 when w - -b + ia, so that, since In (-1) = In 1 
-f (2 n + 1 )iV = (2n + l)tV, we get from (4) and (5), 

-b + = - [-1 + (2n + l)i~] + K', 

7T 


K! = 6 — 2nza. 

7T 

Consequently our transformation takes the form 

to = — (c* 4“ jF) 4 — * — b 2 juq. } 

7T IT 

so that 

u = -(e v cosS+V+l) -b, 

7T 


v = - (e r sin <S + S) — 2na. 

7T 

Now the line a — 0 maps onto the line y — 0, and since, from z = e F , 
we have y — e v sin S, it follows that v — 0 corresponds to S = 0. 
Hence, in the above expression for v, we must take n = 0, and therefore 
we get as our final result, 

u — - (e r cos S + V + 1) ~ b, 

l (6) 

v = ~(e v sinS + S). 

7T 

lotting V — const, in (6), we obtain equations for u and v in terms 
of the parameter.?, from which we may plot various lines of force of the 
electrostatic field near the edges of the condenser. By putting S 
— const, in (G), we get equations for u and v in terms of the parameter 
V r , which enable us to plot lines of flow of liquid from the channel. 

101. Point source and point sink. As our next problem, we investi- 
gate the distribution of streamlines and equipotentials in a sheet of 
conducting material into which current is fed at a point A and out 
of which it flows at a point B. The points A and B are called, respec- 
tively, the source and the sink. 

Since here We do not have a polygon in the conducting sheet, it 
will lx; more convenient to put the known pattern of streamlines and 
equipotent ials for parallel current flow in the u>-plane and transform this 
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into the desired pattern m the z plane (Fig 100) Let the source and 
sink be, rcspcctncl}, located at ^l(a, 0) and B{—a, 0) of the r-plane, 
and let AiB t and A”B 2 be boundaries of the strip in the tn-planc along 
which parallel flow takes place Split the upper edge A 2 B 2 at its center 
C-C\ rotate the right-hand half about ^1; in the clockwise and the 
left-hand half about B 2 m the counterclockwise direction, and bring 
/i 2 toward Ai and B 2 toward B t Let (a, 0) in the z-planc correspond 

y\ 



*i O] 


B(-ao) 


O 


M* o) 
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to the junction of A\ and /l 2 , and let (— a, 0) correspond to the junction 
of Bi and B 2 Map the origin m the tc-planc onto the origin in the 
z-plane, and let C go into x — <» and C' into x «=■ -f w 

The internal angles, ai at Ai~A 2 and a 2 at Bi-B 2 , being both zero, 
the Schwarzian transformation wall be 

dw 4 

— - K{z - a)“ : (r *f- a)” 1 

a: 


K 

z* — a~ 

Hcncc 

u* - In f- K' (1) 

2a z + a 


Using the relation tr - 0 when s <= 0, together with In (— 1) ** 
(2n 4- l)ir, n an integer or zero, wc get A' - — (2n 4- J)irA/2a, 
and 


tr-— fin- --(2n+l)i/| (2) 
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The constant K will depend upon the nature of the current-carrying 
strip in the tc-pJane and the units employed, and need not be evaluated 
here. 

Since we now have parallel flow in the re-plane instead of in the 
r-plane, we put F = hw, whence, letting C — kK/2a, we get 

F = C In ^ - (2 n + 1 )i* • (3) 

. z + a 

To separate equation (2) into real and imaginary parts, let z — a 
= ric' 0 ', z -J- a = r 2 c ,flj . Then 

F = C In- + i(fii -0 2 - (2 n + l)rr) • (4) 

- r 2 

Evidently z — a and z a are the vectors drawn from (a, 0) and 
(—a, 0) respectively to any point z, the lengths of these vectors being 
ri and r 2 , and the angle between them being 0 X — 0 2 (Fig. 101). 
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In transforming the re-configuration into the a>axis, we did not rotate 
the figure, and therefore C may be taken as real. Consequently w r e get 

7*1 

V = C In — , 
r 2 

S = C[<?! - 0 2 - (2?i + l)ir], 

Now any point of the segment A X B X in the re-plane, for which v = 0, 
m.nps onto a corresponding point of the segment AB in the z-plane, for 
which 0j = v, 0 2 — 0. Hence the second of equations (o) gives us n — 0, 
whence we have ' 

V = C In — , 

r 2 

S = C(0i - 0 2 - rr). 


( 6 ) 
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From the first of equations (0), wc see tint V will be constant if nnd 
only if the ratio rj/r 2 is constant Thus the maps of the cquipotentiala 
V ** const in the te-plnne mil be given by 


— = ~ Z ^ ^ c 

r 2 V(z + af + ir U 
or 

(i - ci)( 2 ? + ar) - 2a(i + ci)x + a 2 u - c\) « o, (7) 

where Cj is a constant, which must be taken os positive since rj/r 2 
is positne Tor C\ I, (7) represents circles with their centers on 
the x-axis, when Ci = 1, wc get, as could be anticipated from rj/r* = 1, 
the straight line x = 0 These, then, are the equipotentials of our 
problem 

Corresponding to the streamlines S = const , we get 


tan -j- tJ *» tan (0| — 0 2 ) 

y y 


x — a x + a 



a constant, or 



Cjfx 2 + IT) - 2 ay — C 2 a 5 ~ 0 


( 8 ) 


When C 3 0, equation (8) also represents circles, which pass through 
the source and sink, as we should expect, when C 2 “ 0, we git the 
straight line y = 0, which also passes through A and D These are the 
streamlines sought 


PROBLEMS 

L tVing equations (4) of Art 09, plot the eqmpotcntial* correspond ifiic to 
l *■ 0, d;l, ±2, ±5, sfcJO, and the striamlincs corresponding to A •• 0, }, 1, 5, 10, 
in a reelanjpilar atrip of width r. 

2. Taking a ~ w, b «• 1 for rimplirity in equation* (ft) of Art tOO plot thr lines 
of forre n«ar the edge* of a pirslhl plat* romlen* r corn^wndinR to t - 0 ±J, 
+ 1, an<l the Mreamhnra of liquid flow from a channel, corn^pmnlmR Co S “ 0, 
*/4. w/2. 2w 3, 3 e/4, r 

3. find the orthogonal trajectories of the streamlines (gf of Art 101, and *how 
that ll e-e trajectories are tlie (spa potential* (7), 
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4. Show from equation (7) of Art. 101 that each equipotential circle encloses 
either the source or the sink, but not both. 

6. (a) Let a tangent be drawn from the source (or sink) of Art. 101 to an equi- 
potential circle. Show that the foot of the perpendicular dropped from the point 
of tan gen cy to the x-axis is the sink (or source), (b) Let Ri and R* be the radii of 
any two equipotential circles on opposite sides of the ?/-axis, and let D be the dis- 
tance between their centers. Find, in terms of R%, and D , the distances from 
source and sink to the centers of these circles, and the distance between source and 
sink. 

6. Investigate the nature of the streamlines and equipotentials for a point 
source in a conducting sheet whose boundaries, assumed infinitely distant from the 
source, constitute the sink. Hint: Map a parallel flow of current in the ta-plane 
onto the z-planc, in which the given sheet lies, and show that the Schwarzian trans- 
formation may be taken as 

dw K 
dz z 

7. Using a Schwarzian transformation, map the region in the uvplane bounded 
by the positive u-nxis and the portion of the line v = -y/3 w passing through the 
first quadrant onto the upper half of the z-plane. Taking the potential V = kx 
and the stream-function S — where k is a real constant, find V and S as func- 
tions of u and v, so that the curves V = const, arc equipotentials and the curves 
S « const, are streamlines of flow near a 60° corner. Show that the functions V 
and S satisfy the Cauchy-Ricmann and Laplace equations, and that the equi- 
potentials cut the streamlines orthogonally. 

8. Using a Schwarzian transformation, map the region in the ta-plane bounded 
by the positive «-axis and the portion of the line v = u passing through the first 
quadrant onto the upper half of the z-plane. Taking the potential V ~ kx and 
the stream-function S = ky, where k is a real constant, find V and S as functions of 
u and r, so that the curves V = const, are equipotentials and the curves S = const, 
are streamlines of flow near a 45° comer. Show that the functions V and S satisfy 
the Cauchy-Ricmann and Laplace equations, and that the equipotentials cut the 
streamlines orthogonally. 

9. Generalize Problems 7 and S to the consideration of flow inside an angle 
r/n, and show that the mapping function is F - cw n f where c is a real constant 
Setting tr «* rc t0 «=* r(cos 0 + i sin 0 ), show that V = cr n cos n0 } S = cr n sin nO, and 
hence that the streamlines arc symmetric with respect to the angle-bisecting line 
0 « r/2u. 

10. Consider planar flow around the edge of a semi-infinite thin wall, represented 
hy the positive ti-nxis in the tr-plane. Map this flow onto the z-plane, take F « V 
+ *8 ** kz, and find u and p as functions of V and S. Determine the nature of the 
streamlines S « const, and of the equipotentials V = const. 


PART m. FURTHER THEORY OF ANALYTIC FUNCTIONS 

102. Line Integrals. We shall devote the remainder of this chapter 
to some topics in the theory of analytic functions of a complex variable. 
We shall make use of this theory in the evaluation of certain definito 
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integral?, and, in Chapter XI, shall appl> it to the solution of problems 
in w hieh the operational calculus may bo employ cd 
For the definite integral 

f/WJr, ( 1 ) 

■where x is a real \ anablc and f(x) is a real function of x, w c may speak 
of the field of integration as the segment of the x-n\is from x » a to 
2 »= 6 Now let g(x, y) be n real function of two real \anables, and 
consider a segment C of a continuous cur\e, with initial point A and 
terminal point B, and such that it is cut bj a lme parallel to either 
coordinate oms in onlj one point (Tig 102) We dmdc C into n arcs 
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A»i, Asj, , As,, whore projections on the x-axis are Axj, Ax 3 , , 
Ar„ and whore projections on the y-axis aro Ay t , A y 2 , , A y„, 

rcspectivcb, as shown Letting (x*, y*) denote a point on As*, wo 
form the sums 

Vk) A»i, Vk) Art, y^7(xi, Vk) Ay* 

When the limits, as n becomes infinite and as each subsegment nj>- 
proirhcs zero, of there sums exist, we call there limits line or contour 
integrals, and denote them bj 

f 0{r, y) ds, f ff(r, y) dx, f viz, y) dy, 

Jq •'C “C 

rrspeetneh \\e then that C is the field of integration 


( 2 ) 
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If we have several curve segments C* (k = 1, 2, • • *, n), each cut by 
a line parallel to a coordinate axis in only one point, and forming a 
continuous curve C, we say that a line integral over C is equal to the 
corresponding sum of the line integrals over C\, C 2 , • • • ,C n in turn. 
Also, for later convenience, we say that the integral over C from B to A 
is the negative of that from A to B. If the equation of Cx is y = f(x), 

the integral f ff(x, y) dx may be evaluated by replacing y in g(x, y) by 

«/ Cjt 

J(x) and integrating between the values of x representing the abscissas 
of the endpoints of Cj : . Similarly, if Cx is given by x = F(y), the inte- 
gral I g(x, y) dy may be found by reducing it to an ordinary integral. 

v Ck 

A frequently occurring line integral is one made up of the sum of 
integrals of the second and third types, 



dx + Q(x, y) dy]. 


( 3 ) 


If A and B have the coordinates (a, b ) and (c, d), respectively, (3) is 
sometimes written as 

p(c,d) 

I V ) dx -f- Q(x, y) dy], (4) 

J io. b) 

However, when the notation (4) Is used, the curve C must also be speci- 
fied, since the value of the integral is in general dependent upon the 
path from A to B. 

As an example, consider the integral 


I = f [(x 2 + 2 jj) dx + (x - by 2 ) dy], (5) 

J c 

where C is first the path from (0, 0) to (1, 0) and thence to (1, 3) along 
the straight lines shown in Fig. 103. Along the x-axis, we have y - 0, 
dy = 0, and along the second part of our path, x — 1, dx = 0. Hence 
we get 

- f z 2 dx -f- f 3 (1 — by 2 ) dy = — 

Jo 3 

Secondly, let C be the straight line y = 3x joining (0, 0) and (1, 3). 
Then in the first term we substitute y = 3x, and in the second, x = y/ 3, 
whence we find 
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Consider next the double integral of a real function g(r, y) taken 
o\ er a region It bounded b> a closed cun e C such that a line parallel to 
a coordinate axis cuts it in at most tuo points. 


/X 


Six, y ) dR 


Express the function g(x, y) bj the notatjon y)/d x, and consider 

the equivalent iterated integral 


f£ 


oQ(z, y) 

dx 


dx dy 


( 0 ) 


Let R bo circumscribed a rectangle with sides x ■» a, x ** b, y ■* c, 



y « d, as shown in rig 101, tangent to C at the points Pi, Pa, Pa,Pi> 
and let the positive direction along C bo tint mdiritrd b> the arrotv 
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If the equations of the segments P3P4P1 and P1P2P3 are respectively 
x = Fi(y) and x = F 2 (y), we get for the integral (6), 


fi 


dQO, y) 

dx 


dx dy 


-IS 


■ l r T ' M aQ(®, v) 


fiG/) dx 


dx dy 


IQ(F 2 , y) - Q{F\, y)] dy 
« J 4 Q(F 2 , y) dy -f Q(F lt y) dy. 


We sec that the first of the above integrals is the line integral of Q(x, y) 
along P1P2P3, while the second is the line integral of Q along P1P4P3. 
Since the latter is the negative of the line integral along P3P4P1, we 
have 

ff — dx dy = f Qdy+f Qdy=fQdy. (7) 
JJr dx JPiPiP, JPsPiPi Jc 

Similarly, for a function f(x, y) - dP(x, y)/dy, we would have 



dx - f Pdx+f Pdx 

JPtPiPi Jp 2 PiPt 


-x 


Pdx. 


Combining (7) and (8), we get 


(8) 

(9) 


This relation between a line integral and the double integral taken over 
the region enclosed by the contour, is known as Green’s lemma, having 
been given by Green in a paper on mathematical physics. It holds 
also when C is cut by a parallel to a coordinate axis in more than two 
points, and when the region R lias subregions cut out of it, if we take 
as C the totality of bounding curves, along which the positive sense is 
in each case that leaving the region It to the left. Thus, if R is a ring- 
shaped region, the positive senses along the boundary circles will be the 
counterclockwise direction on the outer circle and the clockwise direc- 
tion on the inner circle. 

Examination of equation (9) shows immediately that if dQ/dx — 
dPjdy at every point of It* the line integral on the left will vanish. It 
follows that if Cj and C 2 are any two curves connecting the distinct 

* Note that tills condition implies the existence of dP/dif and OQ/dx in R. 
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points A and B (Tig 105), and Iving wholly m«ido the region R in which 
dQ/Qz «= dP/dtf, then 


f (Rtfr + Qrfy) = f (Pdx + Qdy) 
JCt JCi 


Tor, if C is composed of C x taken in the posit iv c sense, and C 2 taken 

in the negative sense, wo have I — I = I + I = 0, whence 
vCl 4 *C% Jc% «/ 


L-L 


Referring to the example gi\cn by (5), wc sec that P ■* 


x 2 + 2y, Q *= x — 5 y 2 , so that OP/dy — 2, OQ/dz *= 1, and OP/dy ^ 
OQ/Ox Consequently it is not surpnsmg that 7j and / 2 were different 


^1 
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If wc hod taken, instead, P *=■ x 3 + y, we should have had OQ/Oz « 
OP/Oy = 1, and lioth paths would have vielded the some "value, as 
would all others connecting (0, 0) and (1, 3) 

V,e may usefully apply' the above results to analytic functions of a 
complex \ anablc Let /(z) be analytic ov er a simply connected region 
R, by which we shall mean a region bounded by a single dosed curve, 
let C be any cun c connecting two points A and B oi R and lying wholly 
in R Consider now’ the integral of /(r) along C, defined by 

f/(r) dz - lim VVrt) At*, 0°) 

J c » - - fz f 

where the points z* he on C and Ar* « ft — -k-t Setting /(z) " 
ufr, y) + tr(r, y), we have 


AttT. 102] 


LINE INTEGRALS 


443 



I (u + iv)(dx 


+ i dy) 


= I (udx — v dy) 

dc 

which is the sum of two line integrals. 
Cauchy-Iticmann equations, 

du dv du 

dx dy ' dy 


+ it (P dx + u dy), (11) 

dc 

Now since /(z) is analytic, the 

dv 

dx ’ 


are satisfied. But these are precisely the conditions that the two line 
integrals in (11) be independent of the path C joining A and B. Conse- 


quently j f(z) dz will depend only upon the values of z at the points 

d c 

A and B. In particular, if C is a closed curve which does not cut itself, 

and which lies inside the simply connected region R, I f(z) dz — 0. 

dc 

When R is not simply connected, the integral over a single closed 
curve C lying in R, of a function analytic in R, may be different from 
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since 0 changes b> 2 t in tm crsing the circle C It might have boon 
expected that this result would come out aero since we arc dealing with 
an integral around a closed cunc It should be noted, however, tint 
Green’s lemma does not applj While the function /(?) = l/z is 
nnnhtic at even point of It, it is not analytic at ever} point m the 
region enclosed bj C For the denv ativ e /'(z) ~ — 1/z 2 exists cveo* 
where except at the point s — 0 which is interior to C Consequently 
the Cauchj-Uicmann equations are not satisfied for x ** 0, y = 0, we 
have, in fact, 

flu if — t 2 Op 

Ox (x 2 + i r) 3 0y ’ 

flu —2xi/ flt 

0y (x 2 + if) 2 Ox ’ 

so that the four partial denv ativ es do not exist at this point Thus the 
condition 0Q/0x — dP/Oy at ever} point inside C, which was applied to 
the line integrals (II) will not be met for x - 0, y = 0, and therefore 

we cannot conclude that the line integral J™/(0 dz will l>c zero 

When C is a circle of radius r and center at any point z = Zo, we get 
by setting z — z 0 = re '* on C, 




for n *» ±1 ±2, We shall hav e occasion to use the**© relations in 
our later work 

103 Cauchy’s integral theorem and integral formula Let /(r) be 
and} tic over the region It and continuous * on the boundao C of li 
(Iig 107) Then the integral of /(*), extended in the positive Fcnue 
over the entire boundary C, which maj consist of one or more cIomhI 
curves will vanish, 

JV(=) r h « 0 

•/{*) — y f x y) + i rtt y) »« rontinufun if utnlr tin- continuous 


(0 
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This result, known as Cauchy’s integral theorem, follows from the dis- 
cussion of Art. 102, being based upon the Cauchy-Itiemann equations 
and Green’s lemma. An equivalent statement is that the integral 


Y I 



Fig. 107 


taken in the positive (counterclockwise) sense over the outer boundary 
is equal to the sum of the integrals along the inner boundaries in the 
negative (clockwise) sense with respect to R, which will be the positive 
sense with respect to the regions enclosed by these curves. 



Fig. 10S 


An important consequence, of Cauchy’s integral theorem is as follows: 
Let Cj lie any single closed curve enclosing or lying inside a region over 
which /(r) is analytic, let P be any point inside the region bounded by 
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Ci, and let C 2 be a circle with center at P and having all its points in 
the region enclosed by (7j (Tig 10S) Then 

f j{z) dz = f f(z) dz, (2) 

JCi Jc t 

where each integral is taken m the positu e (counterclockwise) direction 
Thus an integral ov cr any single closed cun e C\ may be replaced by an 
integral over a circle C 2 , and conversely, provided C i and C 2 arc such 
that /(«) is an ah, tic ov cr the suitable regions In particular, it follows 
that the relations (12) of Art 102 hold when C is any single closed cun e 
enclosuig the point zq 

Now suppose /(a) is analy tic ov cr a region R, simply or multiply 
connected, whose complete boundary 13 C, and let be any point 
inside R (Tig 109) Let C' be a circle with center zq and small enough 



so tliat every point on C' lies in R, and denote by R' the region obtained 
by removing the points intenor to C' from R Then the function 
f(z)i\z — foi satisfies the conditions of Cauchy s mtegraf theorem dt 
R r , so that 


r *U. + r 

Jez — : o Jc z — z 0 


dz “ 0, 


(3) 


wliere the integral along C' is taken in the clockwise sense Setting 
z — z$ « re* for z a point on C', the second integral above may l» 
written 


L 




“ + rr'*) c 
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If we let r approach zero, the last integral will approach 

i£/(z o) dO = —2~if(zo), 


/(z 0 ) being constant as regards 0, and the minus sign appearing because 
of our integration in the clockwise direction. Consequently we get 


from (3), 



dz 


2 irzf(2o) =* 0. 


or 


/(z o) 


-f 

2irl Jc 


m 

Z - Zq 


dz. 


Since Zo is any point in R, and since the notation for the variable of 
integration is immaterial, we may write the above equation in the form 




dl. 


(4) 


This relation is called Cauchy’s integral formula. 

The integrand in (4) being a function of the variable of integration i 
and of the parameter z, wc have here an integral of the kind discussed 
in Chapter VII, Art. 67. We may, in fact, differentiate under the 
integral sign, obtaining the formulas 


and, in general, 


m 

r<2 > - sX 


r m 


2t ri Jc (t — z) 2 

2 r M 
c (t - z) 3 

m 


dl, 

dt, 


. n! r f(t ) 

f M (z) = — I — - - -- dl, 

2vf Jc (/• — z) n+1 


(5) 


for n any positive integer. Thus derivatives of all orders of an analytic 
function exist, and are given by (5). 

We next give an inequality winch we shall need in Art. 104. Let C 
be any curve, open or closed, and let M be the maximum value of 
| f{s) | on C. Then if L is the length of C, 


f m dz 

J c 


g ML. 


( 6 ) 



as 


FUNCTIONS OF A COMPLEX \ATtI\BLE 


ICntr \ 


To obtain, this relation, we note first (Hg 110) that if a and 0 arc any 
complex numbers, | a *f 0 1 g I « | -f | 0 | t and, in general, if a = «i *f 
«2 + +a*,\«\ g |ai| + |« 3 I+ + I O, | Hence 

y> t ) <*** ^ ^2 1 /(^) 1 1 ^ i 

*-1 i *-i 




l/k> I 1 I £ M(L t +h+ +L,), 


and since L% + Xc + + approaches the length L of C as n 

becomes infinite, we ha\o 

Urn | Ar* J ^ jlfL, 

whence, bj (10), Art 102, we get (G) Applying (G) to (5), where we 
take as C a circle of radius r and center z, we find also 




If 


2TT 


,lfnl 


( 7 ) 


where M w the maximum i aluc of f(t) on C 

104. Senes expansions and singular points Consider a function 
/(r) anal) tic m a region R Let a 1m* am point of R, and let C lie an) 
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circle in R and with center a. Then J(z) admits of an expansion in a 
Taylor’s series, 

f ^ (a) 

m = f(a) +f(a) (z- a ) +•••+— (z - a) n +•*•, (1) 

n\ 

valid at least for z inside C. 

To derive series (1), we begin with Cauchy’s integral formula, and 
write 

f{z) = J_ rm * m _L f m dt 

2 t n Jet ~ z 27rt Jc (t — a) — (z — a) 

We now make use of the algebraic identity 

1 _ 1 ( B B n B n+1 

A - B = J + I* + “ ’ + A n+1 + A n+1 (A - B) * 
setting A=t — a, B — z — a. Then we have 

/(0 * 


2 777 Ja t — a 2 ? n Jr 


c (t - a)- 


+ 


+ ■ 


(z — o) n f /(() dt (z — a)” +1 


arr_m_di_ 

2ri J c (t - a)” +1 


+ 


2ttz 


1 r M dt 

J c ( l - a) n+1 (l - z) 


Hence, by Cauchy’s integral formula (4) and formula (5) of Art. 103, we 
get 

/(z)=/(a)+/'(a)(z-a)+... 


/ (n) (a) 

+ — f- (2- a) n + 


(z - «) n+1 f /«) dt 


n\ 


r 

2 iri J c (t — a) n+1 (i — z) 


Equation (2) expresses Taylor’s theorem with remainder 7? n+1 , where 

(z - a) n+1 C fit) dt 


Rn 


+i 


r 

2i7»~i J C 


c(l~ a) n+ \l - z) 


( 3 ) 


K we can show that R n +i approaches zero as n becomes infinite, we 
shall have series (1), convergent for z inside C. To do this, let r be 
the radius of C, and let | f(z) j jS M on C (Fig. 111). Then since 
j t - a | = r for t on C, and 1 1 - z | ^ r - | z - a |, we get from the 
inequality (G) of Art. 103, 



( 4 ) 
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But | z — a | < r, and therefore j /? n+ i [ mi} be made as small as we 
please bj taking n sufiicienth large Thus Taj lor s series (1) is estab- 
lished 

Since senes (1) for an analj tic function of a complex \ amble is 
identical in form with the Taj lor a senes for a function of a real \ amble, 
it is possible to define the \anous elemental} functions of a complex 



\ amble bj means of senes which arc also correct vhen the iambic 
takes on real \ alucs onlj Tor example, V> e lia\ e 


l+z + 5 + Si + 


em z *=• t b — 

31 5 ! 


'7i + 


cosh 2 “ 1 +_ + _ + _ + 


Consider next the senes 


ClU + c»u 2 + + c n u n + , 

where u is a function of z Jf this senes converges for | u } < r, then 
c\ ulrnttj the senes obtained bj setting u - l/(z — a), 



z — <1 


(z - a) 3 


+ 


<* - a)* 


( 5 ) 


will converge for z outside the circle with center n and ruhus 1 Jr 
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Now suppose we have a ring-shaped region R bounded by two circles 
with centers at z = a and of radii ?'i and r o. Let the series /i(z) = 

Co + Cj (z — a) 4 1- c n (z - a) n 4 converge inside the larger 

circle, and let the series / 2 (z) = c_i(z — a) -1 + c_ 2 (z — a)~~ + • • ♦+ 

c_„(z — a) ~ n 4 converge outside the smaller circle. Then Laurent’s 

theorem states that the function 

/(z) = /i(z) 4* / 2 (z) = c 0 + c t (z - a) + c 2 (z - a) 2 4 

4- c-i(z - a) -1 4- c_ 2 (z — a) -2 4 

eo 

= 2 Cn(2_o)n (6) 

is analytic inside R. 

Laurent’s series (6) may be obtained in the general case by an argu- 
ment similar to that employed in deriving Taylor’s series (1); it is 
found that if C is a circle of radius r, where r t < r < r 2 , then the coeffi- 
cients c n of (G) are given by 

1 r f(z) dz 

Cn = 2ttI J c (z - a) n+1 = ±1, d=2, •••). (7) 

This formula, for n ^ 0, also gives the coefficients of the Taylor’s 
series (I). 

Let R be a region bounded by a circle C with center at z = a with 
the point a removed. If the Laurent expansion for /(z) in this region 
contains no negative powers of (z — a) and if f{a) = Co, i.e., if /(z) is 
then given by a Taylor's series, the function f(z) will be analytic inside 
C, including the point z = a. If, however, the Laurent series does have 
negative powers of (z — a), f(z) will not be analytic at z = o; we say 
in such a case that z = a is an isolated singular 'point of /(z). If the 
number of negative powers of (z — a) is finite, and if (z — a)"”' is the 
lowest, power, the singularity is called a pole of order m ; if the number 
of negative powers is infinite, f(z) is said to have an essential singularity 
at z = a. 

To illustrate, consider first the function /(z) = cos z/z 2 . Since the 
derivative j\z) ~ - (z sin z 4- 2 cos z)/z 3 exists for every point except 
- = 0, this function will be analytic everywhere except at the origin. 
Then for C any circle with center at z = 0, we have for the Laurent 
expansion 

cos z I 1 z 2 z 4 

~7 2 ~ = 2! + 4l“ G! ’ 

so that this function possesses a pole of order 2 at the origin but is else- 
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where analvtic 
lia\c the senes 


As a second example, let f(z) 


1 1 1 

r r2\ 2^3' 


tCn \t* \ 
e 11 *, for which we 


In tins case our function ev ulcntly has an essential singularity at z = 0 
105 Residues Lct/(z) have an isolated singularity at z = a, and 
let its Laurent expansion bo 

A» ~ cq + C|(z — a) *f c 2 (z — a)** + 

+ c_i(z - a)"* 1 4* c_ 2 (z - a) -2 + 


By the residue of/(z) at z — a is meant the coefficient c_i of (z — c) —1 
Let C be a circle about the point z - a, and sucli that no singularities 
of/(z) other than z — a are inside C By fonntila (7) of Art 101 the 
residue vs 

c-i - - 1 - f m dz (1) 

2ti jc 


As on example, consider the function f(z) »= c'/z 3 , wluch lias the 
Laurent expansion 

c* 1 1 1 1 z 

?”? + ? + 5 S + ? + ? + 


Then by definition, tho residue at the pole z *» 0 is \ OtlicnvtsO 
regarded, for C a circle about the ongin, the right-hand member of (1) 
becomes 


1 r 1 r dz 1 r dz 1 frf: 1 f,.., 

— — I /(z) dz “ I -r -f- f — -f- - — I ~ + ~ — | /i(-) d*, 

2m Jc 2irj Jc z 3 2ft Jc Z~ 2m Jc 2z 2r Jc 

where /. (z) — + — h — 4- is analytic inside C Non by rch- 

3! « 6» 

tions (.12) of Art 102,, the first two of the above integrals vanish, while 


J_ f * 1 

2r* Jc 2z 2 ’ 

moreover, f/i(z)tfz*=*0 by Cauchy a integral theorem Thus we 
Jc 

again gtt for the residue at z - 0, the value * 

If r « a is a Mmple pole of /(?) i e , a pole of order 1, the residue of 
/(r) at z - a w given by 

hm (r - a)/(z) 
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This important result, which materially simplifies the computation of a 
residue in a large number of cases, is easily proved. By hypothesis, 
f(z) may be expanded in a Laurent series of the form 


/(z) = — 4- Co 4- ci(z — a) -f c 2 (z — a) 2 4 . 

z — a 

Then 

(z - a)f(z) = c — i 4- c 0 (z - a) 4- ci(z — a) 2 4- • • ♦, 

and 

lim (z — a)/(z) = c_j, 


which is by definition the residue of /(z) at z — a. 

Let It be a simply connected region within which /(z) is analytic 
except at isolated singularities z — a\, a 2 , • • *, a n , and let C be the 
boundary of R. Then the sum of the residues of/(z) inside C is given by 

S = ^-ff(z)dz. (2) 

2-i Jc 

For, let small circles C\, C 2 • • •, C„ be drawn, each circle tying inside R 
and enclosing one singularity. Then, by Cauchy’s integral theorem, 
applied to the function /(z), which is analytic inside the region obtained 
from R by deleting the points interior to C i, C 2 , • • C„, we get 


ff(z) dz - f f(z)dz f f(z) dz = 0, 

Jc Jc i Jc„ 

where each integral is extended in the counterclockwise sense. Dividing 

this equation throughout by 2 tt 2 , and noting that — f f(z) dz repre- 

2t ri Jcy. 

sents the residue of /(z) at z = a }: , we get our result (2). 

Now suppose /(z) to be anatytic inside the simply connected region R 
bounded by a curve C, and let/(z) have a zero of order p k at the point 
z = oj ; wdtliin R (k = 1,2, ••*,«), i.e., 

/(z) = cj(z - a k ) p t 4- c 2 (z - a;.) Pi+1 4 , c { ^ 0. 

Then 

m = Cl p k (z - O/:) 1 ’* -1 4- Co(p k 4-1 )(Z ~ a/;) Pi 4 , 


and consequently 


m 

m 


Pk 


Z — flfc 


4- Fit), 


where F(z) is a Taylor’s series. Hence the residue of the function 
J'b)/m at z = at is Pk, whence we get from equation (2), 


— rm* 

2 riJc/fr) 


Pi 4- pz 4 f Pn = N, 


(3) 
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One of the principal uses of the theory of residues is in the e\ ablation 
of certain definite real integrals * As a first example, let it be required 


to ev aluatc the integral 


- e n dz 

+ c*' 


a 


(G) 


where x is real 
integral 


We may do this bv cv aluatmg in two ways the contour 


r e ,!2 dz 
Jc 1 + c* ’ 


(7) 


where C is the contour shown in Fig 113, consisting of the x axis and 
the lines i *= ±.A, y “ 2 jt Our first method is to apply equation (2), 
as follows Inside C, the only value of z making 1 -f> c* vanish is 



z *= vt , hence this point is the only singularity of the integrand /(*) 
“ c 1 3 /(l 4- e*) within the contour Developing e^ 3 and (1 4* <?) * n 
Taylors senes about the point : = m, we find 

c* 13 « c’ ,/3 + le r<l3 (z - t{) + , 

1 4" c* = 0 — (s — iri) — *(z — r*) s — . 

Consequently wegetbv division, 


/(*) 


c*> 3 

1+d 


1 

4- -c 

z — Tl 0 


win 


4- 


w lienee wo see that f(z) has a simple pole at z “ rt with a residue 
— e vi 5 there Therefore we have, by (2), 


(S) 


4 Nurorrom examj will I* found in T M MucRobort, ' Funrtiom of ft Coni* 
r>w V ml !<• 
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,pj^ad method, which is direct line integration, gives us 
Ih C A <f 13 dx . f 2r e 1AU+<:,) dy 

i e z "J- A l + c x + t J 0 l + ^ +,v 


+ c' I+, ' y 


p-A e H(.x+2 ,ri> dx ' fO e W-A+< v) Ay 

+ L ~r+ 7 ~ + j 2r i + c- A+, ' y ' 


v (Fig. 114), for a and /3, any two complex numbers, with j a { ^ | j3 1, 

a+0 



Fig. 114 


ehave at + /J | a | — 0 , so that j c /l+,y + 1 ! = c* 4 — 1. Also, 


| _ A/3 


nd therefore we get for the integrand in the second integral above, 

c H(.-i+«» c -i /3 

1 + c /l+,y ~ e A - 1 * (10) 


Similarly' - , we have for the integrand in the fourth integral, 


e H(-A+iv) 
1 + c~ A+ ' 1 


1 — c~ 


Hence, if we allow A to become infinite in (9), we get, since the right- 
mnd members of (10) and (11) approach zero, 

. P c :tz dz r" <? ,z dx 0 _ (f 13 dx 

Jc 1 +~c : ~J~* 1 + c= + C J- 1 + ’ 


r c ztz dz 

f fl 1,1 + pm f 
J — «0 1 C~ *j 00 

Jc 14 c* 

1 r c ,s dz 

1 - c Hri ' r» 4 /3 dx 

2m Jc 1 c‘ 

2 « ./-«= 14 c 1 ' 


ombining (S) and (12), there is found 

f K c r!3 ( J X 2 -gif*' 13 TT 2- 

J— > 14 • r 1 1 TJ^itS “ T-TTTm ~ aA" 


J— 1 4 f 1 - r r ' 73 sin (tt/ 3) V3 * U j 

Thb integral may also be evaluated directly; the student should verify 
the result. 
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As a second example, we obtain Peirce's formula 4S4, 



To do tins, we consider the contour integral 



where C consists of the x-a\i3 from —A to —a, the upper small serl 
circle 1 2 1 — a, the ar-axis from a to A, and the upper large semicirr 
] 2 j *» A (Tig 115) Since the function c'*/z has no smgulanu, 




C, its onl> singular point being a simplo pole at z *= 0, the inte- 
gral (15) has the \nluc zero Therefore 




Xow 


X X *1* -r 

-dr+f 

X J 0 


•***•> do - o 


AX + I 


-A* a t+H I 


and hi nee ue hare for the fourth integral, 1 4 , nbo\ c, 
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The secor o <, 0 S tt/ 2, (sin 0)/0 ^ 2/ir, so that 

- iAB ^dB = -(l - e~ A ), 

A 

therefore I 4 approaches zero as A becomes infinite. Also, as 
0, the second integral, I 2 , approaches — iV, and so we get in the 


rc^c 

r' 2 

1 1+ 

141 £2| «' 
^0 


it, 


Nov 


p° c {x C°° 

I — da; + I — da; = tV. 
«/— » a; *do $ 


0 21 


(17) 


in the first of these integrals we replace a; by —a;, we find 

poo gtX 

- I — da: = itt, (18) 

do X 


dience 


md (14) follows. 


- f” — dx + 

J 0 21 

X 


x 

93 2 1 sin x 


■ t/x = 


PROBLEMS 


1. (a) If R is a region bounded by a single closed curve C, show that the area 
of R is given by 


*J(* dy -y dx). 


(6) Using this result, find the area of an ellipse. Hint: Take the parametric 
equations of the ellipse. 

2. Derive formula (8) of Art. 102. 

3. Assuming that a function /(r), analytic inside a circle C of radius r and center 
c , may be developed in a series of the form 


w that 
find 


Sit) « CD + Ci(z - a) H + c„(z - o) n - * •, 

= JL f /(g) & / (n) (o) 

71 2W Jc ~ a) M+1 n! 


ng the inequality (7) of Art, 103 show directly that the series converges uniformly 
!*-<*!<* 

Q 4. If/(r) j<? analytic inside a circle C with center at z = a, and if/(z) has a simple 
ero at that 

/(r) ■= ci(s — a) + <s(z — a) : 4 , ci ?£ 0, 

rtww tint 


-L r 

2rl J C 






' c Si *) 

5. Find the residue of the function /(c) 


l/(r* *r 1)' at each of its singularities. 
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6 By contour integration, show that for n a positive integer 

* r [0 if n is odd 

f cos' x dx - 3 5 (n - 1) , 

Jo ■ - 2r if n 13 even. 

12 4 6 n 

Jhnl Set cost - |(w -f* 1/tc) where w — t {t , nnd integrate along the circle of 
unit radius centered at the origin of the complex ttvplanc 

7 Show that (Puree, 490) 


for m > 0 by integrating the function e* m */(l + z') along the contour consisting 
of the x axis from —A to A and the upper semicircle | z | »■ A 

8. Gucn f «-** dx »* v^r/S obtain the Fresnel integrals (Peirce, 487), 

Jo 

J* cosardx — J fin x 3 dr — > 

bj integrating the function c - * 5 along the contour consisting of the x axis from 
0 to A, the arc of the circle | z j -* A from 9 ■» 0 to 9 — r/4 aDd the line 0 *• r/4 
from [ z | — A to 0 

9 Given J* c - *’dr ■* Vr/2, show tliat 

fV«’ 

JQ 2 

by integrating the function e * 5 along the rectanglo with sides y •» 0 y — b 
x - db A Cf Peirce 503 

10 By integrating e'Vco'h along the rectanglo with sides y ■* 0 y - t 
x ■* show that 

r- r° l a 

I — : (hr — sec - (— r < a < r) 

J-« cosh rz 2 



CHAPTER XI 


Operational Calculus 


106. Introduction. In Chapter I, Art. 9, we introduced the concept 
of an operator D, denoting differentiation with respect to the independ- 
ent variable. This operator was found to be a powerful tool for the 
solution of linear differential equations with constant coefficients, and 
it was therefore employed in a number of our problems. 

We propose in this chapter to study operational methods and their 
application to engineering work in more detail. The culmination of 
our work will be what is known as the operational calculus, initiated 
by the engineer Oliver Heaviside, and used by him in the solution of 
a variety of physical problems. 

Unfortunately, Heaviside’s treatment * of operators was somewhat 
unsystematic and lacking in clarity, so that it is rather difficult to follow 
his methods and to be sure of their validity. However, Bromwich,! 
using the theory of functions of a complex variable, and Carson, J by 
means of integral equations, have given rigorous proofs and connected 
accounts of Heaviside’s methods. 

In Part I, we examine an integrating operator as a basis for Heavi- 
side’s methods, which we then use to solve electrical network problems. 
In Part II, we consider Bromwich's line integrals § and their connec- 
tion with and application to the Heaviside techniques. Laplace trans- 
forms, which have recently been extensively used in operational work, 
are briefly treated in Part III. 


PART I. ELEMENTARY OPERATIONAL METHODS 

107. The operator Q. Consider the linear differential equation of 

first order, , 

dy 

7l =Fy + G, ( 1 ) 

* O. HonvNde, “Elect romnsnet in Theory/’ 3 vots. 

tT. J. E A. Bromwich, "Normal Coordinates in Dynamical Systems,” Procu 
LrwAon Math. HUG. 

i J- Carbon, "Electric Circuit Theory and the Operational Calculus.” 

5 See H. Jeffrey?, "Operational Methods in Mathematical Physics.” 

IGX 
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where F and Q are functions of t onh Suppose F and G bounded in 
the intcnal 0 5 f 5 / 0 so that | F | A, | G | ^ for 0 g ( g f 0 , 
and assume these functions mtegrable o\ cr this region Wc shall seek 
the solution of equation (1) which is such that y *= y 0 when / »=> 0 
Let Q be an operator which, acting on a function g(t), fields the definite 
integral of g(t) between the limits 0 and t, 

<M0 - f 0(0 di (2) 

J o 

Operating on both members of (1) with Q, we then ha\e 

y — yo ** Q(Fy + G), 

(i - QF)y = vo + QG , (3) 

or 

V = 2 /o + QG + QFy (4) 

Here the symbol QFy means that y is to be multiplied by F and the 
product operated upon bj Q Equation (1) is evidently cqunnlent 
to the original differential equation (1) together with the condition 
y]i-o = !/o If wc substitute for y m QFy the entire expression for y 
as gn en bj (4), we get 

y « |/o + QG + QF(y 0 -f- QG + Q Fy) 

- (Vo + QC7) + Q F(y 0 + QG) + (Q F)=y, (5) 

where (QF) 2 !/ is merelj a short waj of waiting QrQFr/, and means tlmt 
QFy is multiplied b\ F and the resulting product operated upon b\ Q 
Again substituting the expression (4) for y m (QF) 2 I/» (5) becomes 

V - (l/o + QG) + QF(y 0 + QG) + (QF) 2 (y 0 + QG) + (Q F) 3 y 

Continuing this process, we arc led to the infinite senes 

!/~ [I-f QF+(QD ? -f • +(QF) n + Kl/o + QG) (0 

Let us examine this senes For the range 0 ^ t £ k > " c have | F | Ja A , 
a!**), since | <7 | £ /lj, it follows that J y 0 + QG | S B Then 

I QF(j/o + QG) j - \fj(V0 + QG)rft j 


5 AHt, 
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i (qf) 2 (2/ 0 + qg) i = ! mmvo + q m 1 

g I fFABLdt 

I ‘'O 

A 2 Bl 2 

s — - 

I (QP)’fco + QS) I - I + Q8)] I 

I r l FA 2 Bt 2 

< j t 

~ I Jo 2 

A 3 Bl 3 

g , 

3! 

and, in general, 

, A n Bt n 

(QF)"(yo + QG) | ^ — , 

»! 

as may be easily shown by induction. Consequently the terms of 
series (0) do not exceed numerically the corresponding terms of the 
series 

/ AH 2 A n t n \ 

B[l + At + — + •••+ — + •••), (7) 

\ 2! n\ / 


which evidently converges for 0 ^ t ^ / 0 , and in fact represents the 
function Bc M . Hence, by this comparison test, the series (G) converges 
to some function y{t). Substitution of (G) in (4) show's that this func- 
tion y(t) satisfies the differential equation (1) and also the condition 
V — Vo w'hen t — 0, so that we have in (G) a solution of our problem. 

Now the series in brackets in equation (6) is the formal expansion of 
(1 — QF)* -1 . \Vc may therefore write symbolically, in place of (G), 

V ~ (2/o + QGO- (S) 

1 - QF 

But. this is merely the solution of equation (3) carried out as if 1 — Q F 
were an algebraic quantity. Thus the integrating operator Q may in 
tins case be manipulated formally if we agree that the symbolic relation 
(S) is a shorthand way of writing the series solution (6). 

The operator Q may also be profitably made use of in connection 
with certain differential equations of order higher than the first. As an 
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example, consider the Bessel equation of order zero (equation (1), 
ArL CO), 

d 2 y dy 

t W + 7i +ly = 0 - (0) 

and let the accompanying conditions be thatp = 1 and dy/dt ■* 0 when 
d / dy\ cPy dy 

= 0 Since — ( f — J = t — ■ H , (9) maj be w ntten as 

dt\ dtJ di 2 dt 


d f dy\ 


Applying the operator Q to this equation, we get 


and 


dy 


dy 1 

It “ ~ 7 

A second application of Q then gues us 


Q tv 


/- 1 ■ 


-Q -Qtv 


(10) 


Replacing y in the nglit-hand member by ita \aluc os given. hj (10), 
we liav e succcssiv cly 


-QyQi(l-QjQ^) 

-£ + ( q 7 q ')V q 7 q ' 1 ') 

-? + FT=-( Q 7 Q( K l - Q 7 Q,s ) 


■ 1 - - + - 


+ (-!)" 


2 3 I s (2rt) ; 


i; + 


(ID 


which m the familiar capnnsion of / o (0 

Before continuing with our investigation of operational method.* let 
us first take stock, so to Fpeak, and determine what advance we have 
made In introducing the ojierator Q As was pointed out in Chapter i 
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the use of the differential operator D enabled us to shorten markedly 
the labor of finding the general solution of a linear differential equation 
with constant coefficients. Now in our physical applications, we are 
usually not interested so much in the general solution of a differential 
equation as we are in a particular solution satisfying given initial or 
boundary conditions. Hence a method which leads us directly to the 
desired particular solution, without having to determine, as a separate 
problem, the proper values of the arbitrary elements in the general 
solution, is more desirable from the standpoint of the engineer. As far 
as the linear equation of first (and sometimes higher) order is concerned, 
we have seen that the use of an integrating operator does have this 
advantage of directness. 

On the other hand, it may seem from the form of the solution (6) that 
the Q-method has the disadvantage of always yielding a series represent- 
ing the required function of t, instead of a solution in finite form which is 
usually more convenient to handle in computational work. However, 
we shall see that it is possible in many specific problems to obtain finite 
expressions for our results; in other cases, the series form may be the 
best obtainable by any process. 

Having discussed the linear equation of first order and with variable 
coefficients, we next consider the linear equation of second order, 

dry dy 

°° IF ° J "37 ~ T(t) (ao s* 0), (12) 

dr dl 


in which the coefficients a 0l oj, a 2 are constants and T(t) is an 3 r bounded 
and intcgrable function of t for 0 g t g f 0 , accompanied by the initial 
conditions 


dy 

V - Vo, — - Vu 


(13) 


for t « o. Operating upon (12) with Q, we get 


or 



+ a i(y — y 0 ) + a 2 Qy = 


Q T, 


dy 

°o — + o-iV + uaQj/ — cto!/i + ail/o + Q T. 
at 


second application of Q then gives us 

— Vq) + OiQ y + (loQry — ooQyi + giQj/o + Q 2 T, 
or 

(«o + d! Q + fl 2 Q 2 )y = (o 0 + «iQ)2/o + a 0 Qyi + QrT. 


(14) 
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Tor con\emcnce, let <HQ). ^o(Q), <^i(Q) denote the operators acting 
upon y, y 0 jfj rcspcctn eh Now r remembering that oq y± 0, the func- 
tion 


£(*) ao + °i- + a 2 z' * 

where z is n complex variable, mi} evidently be represented by a 
Mnclaurm senes in z If vve operate on both members of equation 
(14) with the corresponding operator senes vie get, since 

* _I (Q)<>(Q) - l, 

y - ^ _1 (Q)«o(Q)i/o + ^ -1 (Q)^i(Q)yi + *“‘(Q)Q 8 r (is) 

Wien the indicated operations m (15) are earned out, we thus obtain a 
series solution of equation (12), satisfying the conditions (13) Tlie 
convergence of the rcsultmg senes maj l>c established following the 
proce<lure employ ed for senes (G), and conscquentl} (15) w ill bo a v alid 
solution of our problem 
Symbolical!} , (15) mi} be wTitten 


^o(Q) 

*(Q) 


, «i(Q) , Q 

V ° * «(Qf V ‘ + £(Q) 


( 10 ) 


Now since, for c a constant and u anti i an} permissible functions * of 
t, wo have 

Q(cu) - cQ(u), 


Q(u + v) *= Qu + Qt, 

Q m Q n u - Q n Q m u - Q m+ "», 

where m and n are positive integers we see that Q behaves in thc^e 
manipulations as if it were on algebraic quantify, just ns tho different i'll 
operator D was found so to behave in Clinptcrl Hus suggests that vie 
maj express the solution y b} resolv ing the fractions in (10) into partial 
fractions We fcliall suppose first, for omphcitv, that o 3 0, eo that 
each of the fractions in (1C) is a proper fraction, i e , one nx which the 
degree of the numerator ts less than that of the denominator, and that 
the roots of ^(c) ■» 0 are distinct Tlien each of the fractions 4> i/ <t> 

ma} !« resolved into a sum of parti tl fractions of the form 


A 

1 

• litre m in all the en.*e* in which the operator Q is rm| toyed it Is wimed that 
the functions operated upon l«V« the proi* riles utati-d nt the beginning of ill' 
nrtiet* 
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where 1/r is a root of 4>(z) = 0. We have then to interpret the expres- 


sion 


Yt - 


• Ay h (k = 0 or 1). 


1 - rQ 

This is evident!}' of the form (8), and therefore yields 
Y x = [1 + (rQ) + (rQ) 2 + • • •] Ay k 


= Ayk 
= Ay k e Tl 


( ri ) 2 ( rf ) 3 

i + w+- 5r +ir+' 


(17) 


(18) 


Thus each of the first two terms of the right member of (16) may be 
interpreted as a sum of exponential functions of t, the coefficients of 
which may be found by the method of partial fractions. Similarly, the 
last term of (16) will yield a sum of terms of the type 


Yo 


A 

1 — rQ 


Q T. 


(19) 


By equation (8), with yo 
differential equation 


= 0, Yo is the solution, vanishing with t, of the 


dY 2 

dt 


7 Yo sb AT. 


lVe easily find, by the usual process, 

Yo = Ac rt QTc- rl , 


( 20 ) 


and therefore the last term of (16) may be interpreted. 

In case a fraction in (16) is not proper, it may, by carrying out the 
indicated division, be reduced to the sum of a polynomial in Q and a 
proper fraction. The polynomial in Q will yield a pol}momial in t 
upon interpretation, and the proper fraction may be treated as indicated 
above. The case in which the equation <f>(z) = 0 has multiple roots 
requires that the above procedure undergo certain modifications, wliich 
we shall not stop to discuss. 

Linear equations of higher order and with constant coefficients may 
evidently be similarly treated, and it is not necessary to give a detailed 
discussion of the general equation. Our purpose here has been merely 
to indicate the manner in which an integrating operator may be em- 
ployed, and to lead into the discussion of Heaviside’s methods. 
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For the sake of making the above argument more concrete, and to 
create facihtv in theu'se of operators, w e git e an example of the process 
Let Uie gnen equation be 

<Fy dy 

-4 - 3 — 4- 2y - 12 c~ l , 

dtr dt 

and let the associated conditions be 

y] “ yo - 4, 37 1 « 1 /! *= 5 

J '-o (ft Ji_o 


Then equation (10) is here 

V = ~ - 3C ^ , 4 4- j 5 4 -5 Q(12e -< ) 

1 — 3Q 4* 2Q 3 1-3Q4-2Q 2 t~3Q + 2Q 3H 

We rcadil} find 

1 - 3Q 2 1 

1 - 3Q + 2Q 2 " 1 - Q ~ I- 2Q' 

Q 11 


2 

1 - 3Q + 20* 1 - Q 1 - 2Q 


Hence we get 


1 - 3Q + 2Q 3 

Q 

1 - 3Q 4- 2Q 2 


5 - — 6 c‘ 4- 6 c 2 ' 


1 - 3Q 4- 2Q 3 


Q(12c-‘) « -c'QCl^-* .<?-*) 4-<r'Q(12c-' c“ 2 ‘) 


= — Gc* 4- &T* -f- ie 24 — 4c _f , 
whence the required solution is 

y ■» 2e~* — 3c* 4* 5e n . 


rnoBi fms 

Using the method* of Art. 107, find the solution of ciwh of the following differential 
equation*, subject to the given condition* 
dy 

1* ~ - tj + Cl - 3l», ji - ° fort - 0 
i^-2v + e'.,-l tat I — 0 
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3. ~~y = l;y = = 4 for 1 = 0. 

dr ac 

4. - y = 6c 3 '; V = 8 and ~ = -5 for I = 0. 

ill- at 

G. ^!r + ~ — 2y = 2(1 + < — i 2 ); y = 0 nnd ~ = 3 for 1 = 0. 

108. Heaviside’s operator p. The procedure outlined in Art. 107 is 
substantially that employed by Heaviside in connection with a system 
of differential equations arising in electric circuit theory'. Heaviside’s 
notation for our operator Q was p -1 ; this symbol, which he regarded as 
the inverse of the differential operator p — d/dt, is somewhat more use- 
ful in application, since it allows for the joint use of differential and 
integrating operators in the same problem. 

However, when applying both p and Q to a function, care must be 
taken. For, while p and Q separately satisfy the fundamental laws of 
algebra, they are not necessarily commutative with each other. Thus, 

PQ{7(0 - ~ f ff(0 dt = g{t), 
cit Jo 

but 

QpffCO = f ff'(0 dt - g(t) - p(0), 

so that unless g( 0) = 0, pQf/ and Qpp have different meanings. 

In order to make p the true inverse of Q, it is therefore necessary to 
stipulate that, whenever p and Q both appear in an operator, the p 
operations should follow the Q operations. 

Even with this understanding, the symbol p should not always be 
interpreted as d/dt directly. For, suppose that we operate upon equa- 
tion (14) of Art. 107 with p 2 ; then we have 

(flop 2 + flip + « 2 )U - fyoP 2 + «iP)2/o + floP.Vi + T. (1) 

If, now, we first set p = d/dt in the right-hand member of (1), and then 
divide by the operator F(p) - a 0 p 2 + flip + a 2 , we get, since p m y k = 0, 
merely 



nnd the effect of the initial conditions has been lost. Instead we 
should divide by F( p) first, getting 
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where F 0 (p) and Fi(p) are the operators acting on y a and ij\ respec- 
tively in (l), and then interpret the operators in equation (2) properly 

What should be the proper interpretation of the operators m (2)? 
The ansvv er to this important question is easily found m the light of our 
discussion of Art 107 Expand the fractions F 0 /F and F\/F in series 
of negative powers of p interpreting p“” ns Q" This procedure will 
then be entirely equiv alcnt to the Q-method, with merely a difTcrent 
symbolism 

In a specific problem, for which wo desire a solution m finite form 
the conversion from the p method to the Q method may of course be 
made directly Tor example equation (2) for the problem of Art 107 
will be 


P 2 -3p 


■4 4*- 


5 + - 


1 


P - 3p + 2 p 2 - 3p + 2 p 2 - 3p 4* 2 


(3) 


Du iding numerator and denominator of each fraction by p 2 , and replac- 
ing P -1 by Q p~ 2 by Q 0 , we get 


1 - 3Q 


; 4 4* 


3Q 4- 2Q 3 1 - 3Q 4- 2Q' 


-5 4- 


1 - 3Q 4- 2Q ; 


.Q(12c-) ( 


which is identical with our previous formulation 
If on the other hand, we were to expand tho fractions in equation (2) 
in positive powers of p we would get the wrong result To illustrate, 
consider again the above problem Referring to equation (3), wc would 
have 

p 2 - 3p 3 7 „ 

— p — -p - — , 

p 2 - 3p 4- 2 2 4 1 


P 

p" - 3p 4- 2 


1 3 » 
-P + ~P* + 


y 


l 

p 3 - 3p + 2 


l 3 

- 4* 7 


P 4* 


{— 2p “ ip 2 - )1 4- Qp 4- 3p” + 

4* a 4- Ip 4- )12c~* 

Ge - "* — 0 c ~* 4* 


)5 


But this infinite 4 <cnes w entirely meaningless 
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Moreover, while the series in positive powers of Q operating on T{i) 
always yield convergent series, this is not always true of series in powers 
of p. Thus, consider the expression 




p - 1 


If we write 

we get 

— - — ft = -ft - - r 54 ri- 
p-1 2 


p - 1 


- -(lri-p + p 2 ri--'-ri-p n_1 +•••)» 


1 ,, 3 « 

- r h - - r* 2 + • 

L4 s 


+ (-D 


n _t , 2n 


?n+l 


f -(2B+l > IS _j 


Applying Cauchy’s ratio test to this scries, we find 


lira 




= lim 

n — > » 


2n+ 1 

21 


so that the series diverges for all values off. On the other hand, we have 
1 


M 


P - 1 1 - Q 


— ft - (Q ri- Q 2 +• • •+ Q n +• • -)ft 


2" 


2 v 4 8 t 

— t' 1 -) 1 ' * ri t /t *f* * * * ri 

3 15 105 3-5-7- • *(2» ri- 1) 


f[2n+l)l2 _j- . . . ( 


whence 


lim 

n -» ■» 


it 


n+1 


= lira 


21 


2 n ri- 3 


~ 0, 


and therefore this series converges for all values of i. 

It is therefore apparent that the operator Q, or p _1 , is fundamental 
when we wish to solve a differential equation subject to given initial 
Conditions. 

In view of what has been said about the operators p and Q, it is 
natural to ask why the operator p should be employed at all. One 
answer to this question is found in the historical background of the 
subject of operational calculus. Heaviside, using the operator p boldly, 
was able to obtain many important physical results in a much easier and 
shorter maimer than had been previously possible, and later workers in 
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the field of operational analysis followed IIea\ iside’s tcclmique in 
extending the applicability of his operator 5 , or established the % alidity 
of Heaviside's results by gu mg them a firm mathematical foundation 
Another reason for not abandoning the operator p is that, as has been 
already stated, this operator is frequcntl} the simpler to use in our 
physical applications, this will become more apparent as we continue 
our study of operational methods 

Let us now interpret some particular operators acting on unity To 
begin with, wc liai e, as lias been seen, 

p- 1 1 - Q 1 - /, 


and m general, 


*Q 2 i ■ 


‘ 1 * Q n 1 *=» — , 

n' 


(4) 


where n is any po^itne integer Likewise, we get 
P - 1 

p - i 


1 * 


-«Q 


1 - (1 + nQ + irQ 5 + ) 1 


Q i~ 

“ I + at + — + 


(5) 

If wc differentiate the relation (l — aQ) - " 1 1 *= c 3 ' partially with 
respect to a, wc get 

Q(1 - oQ)“ 2 1 - U f‘, 

2Q‘*(1 - oQ)* 3 I « tV 1 , 

3»Q 3 (1 - aQ)“ 4 1 = fV‘, 

and m general, 

(n - I) - oQ)“* 1 - r-V*, 

whence 

Q " -1 , P 


U - oQ) n 


1 . 


(P ~ «)" 


1 • 


(n - 1)1 


( 0 ) 


This formula m.i} also be obtained bj direct expansion and mlcrprcta> 
tion 

I\e next consider the rational function /(p)//(p), where /(p) and 
F(p) are iwlymomuls in p, ami the drgroc of /(P) does not exceed tliat 
of F(p) Let fij, c 2 ,a n denote the roots of h(t) ™ 0, which wo 
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suppose to be distinct and different from zero, and let F'(a k ) denote the 
value of dl<\z)/ds for 2 = a k . Then Heaviside’s expansion theorem 
states that 


M I m I v M 

?(p) Ftp) 'atF'M 


To prove this theorem, consider the resolution of J(p)/pF(p) into 
partial fractions,* 


/(p) + + + A " 


Then 


pF(p) p p - ai p - ct 2 

pF(p) 

/(p) = A oF(p) -f- Ai [-•*•+ -dn 


P ~ ai 

Setting p = 0, we get/(0) = yl o F(0), so that 

, m 

A. 0 — * 

F( 0) 

Likewise, for p = a k , there is found 

d 

F( p) dp 

/(g, ; ) = A k a k lim = A k a k lim — — 

r a i: p — fl/; d 


p - an 

pm 

P 




whence 


A k 


= A k a k F’(a k ), 
f(a k ) 


dp 


(P “ o k ) 


(/; - 1, 2, • • n). 


a,.F'(a k ) 

Inserting the values found for A 0) At, • • •, A n , in the partial fractions, 
and multiplying throughout by p, we have 


/(p) m yw /(at) P 
F(p) F(0) + Ai a k F'(a k ) p - a k 

Finally, interpreting p as d/d!, and operating on unity with f(p)/F(p), 
we get, using formula (5), the Heaviside expansion theorem (7). 

There exist modifications of equation (7) for the cases in which 
F(z) = 0 has zero or multiple roots. However, we shall not have suffi- 
cient need for these special formulas to warrant their derivation in 

* Temporarily, p may he regarded as an algebraic quantity, and interpreted as an 
operator in the final result. 
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genera! terms If, in a particular case, eomc of the o’s are equal or zero, 
the resolution of /(p)/pF(p) into partial fractions will contain terms of 
the form A/(p — a*)" 1 , where m is an integer greater than unit} 
Then f(p)/F(p) will contain terms of the form A/p m ~ l or of the form 
Ap /{ p — a t ) m , which can be interpreted b> means of formulas (l) and 
(0), respective!} 

We now appl} (7) to the interpretation of a few operational formulas 
Consider first the operator p/(p 2 4- Here /( p) => p, T(p) *=> p 3 

4- a 2 =■ (p — ta)(p 4- ta), so that wc get 


P 

p z 4- a 3 


1 


ia , —io 

04 4 c 

ia 2 la (— ia)(— 2ia) 


1 c ial - c~ ,at 
a 2 1 


1 

- sm al 
a 


( 8 ) 


As another example, consider the operator p 2 /(P 2 + a 2 ) Here wc 
have , n * 

P" —a' . —a* 

1-04* c ,df 4 

p* 4- a' ta 2ta (—to) (—2m) 

e' al 4* e~ iat 
m 2 

=» cos al (9) 

Note that if we mterpret p as d/dl, formula (9) nrnj be obtained direct!; 
from (8) This interpretation of p, however, is not always 'valid, as 
wc have seen 

By changing a into to in (8) and (9), we get the additional formulas, 


p 1 

— 1 *= - fitnh at, 

(10) 

p* — a 3 a 


— j 1 *=> cosh al 

(ID 


p 3 - a 4 


An interesting application of formula (8) is found in the following 
resonance problem A simple pendulum, originally hanging in equi- 
librium is subjected to a force varying sinusoidal!} in a period equal to 
the natural {>enod of the pendulum assuming the natural penod to lx* 
constant and independent of the amplitude of swing, find the angular 
displacement 0 at an} time / Hero the ditTcrentia! equation of the 
motion is evident!} 

(Co 

— 4- a 0 - \ mn at, 
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where a and A are constants. Now let us use equation (8) backwards, 
so to speak, that is, let us replace sin at by the equivalent operational 
expression. Then we have 


cPo „ ap 

+ a 20 = y l__i_ 
dt 2 p“ + a“ 


• 1. 


Since 0 — dd/dl — 
t ion in the form 


0 for t — 0, we may write the solution of this equa- 


0 = A 


op 


(P 2 + a 2 ) 


Now the right-hand member may be interpreted as follows. Differ- 
entiate equation (8) partially with respect to a, getting 


Then 

and 


— 2ap 
(P 2 + a 2 ) 2 

ap 

(P 2 + a 2 ) 2 


t 1 . 

1 = - cos at sin at. 

a a 


1 = — - (sin at — at cos at), 
2a 1 


A 

0 — — - (sin at — at cos at). 
2 a 2 


( 12 ) 


Our problem, incidentnlfy, has furnished us with a new operational 
fonnula (12). Despite its novel derivation, it is valid, as the solution 
of Problem 8 below will show. Other new operational formulas may 
be similarly obtained and justified. 


PROBLEMS 


In Exercises 1-5, use the methods of Art. 10S to find the solution of each differ- 
ential equation, subject to the given conditions. 

„ rPr/ du 

1* + V *= 2; ij « 1 and « 1 for l - 0. 

dr dt 

« dfy , ^ . , du 

2, + i; *= 2 sm t; y *= —1 and — « 2 for i «= 0. 

oh dt 

Z -U~7t~ GfI ' ; v “ 5 - 7 “ ~ 2 ’ aad $ = G for * = °* 


, dh/ dy dy <Pif 

4 - rf? + rf?” 2; - v “ 3 ’W =!l ’ and ^ 


*= —2 for t •= 0. 


d* y 

7 i 


dy 

dt 


<fy 

dt- 


5. ~ — j; « 1 ; ;/ = 1 , ~ =• 2, ~ ~ 0, and ■— = 0 for t = 0. 


, A 
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6 By expanding Q" -1 /(l — cQ)" va a wn« of poatii e powers of Q and operat 
ing with tlic s;n(4 on unit> tlenvx formula (G) of \rL 10S 

7 IXmc the operational formula 


by operating upon both members of equation (G) \rt IDS tilth p -1 Justify tic 
procedure. 

8 Dime formula (12) of Art !0S bj resolving the operator into parttal fme- 
tions an 1 then u. mg the result of Problem 7 


10 


11 


Dune the following operational formulas. 
1 1 -*(«■»- 1 ) 

a — b + he* 1 — ae it 


p-a 


I • 


(P ~ «)(P - 6) <d(a - b ) 

, i - <1 +w 


(p + l») J + a 1 


(p + h) 1 - a 
p J + fcp 


I — e 11 Utah at 


(p + 6)* + a : 
P* +tp 


(p + 6) 3 - a 3 


— - 1 •» t~ tl cos at 
1 — e 4< co?li at 


109 Electrical networks In Chapter I, Art 11(d), hb considered 
some simple electrical circuits containing a source of e m f and the con- 
stant parameters resistance / ! inductance L, and capacitanco C of tbo 
circuits Vic now proceed to set up the differential equations of more 
complicated circuits or combinations of circuits and to solve theso 
equations b> operational methods 

Our formulations and results although couched in the terminologj of 
clcctncitj and referring principal]} to electrical circuits, maa be inter- 
preted also m connection with analogous mechanical thermodynamic, 
or aerodynamic problems * 

B\ an electrical network ts meant a coupled group of circuits made 
up of branches each of which iruij contain rc*a tanccs inductances, 

***> for rramplc \ Bu«h, * Gimbnl ‘'ini il ration Jour FranUtn Inti 
August, imp O G C. Dahl, Tempt rat urn nn 1 S trees Pistnlution in Hollow 
Cvhn \rr* Trans AJi \f F Vol 4G p IG1 102 1 11 T J ms, Calciiliti no/ 
tl»** Motion of nn \irj linn Under ll i* Influent*- of Irregular Duturbanrea, Journal 
cf A rrtwufirtjJ Setrnen \ol 3 p 410 1030 
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capacitances, and sources of e.m.f. in series. Coupling may consist of a 
physical connection by means of a current-carrying conductor, or it may 
be electromagnetic in nature, as between the primary and secondary of 
a transformer. 

We shall denote resistance, self-inductance, and capacitance by the 
letters R, L, C, respectively, and shall use single subscripts to denote the 
branches to which these parameters belong, as indicated in Fig. 11G. 



Fig. 116 

'When two branches are coupled electromagnetically, as arc the second 
and third branches in Fig. 116, we use the letter L with double subscript 
to denote the parameter of mutual inductance; this inductance may be 
positive or negative, depending upon the relative mode of winding of the 
two coils involved. A source of e.m.f. in anv branch is denoted by E 
with the proper single subscript. Currents flowing in the various 
branches are designated by i with suitable single subscripts, and their 
directions of flow are arbitrarily assumed and indicated by arrows, as 
in Fig. 116. 

One branch, or two or more branches in series connection, may 
constitute a mesh or circuit; thus, in Fig. 116, branches 1 and 2 consti- 
tute one circuit, branches 1 and 4 a second circuit, branches 2 and 4 a 
third circuit, and branch 3 alone a fourth circuit. 

KirchhofT’s current and e.m.f. laws,* upon which all network analyses 
rest, may be stated as follows. 

I. At any junction point of three or more branches, the algebraic sum 
of the currents, considered as positive when flowing toward the point 
and negative when flowing away from the point., is zero. 

If. The algebraic sum of all the e.m.f. ’s and potential drops around 
any circuit is zero. 

To illustrate the classic procedure for any given network and to 
lead up to the general operational analysis of circuits, we apply Kirch- 

1 Wo laws, restated here for convenient reference, were given also in Art. 

. . * s ass umcd that the method of applying the second law to simple circuits 

“ tamiliar to the student. 
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hofFs laws to the network of Tig 116 For cither of the junction 
points of branches 1, 2, and 4, law I gives us the relation 

*i — *2 + U (I) 

Ijiw II applied to the circuits made up of branches 1 and 4, 2 and 4, and 
3, in turn v lelds the further relations 

If If dii 

Riti + 7?4i< + — J t 4 dt + “ J h dt 4* L\ — =» E u 

dts _ d»3 1 f 

R 2 I 2 4" L 2 — 7 - 4* £23 — — ~ 1 dt — Iitii = 0, (2) 

dt dt Ci J 

1 f d»3 dia 

/? 3 t3 + — |»3C// + /o — 4-L 23 — = 0 
C3 J dt at 

l\e need not write the equation for the circuit consisting of branches 

I and 2, since this relation maj bo obtained bj adding the first and 
■second of equations (2) If, now, wc make use of equation (1) to 
eliminate 14, our network cm f relations (2) mav be wntten in the 
form 

u Y t + <K| + *<>■■ + (^ + £)/" - £f<’ <* “ r <- 

-/f 4 t, - -J- fn dt 4- U ^ 4- (Z? 2 4- Ra)i 2 

Ci j dt 

If di3 

4* 1 12 dt 4- Li 3 — " 0» 

Ci J dt 

dii dii 1 f 

f -33 — 4- ^ — 4* /?3*3 4- — - J » 3 dt ■= 0 (3) 

dt dt C-j J 

Equations .Qljuddji sv stem nf .three simultaneous linear differential 
equation.* in the three dependent v ambles ij, *2, tj If we solve this 
sjstcm subject to suitable given initial conditions, and then find, from 
(1), t« as 1, — * 2 we ah ill hav e expressions for the currents m all four 
branches of the network 

Wc next consider the same problem from nnother viewpoint, which 

II tint usual!} adopted in circuit analvMs We regard the network as 
made tip of three independent circuits (l*ig 117), the first consisting of 
branches 1 and 4 the tw-cond of brandies 2 and I, and the third 0! 
branch 3, and let Jj, I : , h denote the currents, convention ill} assurmd 
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to flow m the clockwise sense, in the three circuits. If we apply Kirch- 
hofPs second law to these three circuits in turn, we get directly equa- 
tions like (3) except that 7j, 7 2 , 7 3 , respectively, replace 1*1, i 2 , ?3- The 
new relations then determine the circuit currents 7 1, 1 2 , 7 3 , from which 




the resultant branch currents in. i 2 , u either are directly known, or, 
for branch 4, may be found by use of KirchhofT’s first law. 

The fact that the equations for the circuit currents are exactly like 
equations (3) for the branch currents is of course due to the equivalence 
of 1 1 and t'i, I 2 and t 2 , 7 3 and z 3 . If the three circuits chosen for analysis 
in this network had been other than those indicated in Fig. 117, the 
correspondence in form between such circuit equations and (3) would 
not have been so complete, although the ultimate determination of 
branch currents tj, i 2 , t* 3 , i.\ would necessarily lead to the same result in 
any event. There are, however, networks in which a circuit current 
may correspond to no actual branch current. For example, consider 

the network represented schematically in 
Fig. 118, where there are five independent 
circuits which may be taken as indicated. 
Here circuit currents I\, 1 2 , 7 3 , 7 4 are actually 
measurable as flowing in the outside branches 
of the network, but circuit current 1$ is ficti- 
tious in that it cannot be measured by an 
instrument placed in any branch. Instead, 
the current flowing in each of the four inner 
branches is the resultant of 7 r and other of 
the remaining four circuit currents. 

As indicated by our first, example, the second method is usually more 
direct.. Moreover, it is more readily applied to the general problem of a 
network possessing m independent circuits. We proceed now to con- 
rider this general problem. 

hH Jhi, Ln, respectively, taken as positive, denote the total 
resistance, inductance, and capacitance in series in circuit k, and let 
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Rjk, L } t, C/i, with signs determined in accordance with the clocking 
contention for ptrutne current flow, denote the corresponding mutual 
elements common to or between circuits j and K Evidently /?,» = /?*/, 
Ljk *» Lij, Cjk ** Ci/ 

To illustrate thc?>c contentions and notations, let us refer again to 
the network of I ig 117 We hate here 


L u 

-Li, 

Rn 

“ + R*. 

Lg 2 

- Lg> 

J?;j ' 

** + Ru 

Inz 

-Li, 

f?33 : 

1 

«/?3, ^ 

t-33 

L 12 

— Lgi 

-0, 

li 12 *=* II 21 ** 

Lgz 

— In 2 

** Ini, 

/?23 ** f?33 

L 11 

“ Ln 

« 0, 

f?31 ** R\Z *= 


1 1 
cl + c/ 


_1_ 

Cu 

1 

C«2 C+ 
l 

s cj’ 

1 3 - 1 
C 12 Cai C< 


0> * 


. — « 0 , 

Cjj 


Cl3 


Consequently the equations of this network may be written as 

ah i r l r 

Lu ^ 4- f?,,/, + — J /, df d- Ri»h +~]l S dt~Fu 


/?2l/l + 


rj 


dl a 1 r 

h dl + Lss-r + ***** + 77" I 
ill C 22 J 


C» j 

dh 

dt + L 33 — r* ** 0, 
dl 


dig dig 1 r 

In 2 ~r~ H~ Inz -j- -J- R 23 I 3 + ~ir~ j I 3 dl “ 0 (3 ) 

dt dl C w J 

In the classical treatment of network equations (3) or (3'), we should 
l>egm In differential mg each equation with respect to l, m order to 
remote the integral terms, winch are at present indefinite Iloweter, 
wo wt-h to treat such equations from the operator tiewpomt, taking 
into account initial conditions Accordingly, wo shall stipulate that, 
in all our network problems, the charges, which are represented by the 
time integrals of the \ arums currents, stall be initially rcro Then the 
integrals may bai r 0 and l as their low cr and upper limits, rc-qicctn cly , 

ard we ww write Qf* for fit dl 
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Consider now a general type of network made up of m simple inde- 
pendent circuits. Each circuit may contain an e.m.f., resistances, 
inductances, and capacitances, and in each a circuit current will flow. 
From the manner in which equations (3') were set up, it is now cas} r 
to see that we get by an application of Kirchhoff’s e.m.f. law to each 
mesh in turn, equations of the form 


Lu ~ + Ruh 4* — QZj 4* L 12 —r ~ + Rizh + — — Q^2 H 

at Cn at Oi 2 

dl 1 

+ L\ m f" Rlmlm + “ QZ m = ElliO, 

at 0 1 ,„ 

dh 1 din , 1 _ 

L 21 — — b Ri\I\ 4* ~ — QZi 4* L 22 ~ — b R 22 J 2 "b ~z~ QZ 2 *b • • * 

dt C 2 i dl C 22 

+ Ezra — b RznJm 4" QJm — E 22 (t), (4) 

dl C 2m 


dh 1 din 1 

E,nl b Rmlh 4" — — Q,h + E m n ~Z b Rmzlz + ~ — QJ 2 H 

dl Cm dl C m 2 

dl m 1 

“b Emm T b Rmmlm 4“ ~ QZ m — Emm (0 ; 

(It vmm 


where Eu(t), • • •, E mm (t) are the e.mi.'s applied to the m circuits. 
To save space, we may write equations (4) in the shorthand form * 


(ejk -j- + Rjkh: + — QZ,;) = Ejj(t) (j = 1, 2, • • •, m). (5) 
If we operate upon (5) with Q, we get 

\E;t: + RjkQ Hb — Q 2 ) h Ljklko 4- QEjj 

l,*»l > (sjk J s- M i 

(i» 1,2, •••,«), (G) 

where Z* 0 is the value of Z/ ; for f = 0. These equations correspond to 
equation (14) of Art. 107. If we now operate upon (G) with p, and write 
1/p for Q, we find 


l x 


Ejiv 4* Rj l 


£ 


yEjkha 4* E, 


■)} 


(j = 1, 2, (7) 


* To follow the argument clearly, the student should write out the subsequent 
equations in full for, say* m ■» 2 or 3. 



OPUUTIONAL C \LCULUS 


i*2 

winch correspond to equation (1) of Art I OS 
the operator acting on I t in the jth equation, 


[Chap \I 
Letting z jk (p) denote 


2 a(p) ■= Ar*P + Rjk + ~ — , (S) 

CjkP 

equations (7) become when written out in full, 

2|l(p)Jl + 2 l*>(p)7 2 + 4* 2 lm(p)7 m 

** PiLllho 4 * Ll»l 2 Q + + Llnlmo) 4 * 7 ?||» 

*.’1 (p)/l + 2 <"»(p)7 2 + 4* 2 -*™(p)/w 

= p(L*l/lO 4 * hyd % 0 + 4 * Z^mlmo) 4 " £ 22 

, W 


2 «i(p)/i 4- 2 „ 2 (p)/ 2 4- 4- 

” P(£miJio 4- Lm-lz o 4- 


4* Lmn»L,o) + E* 


Equations (9) maj, for anj specific problem, be sohed for the 
currents 7 a bj the methods giacn in Art 108 Such a set of \nlucs /* 
would not onl> satisfy the network equations (4) but would automati 
cal!> meet the mitml conditions 7* «= 7i 0 for t *= 0 without the 
necessity of sohing for the proper \alucs of the arbitrary constants 
in the general solution of system (4) 

In most network, lm estigations, however, the problem of principal 
importance is to find the response of the network when inttiallj m 
equilibrium i e , when po currents are flowing at time t ■* 0 W e shall 
tlicrcfore assume in the following that 7*0 •= 0 (l “ 1, 2 , m) and 

shall discuss methods of soh ing the sj stem 

2 u(p)7i 4- 2 i 2 (p)7 3 + 4- 2 i«(p)7», « F u, 

?n(p)7i 4- 2 -(p)7 2 4- 4* 2 -*(p)/« « TV, (10) 

2 «i(p)7j 4* r«-(p)/ 2 4- 4- r„„(p)J CT - E„„ 

thus obtained from (9) 

A\c ms\ make a second simplification m our general prollem as 
follows Since we are de ding here with the linear equations of circuits 
containmg constant parameters we maj make u«e of the principle rf 
vupcrposition which stated for Mich circuits sajs that when se\t ml 
imf'sare acting in a network of fixed parameters each produces its 
own effect independently of the others and the response for each ma\ 
ll m ratniJiforl wmnfcli fin t ff o ri«--rthjii rnmljinof] That (llW 13 
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legitimate may be shown from the theory of linear differential equa- 
tions; from a physical viewpoint, it is evident that, when a circuit 
parameter is constant in value, a single e.m.f. will produce the same 
response no matter what other sources of potential may be acting at 
the same time. 

It follows that we may treat, instead of equations (10), a system 
of the form 

z ll(p)^l ~b z 12(p)-^2 + ' ' • + Z\ m ($)Im — E(l), 


z 2l(P)^l z 22(p)-^2 + * * * + 22 m (p)Im — 0, (11) 


* * * * ) 
Z m j(p)I'l + Zms(p)l2 +■ ' •+ 2mm(p)^m = 0, 


where we have written, for convenience, E(t) for E n (t). Then if more 
than one source of e.m.f. is present in the network, wc may consider each 
in turn, using equations of type (11), and combine the various results. 

With the proper interpretations of operators involving p, we may 
now solve equations (11) formally, regarding them as linear algebraic 
equations in the /’ s, the coefficients 2/*(p) being treated as algebraic 
quantities. Solving by determinants, we therefore get 


Ik - 


MM 

A(P) 


E((), 


( 12 ) 


where A(p) is the determinant of the system, 



z n(v) 2 i 2 (p) • 

•• z lm(p) 

A(p) = 

Z 21 (p) z 22 (p) • 

* * 22m (p) 


z ml(p) z m2(p) • 

* 2mm (p) 


and il/ u .(p) is the cofactor, i.e., (— l) t_1 times the minor, of z u .(p). 
The operator il/u-(p)/A(p) acting on E{t) may evidently be expressed 
us a rational function of p. 

If E(J) is a constant, it is possible to find I) : by the use of Heaviside’s 
expansion theorem or similar operational formulas. But if E(t) varies 
with /, ns docs, for example, a sinusoidal e.m.f., some other procedure is 
indicated. Wc therefore consider next the superposition theorem, 
which bridges the gap, so to speak, between a constant e.m.f. and one 
varying with the time. 

110. The superposition theorem. Since h Is proportional to E{t) 
when the latter is constant, it. will then suffice to determine the response 
to an e.m.f. of magnitude unity applied at time t = 0 to a network in 
equilibrium. 
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To bnng into evidence the sudden change m the behavior of the 
network when a unit e m f is applied at t * 0, Ilcav bide introduced 
into hi3 work the concept of the “unit function ” Ibis function is 
defined to be equal to zero for i g 0 and equal to unity for t > 0, so 
tliat it has a discontinuity at / = 0 Ihc unit function was denoted 
by Heaviside bj the symbol l 
\rcordinglj , tlie equation 


. V U (P) 

h = ~MrT 


1 


represents the current in mesh k at any time l, positive or negative, 
when an e m f of unit magnitude applied to mesh 1 at t «= 0 For, 
w hen / jg 0 , 1 “0 and /* = 0, but when t > 0, 1 = 1 and h is obtain- 
able as some function of / 

However, since in all our work the network is m equilibrium at 
/ *» 0, it ls known that 7* = 0 for l < 0, and the expression for /* 
when t > 0 is all that is needed Wo shall therefore dispense with the 
unit function and take as operand the number 1 in nil cases where the 
Hea\ im(!c technique w ould employ 1 
When E{1) «= 1, the current flowing in mesh 1, where the unit cmf 
acts w called the indicial admittance , and is denoted by dn(<) Tito 
current in circuit/ (/ 1), due to unit e m f jn circuit I, is called the 

transfer tndieial admittance, and ls denoted by 4l*(0 

If L(t) is any varying function of t, the superposition theorem tlicn 
states that the current in circuit k (k «=* 1, 2, , m), ls gi\ en bv 


hit) = r(0)d u (0 + 


fd u (/ - *; 

do 




(I) 


where F'fs) denotes dC(s)/dz Before deriving tins formula, let us 

illustrate its application to a simple 

circuit (Fig 119) Let an inductance i 

L and n resistance It bo in senes with i nTOOO’lfV'— 

a sinusoidal cmf Fq am af If the 
e m f were a unit cmf, the indicia! 
admittance would then be given by 
the equation 




1 


-AWW- 
In HO 


Wt eoMh find, remembenng that d(0) - 0, 


Mt) «-(l - e-* t/L ) 
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Consequently the response to the sine e.m.f. "will be, from equation (1), 
1 r* 

I — — ( (1 — c~ Ii< ' t ~ £>/L )E 0 o> cos a )Z dz, 

/?• Jq 

from which we get, after some reduction, 

r» 

J = — — - - • • ( R sin o>t — Lee cos « t + Loic~ Rt/L ). 

It 2 + LV 

This is precisely what we should have obtained as that solution of the 
equation 

dl r „ . 

L f- RI — Eq sin (tit 

dt 

which satisfies the condition 7(0) = 0. 

To derive equation (1), we consider the current response as made up 
of two parts, which may be combined by the principle of superposition. 
For a time interval 0 g / g h (Fig. 120), where t\ is any positive num- 



ber, the fust, part will correspond to the sudden jump in voltage at time 
t — 0, namely L(0). Since duft) is the response at time t — t x to unit 
e.m.f., the initial contribution to the total current Ihih) ""ill be tho 
product of the constant e.m.f. E{ 0) and the indicial admittance,* or 
/v(0).4, t (/j). The second part, corresponding to the interval 0 < t g l u 
may be approximated by treating the voltage E(t) as a sum of similar 
but smaller jumps. Consider any time l = t as the initial time for one 

* tyiim !: > 1, the indicial admittance referred to will of course be a transfer 
imlimS admittance. 
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of thc^e small jumps AE occurring in the tine At Then the correspond- 
ing mdiml admittance will be Au(ti — t), 550 that ^ ie contribution in 
the ^ubintennl At wdl be Au(/i — t) AE Non when At ls small, AL 
mil be approximated by dE = E'(t) At, so that the small contribution 
to /*(fi) ls approximately equal to .1 jtfo t)E*(t) At Ifuc add up all 
these small pieces, and then take the limit as At approaches zero and 
the number of such submten als becomes tnfimte, wo get exactly 

f\ k (ti - t)E’@ dt 


Hence the total response will be gn en by 

h{h) » E(0) + f Utffo - 0^(0 dt, 

and smcc tj is any \ alue of the tune, we get by changing 1 1 into t, and 
also by changing the \anable of integration from t to 2, 

I t (t) « E(0)A lk (t) + f A n (t - 2 >r(z) d:, ( 1 ) 

Jo 

which ls the desired result- 

11 L Network problems. Let us non apply our results of the pre- 
ceding articles to a feu network problems Consider first (I ig 121) a 
simple circuit consisting of an induct- 

nnce L and a capacitance C in senes rfrygfflnp 

n ith a source of sinusoidal cmf, I 

to pi nut I 

The indiml admittance mil be 
gnenby I 


(/.p+k)-t„-i, 


1 P 

— 1-rTTl l > 

1 /, P + or 


where « ~ 1 /VTC Bv formula (8) of Art 108, we then get 


-fit “ “Fin at 
of# 


( 2 ) 
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Hence, by the superposition theorem of Art. 110, the current response 
to an e.in.f. E$ sin c ct will be 


1 1 — E(0)Axx(t) + r An(i z)E f (z) dz 
Jo 

Eoci) r l 
ah Jq 

= f sin (a/ — az + coz) c?2 (3) 

2aL J o 

Em r l . , 

-f I sin (at — az — uz) dz. 

2aLJ 0 

Xow we have to distinguish two cases, according as w is or is not equal 
to a. If « — a, we get 


Em C l . fi . , 

sm a(t — 2 ) • cos uz dz 


h = 


Fo 

2L 


2 sin at + 


cos (at — 2 a 2 ) 
2a 


-T 

- 0 


F 0 . 

= — t sm at: 
2 L 


(4) 


this is the familiar case of resonance. If w ^ a, there is found 


/Sowf cos (at — az -f- wr) cos (at — az — uz) 


EqU~ 

2aL. ~ 


+ 


co — a 


w + a Jo 


7f 0 c*> / cos td cos cd cos at cos at 

~ — . f — — f- — 1 — ■ — — 

2 aL \ co — a co + a to — a co + 

EqU) 

77 ^ (cos at - cos c d) 

— <r) 

2ffow 4 (w + a)t ^ — a)l 




/,(«- - a") 


sm 


sin • 


(5) 


Consider next the network shown in Fig. 122, in which the impressed 
e.m.f. E is constant. We have as the network equations, 

(Lip + tfj)/, - (lyp + 7?,)/o » E, 

~(F>P + Ei)h + [(/.,, -f F>)p + Ry + /? 3 ]/ 2 = 0. 


( 0 ) 
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Then we get 

A(p) ** I Li p + /?, ~(i»ip + Hi ) 

I + J?i) (£ip + 7 ?i) + (L> p + fo) 

- (£iP + tfi)UcP + Its), 

M J l (P) ** (^lP + /?]) + (isP + /?*)» 

Mistp) ■* i-ip + Rl, 

and 
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To c\ahntc I\ and / 2f we must therefore interpret exp regions of the 
form 

1 

p + a 

B> Heaviside's expansion theorem, we hare 

1 1 1 | 1 c -^ t 
p -f a a —a 1 

- - (I - e -0 ( 8 ) 

a 

Consequently we get 

/.«) - £ 0 - <•'"'"‘0 + £ 0 - t ’ ) ’ 

/fl /tj 

WO " ~U - 

“2 


( 0 ) 
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As a final example, consider the air-core transformer network shown 
in Fig. 123, with an e.m.f. E = 10 cos i volts impressed on the primary. 
The equations for this network are 


(2p + 1)7! — p 7 2 = 10 cos t, 
— p7i + (2p -f- 1)7 2 = 0. 


( 10 ) 



Hence the indicial admittance An(<) and the transfer indicial admit- 
tance A io(0 nre given by 


A n 


2p -f 1 
2p + 1 -p 
— p 2p + 1 


2p+ 1 i 

3p 2 + 4 P + r lj 


A 12 — 


P 


3p" + dp -J- 1 


1. 


Using Heaviside’s expansion theorem, we get, since 3p 2 -f 4p -f- 1 
= (3p + 1)(P + 1), 


An — 1 4- 


„-</ 3 


+ 


-1 


o-t 


(~i)(2) ' (-1K-2) 

- 1 - lc-‘» - lc~‘, 


(ID 


A 12 ~ 


(~i)(2) 


2 — c -‘' 3 + 


(-1K-2) 




— ),c 1,3 — -?,e 


From the superposition theorem, we find for the primary current 7,(7), 
using formula -114 of Peirce, 


h = 10^1 - ~ 



c q-o/3 



(—10 sin 2 ) dz 


2 
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... . f — cos 2 ) 

= 10 - 5c t!i - 5e~ l - 10 -cos z 

L 2(i + 1) 

f -i +r («in z — cos rjl ( 

20+1) Jo 

“ 10 — 5c~ t/3 — Sc -1 — 10[— cos l — sin t + cos t 
— \ sin t + \ cos t + 1 — — Jc~'] 

*= 4 sin f + 3 cos { — — ^c~* (12) 

The socondan current / 2 (0 maj be siraihirl) obtained Instead 
of using the superposition theorem, lio\\c\cr, ue shall detcrmuic / 2 (0 
b> the procedure employed in the pendulum problem of Art 108 W c 
ha\e, from equations (10), 

/ 3 = — — ^ 10 cost (13) 

3p 2 + 4p + l 

Now from formula (9) of Art 10S, cos t *= ■ ■ - 1 Consequent^ 

p- + 1 

v,c ma\ write 

P P 3 P 5 * 

h *= 10 — ; — X~ 1-10— r 1 

3p 2 + 4p + 1 p 2 + l 3p 4 + 4p 3 + 4p 2 * + 4p + 1 

Using IIen\ isidc's expansion theorem, therefore get, %vitli Oi — — 
a 2 •* — 1, o 3 *= t, «= — 1 , and F'(p) « 12p 3 + 12p 2 + 8p + 4, 


1 ^ , --*/ 3 _i l 

L(-i)(¥) + (-D(- 4 ) c 


+ ■ e il + 1 

(0(— 4* — 8) ^ (-0(4* - 8) 

5 2 — t 2 + i 

c -«/a __ c -« + : I e <« + iZl c -“ 

2 2 2 


“ — £e~ l + 2 cos / + sin / (11) 

\Vhene\ cr the impressed cmf £(/) can be replaced bj an open 1 10 ml 
expression, as in the nbo\ e example, the circuit currents ma\ thus l»c 
dircctl} dt termini! Tins procedure obuates the rufi-ssit} of first 

finding the imlici d admittances A u(0 and then using the MijKTjiosition 
theorem Kowrwr, the Litter method lias the ruhant ige of coinpleto 

generality whatever the function L{t ), and msj be advantageous 



Art. Ill] 


NETWORK PROBLEMS 


491 


employed when the expansion theorem does not apply or entails more 
awkward computations. 

The student will find it instructive to solve the examples of this 
section by the classical method and to compare his solutions with the 
ones given. As facility in the use of operational methods is gained, 
they will often be found to be quicker and more direct. However, 
the principal value of operational methods lies in their ability to 
handle the general theory and to attack new problems, rather than in 
their usefulness in simple numerical problems. 

PROBLEMS 

1. In the network shown in Fig. 124, the values of the parameters are Ri = R« 
« 7?3 = 10 ohms, and L\ — L* *= 10 henries. The network is in equilibrium at 
time i ** 0, when the e.m.f. E\ is impressed. Find the current flowing in each mesh 
at time t if (a) E\ = 100 volts; (6) E\ « 10 sin t volts. 



Fig. 124 Fig. 125 

2. In the network shown in Fig. 125, which is in equilibrium at time i = 0, 
7?i « 10 ohms, 7?2 *= 20 ohms, L* » 20 henries, Li = 10 henries. The e.m.f. E\ is 
applied at ( *= 0. Find the branch currents if (a) E\ = 100 volts; ( b ) Ei «* 10 cos 2 1 
volts. 

3. In the network sho wn in Fig. 126, 7?i = 500 ohms, Rz — 1000 ohms, L z 
** 20 henries, Co *= 10"" 6 farad. The e.m.f. E\ is impressed at time t = 0, when the 



L 2 

Fig. 126 


network is in equilibrium, (a) Find the current in each mesh if E\ « 100 volts 
(6) Find the current flowing through R* if E\ « ICO cos 120*/ volts. 



■*92 orntvriowvi, c\lculus ICmr \r 

4- In the net wort shown in Fig. 127, 7? t - 2 ohms, lit - 4 ohms, 7?, - 5 0 hm.\ 
L* - 2 bennes, Li — 3 henries, and La - —2 henries. If the network Is m 
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equilibrium at tune / — 0, when the cmf f* t -» 2 cos 5f \olts Li impressed find 
(o) the indicnl admittance and transfer uuhcial admittances, (6) the current 
through lit at time t 

5 In the network Fhown m Fig 12S, each resistance is 3 ohms and eaclnnduet- 
once is 1 henry If the network is initial!) in equilibrium, and at time t — 0 a 
unit cm! E is applied, find the current through each resistance when t - 0 1 sec. 
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PART IL OPERATIONAL METHODS RASED ON THE THEORY 
OF FUNCTIONS 

112 Bromwich's line integrals. Problems imolwng onlj linear 
ortl man. differential equations, such as the netw ork problems considered 
nliovc, will gne rise to operator* which arc rational functions of p In 
such problems, the interpretations means of He i\ ride's expulsion 
theorem or umihr desires can fi^quentlj be obtained without much 
trouble How e\ er, mint pin siral problems * lead, as we hit e « < n in 
Clmptcr A II, to partial differential equations, which often gne n*o to 
operator expressions which are not rational functions of p, «> tliat the 
methods outlined in Part I do not apply. 

• A fe* of such probirms are eotiri lered in Art. 113 
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Wc shall therefore discuss, as a second method of interpreting 
operational expressions acting on unity or on a function of i, two power- 
ful methods or rules based on contour integration in the complex 
z-planc.* These rules are as follows. If 4>(z) is a function of z analytic 
except for possible isolated singularities, then for t > 0, 

<£(p)-l = f — 4>(e) dz, (1) 

2 in J c z 

where c is a simple closed curve, for example, a circle, enclosing all the 
singularities of the integrand c‘ : 4>(z)/z; if 4>(z) is analytic as before, or 
has isolated branch points, then for t > 0, 

4>(P)-1=~ f-4>{z)dz, (2) 

2ttz J c > z 

where c' Ls an open curve lying to the right of the imaginary axis, from 
—too to -1 -too, and such that all singularities of the integrand are on the 
left-hand side of the curve. In those linear network problems for which 
the only singularities of <f>(z) — Mit(z)/ A(z) (gee equation (12), Art. 
109) are a finite number of isolated poles, formula (1) may conveniently 
be used; in some other physical problems, for which <£(z) has branch 
points, or in which the singularities are infinite in number such that 
no closed curve can contain all of them, formula (2) is applicable. 

To show how formula (1) is applied, let us first use it to obtain anew 
some of the formulas of Art. 10S. If £(p) = p - " 1 , "where n is a positive 
integer, we get from (1), 



Evidently the only singularity of the integrand is the pole of order 
>i ~r 1 at s — 0, and consequently c may be taken as any circle with 
center at the origin. Since the residue, namely the coefficient of 1/z, 
b r/n!, we get immediately 

p-M “/"/«!, (3) 

which agree? with equation (4) of Art. 10S. 

_ * Tlif'i* rules are due to Bromwich, Inc. cit. Their derivation is beyond the scope 
of tlii' ixKik. 
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If «^>(p) =* p/(p — a)*, formula (1) gives us 
P 

(p - a) n 


and since the integrand, expanded in powers of (r — a), has the residue 
l n ~ l /(n — 1)’ at the pole z = a, nc find 

p f"~V f 

(p a) n 1 (n - 1)! * ^ 

which is the same as formula (G) of Art 10S 
We next derive Heaviside's expansion theorem If^(p) « /(p)/f(p), 
where /(p) and /’(p) are polynomials with no common factor, the degree 
of /(p) being no greater than that of F(p), and m particular 

F(p) - i(P - <*l)(P ~ «’) (P “ O"). 
with all the a’s distinct and different from zero, we have by (1), 


- — r —~ dz 

2n J c (g - «)" 

2 « J c ( z — a)" 


/(P) 

F(p) 


1 r e u 
2n J c z 


/M* 


b(z - a t )(z - 02 ) (« - a n ) 


(5) 


Now tlie mtegrvnd has simple poles at z «<* at (I «* 1 2, , n) and 

tf /(0) 0, also at z «* 0 Suppose first tliat /(0) 0 Then the 

residue of the integrand function at z =* 0 is given (see Chapter X, 
\rt 105) by 

. iww 1 . /(o) 

.*21 2 L rF(z) J “#2o F(z) " F( 0) 

Consequently /(0)/F(0) is one term m the expression (5) when/(0) ? 0 
If/(0) *= 0 the integrand is annlv tic nt z ** 0 so that the contribution 
to the sum of the residues for this point u zero Hut hcre/(0)// (0) h 
also zero and therefore ncmi\ write as the first term in (5) f(0)/f (0) 
whether /(0) vanishes or not Tor the simple pole s ■* a* the residue 
of the integrand is 

d 

- (2 - (ik) 

, , % c'y(i) f°7(o*) , <i: 

lim (r - a t ) - hm • 

*-o* zr{z) o* » -•» 






oj '{«*) 
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Hence, since the line integral (5) represents the sum of all the residues 
of the integrand function, we get 

f(p) no) tri oi/'tojJ 

which is formula (7) of Art. 10S. 

Consider next the operator p/(p 2 + a 2 ), where a is any constant. 
From (1) we get 

p . lB i 

p 2 + g 2 2 iri J e z 2 -j- a 2 

Now the singularities of the integrand are simple poles at z = ±za. 
Hence 


2 i 2 

p + a 


1 = lira (z - ia) — — - + lim (z + ia) -5— — s 

z —*■ ia ZT GL~ s -* —in 2“ "T* 

c ,:: c <:: 

— ijj n — -|- Jim 

; ia 2 2 (1 z ~+ 2 — ZG 

e -iat 

~ 1 

2 ia —2ia 


= - sin aL 
a 


Similarly, we get, 


— ■ 1 = lim h lim 

p~ + a~ : — fo z + ia : — -«o 2 — ia 

c iat e iat 

=Z ~2 + ~2~ 


= cos at. (8) 

liquations (7) and (8) are, respectively, identical with formulas (S) and 
(9) of Art. 108. 

Let us now get an interpretation of p" • 3, where n is a positive integer. 
Although, as we have seen, the operator p -1 = Q is the basic operator, 
with the proper interpretation of ^(p) being that obtained when 4>(p) 
L expanded in powers of p -T , formula (1) gives us 


V-l - -L fz n ~ x c ,: dz = 0, 
2i, i J c 



onnvnowi cacuis 
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c mco the integrand is analytic for nil finite 'values of - Tins suggests 
the interpretation of p as d/dt, at least in certain cases Non if no 
differentiate both members of (1) with respect to t, we get 


1 d rc u , 


But this line integral is the expression for p<£(p) 1 Hence 
d 

T-^(P) 1 - P*(p) 1, 
at 


which shows that p nrnj be regarded ns n differential operator when the 
operation it denotes Solloxxs an opention ma Diving Q p _1 This 
agrees with our preuous interpretntion 
Up to the present, our operational expression? haic all been rational 
functions of p or of p — J , and the''© two operators hate been intcr- 
pretablc os differential and integrating operators, respect i\ cly More- 

ot cr since a rational function is nnal> tic ct erj where except for a finite 
number of poles, Bromwich s line integral (1) has been applicable to 
each of the-c expressions In some plit “ical problems, liowetcr, 
formal manipulation of the operator p leads to the nccessitj of inter- 
preting the rather curious operational expression p l * * Now <>(r) *=» 
is as we hat e seen m Chapter 


Art %, a tuo-\ alued and 
therefore non anal} tic function 
of z in the ncighliorhood of the 
origin linwng a branch point 
at z «= 0 as a smgulantx Con- 
sequent]) formula (1) cannot 
bo used to interpret p M I But 
bj meaiLs or the line integral 
(2), p M 1 maj be gt\ cn a mean- 
ing as follows Consider the 
contour ci shown in I ig 1 20 
ABC « a contour lieginnmg on 
the negatne i^uxls and ending 



on tho poNtnc y axis passing 


bia 129 


through the fourth and first 

quadrants, CI) and // t are quadrants of a large circle of mdms R and 


tie fklLS.11 mate its* of this otx-rrtor m Art. 113. 
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center 0; EFG is a small circle of radius r and center 0; DE and GH 
arc segments of the negative rc-axis, oppositely sensed as indicated by 
the arrows, and on which z is taken as pc*" and pc~ l ~, respectively. 
Evident]}' the function e l: <j>(z)/z — z~'^c tz is analytic on and within the 
contour ci : ABCDEFGI1A, so that Cauchy’s integral theorem gives us 

f z~ h c lz dz — 0. (11) 

Jc\ 

Since z = Rc'° on CD and H A, and z = rc' d on EFG, we may then 
write (11) as 


f z~ Vi c tz dz + r 1 j V R(co3 ff+, ‘ sin o) Ric i0 dO 

J.UJC *br/2 


+ 


- J p-H c -.V/2 e -/p c ,V dp + JT r -H c -.-S/2 c <r(co 3 fl+isin 0)^0 dg 

+ dp 
r r -*l2 

■j- I R~ yi c~ m c mcm0+<taae) Ric iB dO = 0. (12) 

In the second and sixth of these integrals, we have 


1 0/2^72 (coi 0+s fin cos 0 _ 


j?. H 


t!i cos 0 


(13) 


Remembering that t and R. arc positive whereas cos 0 is negative in the 
second and third quadrants, we see that R' A /c~ tItcas0 approaches zero as 
R becomes infinite, and therefore in the limit the second and sixth 
integrals vanish. For the fourth integral, 

j r -K c -iS/2 c (r( e o3 ff-Krin 0)^0 | = «n (14) 

which approaches zero with r, and consequently this integral contributes 
nothing in the limit. Now as r approaches zero and R becomes infinite, 
the path ABC becomes a contour c' of the type designated in connection 
with equation (2), and hence we have from (12), 

p M -l « — f z~ H c t: dz 

2rri J c > 

— — f p~L e -»P( c «V/ 2 _ C ~'W2) ( J p 

2 7rt Jq 

- - f P ~ H c~ tf dp. 
rr Jo 


( 15 ) 



m operational caixjulus 

Letting s — tp, so tliat ds » t dp, (15) becomes 


ICiiAr XI 


( |C > 

But this integral we recognize os the gamma function I*(£) = \/r 
(equation (G), Art. 54), and therefore 

P>‘-1=^= ( , (.7, 

which I s ? the desired result. It is of interest to note that formula (3), 
which holds for n a positivo integer, will formally yield (17) when rt is 
set equal to — for w*e get 

t~ M 1 1 

pW ' 1 " Mv. “ ni>v» = vTt' 

This circumstance, however, is in no sense a derivation of (17). 

Consider next the operator p<£(p — 6)/(p — 6), where 4>(z — b ) is 
some function of z — b. By formula (2), wo have 


P$(p - 6) 
P-6 


J_ ~— d~ 
2n J e > z — b 


r e«t.-*V(g-6) 
2vi J C ‘ z — b 


d(z - 6). 


If wo replace (z — b) in the last integral by s, which amounts to a trans- 
lation of axes in the z-planc, wo get 

p»(p ~ 6) . 1 _ r M > (g & 

p — b 2n J c > z 

- «*WpM> 

whence 


Tins relation, which we shall refer to as tho shifting formula, may often 
be nd\ antngeoudy applied when wc au^pect the presence of an expo* 
nentn! function t~ 1 ’ in tho expression ^(p) • 1 after interpretation Tor 
example, let us obtain the formula (cf. I’roblem 12 following Art 1 OS), 
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qp _ 6 , p q (p ~ b 2 

(p + b) 2 + a 2 C (p 2 + a 2 )(p-&) 


1 


= c 


-u 


a p 


p 2 + a 2 


1. 


qp 

But by formula (7), — • 1 = sin at, and the desired result follows 

p~ + ar 

immediately. 

Suppose that <£(p) • 1 is known as some analytic function of t, say 
f(j). Let us examine the effect of operating on f(t) with c hp , where h is 
any constant. From formula (1) we get 


e hp f(i) = c^(p)-l = 


1 r e l: c h: <f>(z) 
SttZ- */ c £ 


dz 


2~i Jc 


e (<+fi) h£(z) 


dz. 


But tills is similar to 


1 r e l: <t>(z ) 

<Kp)-1 " — : I dz, 

*-f7TT v/ c Z 


the only difference being that t is replaced by t -f h. We therefore infer 
that 

-/(<+*). (i9) 

Formally, wc have also 



1 + hp + 


7 O O 

"if 


+ 



= m + hnt) + 


h 2 no j 

~ir + 


}i 2 f"(t) 

3! 


+ ••• 


= /« + /<), 


by Taylor’s expansion. We therefore call the Taylor's operator, 
and define it by equation (19). 

We next examine the operator where a is positive. Since 

c ~' v? Hns a branch-]>oint at z- 0, we use formula (2), from which 





az^ 4- 


a~z 


2! 


oV- \ 

i r+"v & 
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Vow it ts not difficult to that all the po^tivc integral power® of r 
eoaUilnV* not} irg to th* integral M e therefore g^t b\ term-by tern 
interpretation, 


( , c’p s a 1 p‘* \ 

— - ) > 


It mail b** shown bj direct differentiation with respect to t of formula 
(17), that for ft a posifne integer, 

d m-h» j + 

P 1 


far( J 2 ) a^ni) a 3 ^) ] 

2 fa , 1 

V7L2/ 4 2*3 t < 1 * 2 s 5’ <** 2* 71 f T ’ ^ J 

Now this m the ferns for the error function (equation (1C), Art SS), 

erf « = J c - * 1 ds 

)* 

-£[~P6-,4* ] 


Consequent!} w e maj write 

f -«v^ 1 - 1 -crf~^ (20) 

Another operational expression which appears m a number of phjsi 

cal problems is — I This maj be interpreted b> the use of 

V p 3 -f a* 

formula (2) since the function r/Vr 3 *f a* has onl} branch points, at 
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z — Azia. Since the procedure here is very similar to that employed in 
obtaining the formula p A -l - 1/V^i, we shall indicate merely the 
principal steps and leave it to the student to fill in the details. We take 

as our contour (Fig. 130) the 
path ABC from —Hi to -J-iR 
as before, the quadrant CD of 
radius R, the x-axis from D to 
0, then OE, where E is the 
point z — i(a — r), and on the 
left of the y-axis, then the circle 
of radius r about z = ia, the 
straight line FOG on the right of 
the y-axis, the circle of radius r 
about z = —ia, the segment 
HO on the left of the y-axis, OD, 
and finals the quadrant DA of 
radius R. On OE and FO, 
z — ip, where p is real and 
positive, and on OG and HO, 
z — —ip. Along FO and OG, 
we have the branch V^a 2 — p 2 
of y/l? + a 2 , while along OE 
and IIO, we have the branch — A/a 2 — p 2 . We then get by Cauchy’s 
integral theorem, 



f tt j f 

Jadc Vz 2 + a 2 *Ar 

+r 

*'0 


* e‘ nico * 0+<s ' n0) Ric ie do 


do _ r 

12 ■%/ R 2 e 2 ' 0 -f- a 2 Xj 

(idp) r~ TI 

\/(T — P 2 Xr/2 


0 e~ <p dp 


\/p 2 -f- G 2 


c Up (i dp) . r~ r/2 c“' +,r(co3 0+iRin o) rie i0 dB 


a/ r 2 c~ w + 2iare'° 
0 c ilp (id P ) C a ~ T c~ itp (-i dp) 


,r c' p (i dp) r 

X-r Va 2 — p 2 X> V^a 2 — p 


+r 

^r/2 


3r/2 ^ 

V re 2 * 5 — 2iare f * 

_ f n c-»rfp r 
X Vp 2 + a 2 J_ 


, f° 


— f <fp) 
o 
P 


r/2 c 'R(«»e+*-8mfl)^. c ifl ^ 


V/i : r" + a 2 


= 0 . 
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The second and last of thc^e integrals approach zero as 72 becomes 
infinite, and the fifth and eighth approach zero with r. Consequent!! 
we get in the limit 

P # f e l *dz 1 r* t*+e-* 

Vp 3 *f a~ 2r» V z* -fa 2 t Jo V a 2 — p a P 

2 p cos tp dp 
rJo Va 2 — p~ 

Tim last expression is of course a function of (; call it F(t) Tills 
function satisfies the differential equation tF" + F' + a~tF — 0 For, 
no get by differentiation under the integral sign (Art 07), 

IF " + F* + <rtF “ - (~tp~ cos tp — p gin Ip -f a?t cos tp) 

*» - | d(sin ip Va 3 — p 2 ) 

T Jq 


- £ein tp Va 2 — p 2 


,?r » ■,!L.£L 1 

r Jo v a 2 — p 3 rL a Jo 


Wc therefore identify F(0 ns tlic Dcsscl function of order zero, with 
argument at, whence 

- 7 =#== I -Jo M> (20 

VV + a 2 


113 Applications. lVe fhnll discuss in this article a few physical 
problems which gi\c n>c to the opemtom preuouslj obtained Our 
treatment, following I Ien\i rale’s technique, wall l»e iwrely formal, liut 
will sene to indicate the manner in which operational calculus ma> lie 
cmplojcd in connection with partial differential equations 
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Consider first the wave equation, 


d 2 y 2 d 2 y 
dt 2 a dx 2 


0 , 


( 1 ) 


which gives the transverse vibrations of a stretched string (Chapter VII, 
Art. 70). Suppose that the initial displacement of each point of the 
string with end points at x = 0 and x = L is given by 


4=o =/(x) ’ O^x^L, 


( 2 ) 


where / is a known function of the distance x along the string, and sup- 
pose the string then released from rest. Let D = d/dx, and let Q again 
denote the operation of integrating with respect to time from 0 to t 
Applying Q twice in turn to (1), we get 


dy 

dt 


o 2 QD 2 y - 0, 


y — a 2 Q 2 D 2 y = fix). 

Now let p = d/dl, and operate upon (3) with p 2 . Then 

(p 2 - o 2 D 2 )y = p 2 f(x). 

Symbolically, then, 


V = 


?/(*)• 


Now 


p 2 — o 2 D 2 ' 

- o 2 D 2 2 \p - aD p + aD/ ’ 


p‘ — a~L>“ 'A \p — all p + aD 
so that from formula (4) of Art. 112, 

y = W !D + <^ ,D ) •/(*). 


( 3 ) 


Consequently, by the Taylor’s operator (19) of Art. 112, we get 

y(x, l) = wt/(x + at) + f(x - at)). (4) 

That y as given here satisfies the differential equation (1) as well as 
the condition (2) is readily checked. Equation (4) gives the well-known 
solution which represents two waves traveling in opposite directions 
'dlh velocity a. It is thus informative, but its usefulness in computa- 
tion is restricted to those cases in which f(x) is of the proper form and 
may be suitably specified outside the interval L* 

* See Jeffreys, "Operational Methods,’’ second edition, p. 50. 
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Consider next the partial differential equation (or on<Mliracn«.tonol 
heat flow (Chapter \ II, Art. 71), 


du 

dt 


„d\ 

a 'o? 


0 


(5) 


Let a uniform rod with inflated sides and of length L bo initially at 
tempenture w<> and let the end x *=» L be cooled to temperature zero 
nt time l — 0 while the end x «=■ 0 is left at temperature t/o Apph mg 
Q to (o), and p to the result, we get 

■> 

p« ” a " oP “ pu ° ° 


Xow let an operator q be defined bj the relation 

p » crq : , (7) 


if wc treat p as if it were an algebratc quantitj, we then get an opera- 
tional solution as a function of q which must bo expressed ultimate!) 
in terms of p when the operational solution is interpreted Equation 
(G) maj now be written as 


2 

— - q 2 u = -Q Wo 


( 8 ) 


If q were constant, the genera! solution of (S) would then bo 
u » uo + Cj Finh qr + c 2 cosh V 

I mm the boundar) condition**, u «■ u 0 when x •» 0 anil u " 0 when 
x « L wc find 

uo *=* u<j + c- r 


0 — u<j + Cj smh q L + r 2 cosh i\L, 
whence fj — — uo/smh qL, cj — 0 and 


t! « 


(* 


sinh qr\ 
smh q L/ ° 


W c lmc now to interpret the operational expression 


smh qr ^ 
nnh qL 


( 0 ) 
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q 3 x 3 qV 5 

smhqx _ qi!+ ~sr + ~ir + " 

sink qL q 3 L 3 q 5 L 5 

qL -} r ' 

3! 5! 

q 1 2 x 3 qV 

* + ir + -ir + " 

q 2 L 3 q 4 L 5 

L + \r + -V + *- 

3! o! 

, P* 3 , P 2 * 5 , 
x + ^ii + ^5! + " 

pL 3 p 2 L 5 

L 4- f- I-.- 

a 2 3! a 4 5! 


this operator is an anatytic function of p. But since sinh inir = 0 for n 

1V2 / LVz 


an integer or zero, the function c l: sinh ■ 


z sinh has infinitely 


many simple polas at z = —n 2 r 2 a 2 /L 2 . Hence formula (1) of Art. 112 
docs not apply. Instead, we use Bromwich’s second line integral, and 
write 


sinh qx 
sinh qL 


If e tz si 
2rri J e > zsi 


c i: sinh {x\/~zjct) 
z sinh (L-\/z/a) 


Using the contour shown in Fig. 131, where ABC is a path from —iR to 
iR lying to the right of the poles, and CD A is a semicircle of radius R, 
we then get for the residues at the points inside this contour, 

1 f c lc sinh (x\/z/o;) 

2 jrf J.-ifie s sinh (L*\/ z/a) 


j /.3r/2 c tR(e« e +irin«) ginh frtfAjOtZ/s 

+ 2 jrX/o sinh (LR*c iBI2 /a) d9 ' (U) 

The residue at z = 0 is given by 

j»^ c sinlx ( x\/z/oc ) ^ x *4* f cf 3! -f** * * • x 

sink (Ly/z/a) “r™ 0 L + rL 3 /a 2 3! -| = L’ 
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and that at 2 « — n 2 *- 2 ** 3 /^ 0* ^ 0), by 

r u sinh (xyG/g) (; 4- tr^cr/l?) 

* - - : smh (hV z/a ) 

„ 8m ^ ( |flfT /^) I £ + n'lPd 1 /!? 

—ntiPct 3 /!? t — *«nh ( Ly/s/a ) 

tL*e-' r *'* W Km (n tt/L) . l 

riW , - - (L/2ay/, z) cosh (/a/*/ <*) 

M pm jnrx/L) 2i nra* 

nV*** 2 h* cosh mr 


.VI T 


If vc now allow R to become infinite, the recond of integrals (11) will 
approach zero, and we get 

* inh <1* J . i + 1 V 1 Iz nn 22 V.V* 
smh qh L * ~i n L 
Consequently we have from equation (9), 


r. x 2 v>(-ir nrr 

o l— T nn—e * ' w 

L L r trf n L 
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This gives the temperature at any point x and any time t. Equation 
(12) may, of course, also be obtained by the methods of Chapter VII. 

Now when vay/l/L is small, the series (12) converges slowly, and 
is thus not very suitable for computation. In this case, we may express 
the solution of our problem in a more convenient form. We have 

sinh qx e qr - e~^ x _ c -ga-*) _ c -g(L+g) 

sinh q L e qL — e~ qL 1 — e -2qL 

= 1 - (e-otf--*! - c _q(Z,+l) )(l + e~ 2qh + e~ 4qL H ) 

2 £ — q(L— x) q(/,-hr) Q(3L— x) c “~q(3 L+x) 

_ <1(5 L-x) c ~<i<5L+x) ^ 

But 

c“ nq -l = c - a v'p'“ • 1 = 1 - erf r— 7= 

2a\/t 

, by formula (20), Art. 112. Hence we get from (9), 


t \ L — x ( _L + .r\ ( 3 L—x\ *| 

" “ ”» . erf w* + 1 1 - ei ' f w?) - 1 1 ~ orf wr) + • • • j (13) 


This series, the terms of which may be calculated by the tables in 
Peirce, converges rapidly for t small since 1 — orf s is small for s large. 

As our final application, we consider briefly * a transmission fine or 
cable, originally in equilibrium, with resistance r (ohms/mile), induct- 
ance L (henries/mile), and capacitance C (farads/mile). The differ- 
ential equations for such a line are (Chapter VII, Art. 74) 


dE 

dx 



dl dE 

dx~ Hi’ 


(14) 


where E (volts) and I (amp.) are the potential and current, respectively, 
at distance x (mi.) from one end and at time l (sec.). Elimination of I 
and E in turn from equations (14) gives us 


— - (LCp 2 + rCp)E = 0, 
dx~ 

0 2 / 

— -(LCp 2 + rCp)I = 0, 

rlv** 


(15) 


* A more complete discussion may be found in V. Bush, "Operational Circuit 

Analysis-,” Chapters XI and XII. 
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where we have written p for d/dt Treating the^e equations as if p 
•were a constant, wc readily find as solutions of (IS) the operational 
expressions 

J?(x,0-e-~AMO+c"A' 5 (O, 

(1C) 

I(x, 0 = c-*«K 2 (Q + 


where a is an operator giaen by 


a 2 =* LC[r + rCp, 


(IT) 


and the A's are, instead of constants, to be interpreted ns functions of t 
Suppose now tint we are dealing with a cable so long that it may he 
considered as infinite in length, and let an c m f be impressed at the 
end x “ 0, the voltage and current decreasing as x increases If p 
were a constant, wc should tlicn necessarily have A' 3 = Kt *» 0, and 


A(x, 0 « 

/(*,<) * 


Ia K x , 

‘"A'a 


(18) 


Now let A 0 a constant, be taken as the \nluc of V nt x «= 0, and let 
I ** 7i(0 be the entenng current Then C 0 ** A'j, 7i(<) « A'3, and 


A(r,0 E 0 , 

I(x,t) ~ c- r */,(0 
Substituting these \ alucs of A and / in the first of equations (14), we get 

-ac-*f 0 - ~re-"7,(0 - Apc"'"/,(0, 
so that putting x - 0, wc find 

/»C0 " — ~r A 0 * 


{rr * 

' r + Ap 


r + Ap 

Letting a *• r/2A, (20) may lie written in the form, 


(19) 


( 20 ) 


/ 1(0 


... P 1 

0 ^ L \ / 1 + 2a/ p 


Using the shifting formula (18) of Art 112, wre have 

1 ..... , P 1 T 


VI + 2a/ p 


p ~ a Vl + 2a/(p - a) 


P_ 
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But the last operator is that of formula (21), Art. 112, with a replaced 
by ia. Hence we get finally 




( 21 ) 


Since E n is constant, h/E 0 is an indicial admittance. By use of the 
superposition theorem of Art. 110, the entering current corresponding to 
any impressed e.m.f. may be found, the necessary integration being per- 
formed by graphical or mechanical means. The values so obtained, 
when the e.m.f. is sinusoidal, have been found to agree very well with 
experimental results.* The operational method here employed may be 
extended so as to yield expressions for the voltage and current at any 
distance x along the cable and at any time t. 


PROBLEMS 

Establish the operational formulas in Problems 1-5. 

, . , (sin rmr)T{m) 

1. (a) p m -l = — (0 < m < 1); 

■ (— l)"(sin jmr)r(?n + n) .... 

(6) p m+n -l — ^ (0 < m < 1, n a positive integer); 


(c) p-^-1 = 2\/t/V. 


x£ m+n 


2. (o) 


Vp + a -yj-zl’ 


(6) ~ f t-Mc^'dl; 

VP + a v *■ 

(c) VjT+'a-l = ~F= + f dt. 

V? T[ V V J o 


3. <^(p)-c-°' = c-^VtP ~ n)-l. 


4. pe~ 0 V , a-l = — r*ic~ ai/V . 

2V- 

6. c -° ,p - 1 = J 0 (2Voi). 

G. A tightly stretched string with fixed end points, x = 0 and x - L, is initially 
in a position given by y(x, 0) = t/o sin (rrx/L). If it is released from rest from this 
position, find the displacement y{x, i) at any distance x from the left-hand end and 
at any time t, using equation (4) of Art. 113, and show that your result is identical 
with that obtained in Chapter VII, Art. 70. 

7. A glass rod 20 cm. long, for which the specific gravity is 2.40, the thermal 
conductivity 0.0015 cal./cra. deg. sec., and the specific heat 0.1S0 cal./gr. deg., is at 

* See E. E. Research Bull. 50, Massachusetts Institute of Technology. 



510 


OFLRATIOVlL CVLCULUS 


[Ciur XI 


a uatfom temperature of J00* C If one end i* sud lenly cooled to 0* C , find the 
temp* nture at a pomt 5 cm. from the hot ciu! I hr after the change (a) using ecnea 
(12) of Art. 113, (!>) using senes (131 of Art. 113 

8 An infinite cable with negligible levkanre, resistance 0 I ohm/nu , inductance 
0 2 henty/nu and capacitance 2 X 10“ 7 land /ml , has impressed at the home end 
n constant c m.f of 100 \olta at time t — 0 Ilnd the value of the entering current 
for f 0, 1, 2, and 4 sec 

f> An infinite cable with resistance r ©hms/mi., capacitance C farads/mi , and 
negligible inductance and lcaVancc, « subjected to a constant e m.f Fa at the home 
end at time t — 0 l sing the operational method of Art. 1 13 show that the entering 
current at any subsequent time t u 

'■<') - r 'S 

10 An infinite cable with resistance r ohms/mi, capacitance C famds/mi. 
Inductance L hennea/ml , and IraVanre p mhrWmi , la sut jrcted to a constant r jn.1 
Ea at the home end at timet —0 Show that the entering current at nnj subsequent 
time t is 

Ji(0 - E a yfe «~‘J*(ft I) + Fa dt, 

where 



If the line « distortionless ie, if r/L “ ff/C show that the entering current is 
(teady and equal to Foy/t JL for all ( > 0 

PART in LAPLACE TRANSFORMS 

114. The Laplace transformation. An npproaeh to operational meth- 
ods which frequently appears in tlie literature is that based on a cer- 
tain type of integral-function winch wc here take in the form 

g{p) « f dt, (1) 

Jo 

where p t* a parameter It w assumed fhat the function /(t) if define*) 
for nil positive values of the ml vnnflble / and tmeh th it the improper 
(infinite) integral (1) exists We call the function g{p) thus obtained 
the Igtplaee tram-form of /(f), and for brevity and comtnicncc write 

g(p) - nmu W 

Unfortunately , there is lack of uniformity m the definition of t!ie 
Igiphce transform by various ivnters f?ome u«e (I) ns their defini- 
tion, others take tliat integral multiplied by the factor p Accortl- 
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ingly, each usage of a Laplace transformation should be examined in 
order to make sure which of the two forms, our present g{p) or pg(p), 
is being employed. The p-multiplied form has certain advantages, as 
pointed out in N. W. McLachlan’s “Modem Operational Calculus” 
(page 2, footnote) ; in particular, it yields an exact correspondence be- 
tween many Laplace transforms and Heaviside operational formulas. 
However, the form (1) has been chosen here because it lends itself 
more readily to a number of techniques and operations, notably the 
exponential shift (cf. relation (18), Art. 112, and equation (12), below), 
derivatives and integrals of transforms, and the solution of linear dif- 
ferential equations with variable coefficients, as will be found. 

The Bromwich integral (equation (1), Art. 112) may be used, as we 
have seen, to find the result of operating on unity with a given oper- 
ator <£(p) to produce a function of the variable t. On the other hand, 
the Laplace transformation serves directly to obtain a function of the 
parameter p corresponding to a known function of l. Later, we shall 
see how to apply the Laplace transform to the solution of differential 
equations; first, however, let us find the transforms of a few familiar 
functions, and thus build up a short table of transforms for convenient 
reference. 

If /( 0 = *" we get, from (1), 

L\n = f c~ pi / n dt = ~ fc-^\ v i) n d(pt) 

J 0 V Jo 


r(« + 1) 

p n+l ’ 


(3) 


by (3), Art. 54. When n is a positive integer, r(n +1) = n \, and 
consequently relation (3), giving p~ (n+1) a s the Laplace transform of 
/"/»!, is analogous to equation (4), Art. 10S. When n is any real con- 
stant. greater than -1, we get a more general result, which includes, 
for example, the analog of equation (17), Art. 112, for n = — h. 

If /(/) = c®*, (1) easily yields 


L 



x 

c~ v '-c nt ( It 






(p~a)l 

p — a 


■x 

0 


l 


p - a 


) 


(4) 


provided only that p > a. This constitutes the analog of relation (5), 
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Art I OS From (1) no then readih get 


Li s mh a!j 



and 


L(cooh of} 


/-a 3 ' 

l 2 i 2 \p — a p + a/ 


(5) 



(G) 


winch match with equations (10) and (11) Art 10S B\ formally re- 
placing a b> ia m (5) and (6), wo ma> infer tho existence of the trans- 
forms 

to 

L(sinh iaf| « L(i sm of} » — , 

V' + <r 


and 


L|sm of] 


a 

1 r + o 2 ’ 


ilea’ll t at | ”'i|eoso/| 


V 

V' + a 1 * 


(7) 

( 8 ) 


correspond inj; to relations (S) and (9), Art 10S To \ahdate this for- 
mal procedure, hoimcr, vc shall dome transforms (7) and (8) bj 
other means 

t\e next determine Laplace transforms of dcmntnc functions /'(/), 
/"(f). ,/ l " k (/) Applying integration bj parts, we have 


L\m\ - f t-r'mdt 

Jo 


- [<'" p, /(f)] +pf e-”J(t)dt 

N'on if /(/) is a function such that | e~ k, f(t. ) { < W ?a\ for ( > t t 
k and U being pome positive constants thru /(/) is Paul to be of cj/xv 
nrnfiaf order When /(f) » of exponential order, as w true of the usual 
functions arising in practice will approach zero as t becomes 

Infinite, assuming tins nr pet 

urm\ - -m + ptxmu 


(9) 
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One application of (9) may be made as follows. Let F (t) 
so that F'(0 = /(0 and F( 0) = 0. Then, from (9), 
Um) ~ L{F'(l)} = P L{F( ()}, 

0T t 

l{ JT /(0 J =^L{f(l)}. 



( 10 ) 


Therefore division of the transform of a function by p corresponds to 
integration of that function from 0 to t. The parameter p in Laplace 
transformations thus plays a role precisely analogous to the Heaviside 
operator p (equation (2), Art. 107, and Art. 108). 

Likewise, under similar suitable assumptions on we find, from 

(9) ’ L {/"(/)) = -f(0) + pL{/'(t)} 

- -r (o) *-/(o)?> + p 2 L\f(t)} 

and, in general, 

L{/ <n) (0! 

- P n LW)} - /(0)p n_1 - /'(0)p”- 2 / (n_1) ( 0). (11) 

To illustrate the use of (11), we may now derive relation (7) directly. 
When /(£) = sin al,f'(t) — a cos at and f"(t) = —a 2 sin at, whence (11) 
gives 

— a 2 L{sin at] — 7 ; 2 L{sin at] — 0 -p — a, 

(p 2 + a 2 )L{sin at] — a, 

a 

Lfsinat) = 

p- + a~ 


The transform of cos at may similarly be found to be given by (8), and 
the transforms of other functions are also obtainable by these means. 

Another important property of Laplace transforms, from which fur- 
ther useful results can be derived, is the following. If we replace p by 
p — h in a transform g(p), where b is some constant, (1) gives 


g(p -b) = f c- (p - h), /(t) dt = f e- pl [e b, f{l)] dt 
Jq Jo 

= L\c bt f(l)]. 


( 12 ) 


Thus, the replacement of the parameter p by p — b in a transform 
corresponds to the multiplication of the original function f{t) by c hl . 
Relation (12), which may be referred to as the exponential shift (cf. 
equation (IS), Art. 112), immediately yields the following new trans- 
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forms From (3), wc get 

L\c“n ■ 

from (7), 

L|f 4 * «in oi} 

and from (S), 

L\e u co« at] 

If wc difTcmntntc relation (1) 
*>ign (Art 07) • wc get 


Applung < 1G) to (7), for example we find 


r(n + 1) 

(p - 6)"-” * 

(13) 

fl 

(p - bf + a 3 ' 

no 

P - b 

(;> - bf + or 

05) 

w ith respect to p under tlic integral 

-<f(/)]tf/-L|-(f(OI 


in gent ml 


Lu-tmn 

(10) 


Jo p 

• — r- - =-= “ L >\ ~/pin o/l, 
(P +<?)' 


I ikewi^e (8) nixl (16) p\e 

LUcosaf) «* %rs ( 18 ) 

(p* + «*)* 

Integration of n Laplace transform also produces u«oful relations and 
properties If c is suflieienll) large, vc (ia\ e 

l° ip)dp ~l [X rf/j dp 

-r*LM- 

-JM- t']> 

- ((-*• - 
Jo t 

• THa Is rat I provild! thst/iQ is contmiirwn rxrrpt po«Sl l» Urn fnJli* num 
t»r of frutc d«ennltoiuiir«i (or t > 0 ami u of rtpottrotkl onirr 
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Now, assuming that the limit of /(f) A exists as t — * 0 + , and that /(f) 
is piecewise continuous and of exponential order as before, we may let 
c become infinite; then 

This result gives, for instance, from (7) with a = 1, 



= [arctan 7;] 


00 


= arctan p = arccot p. 

2 

Since, by (10), division of a transform by p corresponds to integration 
of a function from 0 to f, we get 

f f'sinf 1 , arccot p 

L jj — tffj = L{Si(f)l (20) 

The integral function denoted by Si (f) is called the sine-integral func- 
tion. It arises in various physical applications, and its values are given 
in certain tables, including those of Jahnke-Emde. 

116. Applications. To illustrate the manner in which the Laplace 
transform may be used in solving linear ordinary differential equations 
with constant coefficients, we consider Problem 18 following Art. 27. 
The planar motion involved there is given by the system of equations 

D-x = 2 y, D“?/ = -2x, (1) 

where D = d/dt and t is time, accompanied by the initial conditions 

x=-l, y = 0, Dx = 0, Dy = 0, (2) 

for t = 0. Elimination of y from equations (1) gives 

D 4 x = 2D 2 y = —Ax, 
or 

D 4 x + 4x = 0. (3) 

Corresponding to / = 0, we also get, from (1) and (2), 

* = “ 1, Dx = 0, D 2 x = 2 y = 0, D 3 x = 2D y = 0. (4) 

The prol)lem is thus reduced to that of finding the solution of the fourth 
order equation (3) which satisfies the initial conditions (4). Once that 
solution x = f(i) has been determined, the first of equations (1) yields 
y = iD : j = //"(/). 



sic orriLvnowL cvlcllus ICmp \i 

\ow, b\ relation (11) of Vrt 114, together with conditions (4), the 
Laplace transform of D'r is 


L(D<x| -p^fx) -A 

anil consequenth 


L|D 4 x + 4x| 
L[t) 


P 4 ^UJ - p 3 + *L\x\ 
P 3 

P*+ 1 


0, 


HcMihing this rational algebraic function of the parameter p into par- 
tial fractions «c find 


P 3 m lf P-1 { P+1 \ 

p* -h 4 “ 2 V - 2p + 2 P 2 + 2p + 2/ 

so that 

P-1 P+1 1 

(P - 1) 2 + 1 + (P+ 1) 2 + lJ 

Formula (17) of Vrt 114 thu/jiclds immediately 




1 

2 


j « ^(p* cos t + e~ ( cos /) « cos t cosh /, (o) 

whence we get 

y m ^ D 2 x *= — Bin t Sinh t (fi> 

The-e relations (7) and (G), are the desired equations of the path of 
the particle 

l sing formula (lb) it is also sometimes possible to solw a line it - 
onhnarv differential equation w hose coefficients are non-constant poll 
norm ds in the independent % nrtable As an example, consider B< s. v el * 
equation of order zero (cf equations (9) and (II) Art 107), 

Itf" + V’ + fy - 0, 
accompanied by the initial conditions 

v - 1, p' - o, (S) 

fnrf-0 B\ (10) and (11), Vrt 111, we hn\c 

W'l ” - j-IpV(p) ~ pj - -pV(p) - 2 pg(j>) + 1, 


Art. 115 ] 


APPLICATIONS 


517 


where g(p) denotes the transform of y = f(l). Likewise, 
L\y'} = pff(p) ~ 1, 

and 

L\ly) = --ff(p) = —g'(p). 

(ip 


Hence the transformed equation, corresponding to (7) and (8), is 

-pV - 2pg + 1 + pg - 1 - g' = 0, 
or 

(p 2 + 1 ) 4- vg - o. 

dp 


Separating the variables and integrating, we find 

dg p dp 

- + 4t7 = 0 > 

g p + l 

In g + § In (p 2 + 1) = In c, 


say, where c is a constant. Consequently our Laplace transform is of 
the form 


ff(p) = 


c 

Vp 2 + l' 


(9) 


Now, by the binomial series, for p > I (Peirce, 750), 


g(p) 


l( l + LY H = l( 1 -± + ±L 

p\ pV p\ 2p 2 2 • 4p 4 

(— 1)”(2h)1 

C 7^i) 2 2n (?i!) 2 p 2n+1 * 



Applying formula (3), Art. 114, to this transform series, we get 


V 


m - c £ 


n 


(-1 )"/ 2n 
2 2,1 (n!) 2 ' 


Both of the initial conditions (8) are satisfied by taking c = 1, and the 
summation is readily identified as the series for the Bessel function 
d »((). Relation (0) thus yields a new transform formula, 


IAMD\ 


l 

Vp 2 + i 


( 10 ) 
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Another application of the Laplace transformation is to the evalua- 
tion of certain integrals Consider, for example, the function 

/(o-jr^ ( „) 

For convenience we replace sm 5 tx bv its equivalent, $(1 — cos 2 tx) 
Then, assuming it to lie permissible to interchange the process of trans- 
forming (11) as a function of i and that of integration with respect 
to x, we get (from (3) and (7), Art 114) 


L |/(t) j 


inj, * 

2J 0 l V x- x-(p- - 


^:\ dx 




2 rfx 


p(;i 3 + 4x 2 ) 


' tp* 


arctnn — 

v* pl 


2 P 3 


Tlicrcfore, from (3), Art lit, 


m -JT" 


*tn 2 tx 
— ;; — dx 
X s 


rt 

Y 


(12) 


When t ** I (12) jields Peirce's formula 4SG Incidental!) , it may lie 
remarked that the substitution y =* tx m (11) gives 


m - ( 


X ® sm a y 


dy, 


so that/(t) is indeed of the form / 1, where / is n constant the Laplace 
transformation thus son cs to ev alunte k (that is, Peirce's integral ISO) 
as r/2 

As a final application, one which senes to illustrate the use of Iji- 
place transforms in solv mg partial differential equations, wt reconsider 
the resonant forced Mhrations of the atnng of Art 92 We wish now 
to find an anal) tic solution of the equation 


*v 2 

Op " ° Or 1 ' 


(13) 


satisfying theboundnr) and inttLal conditions 

y{x, 0) - 0 — ] - 0, y(L, I) - 0, 

01 Ji_o 

1/(0, 0 - A «n (<**!/!') 


(H) 
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Let G(x, p) denote the Laplace transform of y(x, l ) with regard to the 
variable l: 


_co 

L\y(x, 0} = G(x, p) = f e~ p, y(x, l) dl. 


Then we have, from the first two of conditions (14) and relation (11) 
of Art. 114, 

d ~P\ = P 2 L\y(x, £)} = p 2 G(x, p). 
or ) 


Moreover, assuming that the processes of integration with respect to t 
and of differentiation with respect to x are interchangeable in order, 


L 



~ /> co ** 

= — f c~ pt y(x, t) dt 
dx*~ L */ o 


d 2 G 

dj' 


Accordingly', (13) is transformed into 


p 2 G — a 2 


d 2 G 

dx 2 ' 


Since the parameter p is independent of x, this transformed equation 
is, in effect, a linear ordinary differential equation with constant coef- 
ficients, and therefore (Art. 10) 

G{x, p) = c ip,a K x {p) + c~ xp,a K z (p), (15) 

where K x and IC 2 may be functions of p (cf. the transmission line prob- 
lem of Art. 113). 

The transforms of the last two of conditions (14) are 


G(L, p) ~ 0, (7(0, p) = 


A(a-/L) 


P 2 + («V/L 2 ) 


( 10 ) 


Therefore, from (15), 

c tWa /v'i + c~ Lrla K 2 = 0, /vj + ICo = (7(0, p). 

Solving this pair of linear algebraic equations in K x and K 2 , we easily 
find 

(7(0, p) 

K 'W = jz r p z z* “ + c ~ 2Lp,a + c ~ 4Lp,a + • • o<?( o, p), 

c -2I.ph(y/Q \ 

K 2 { V ) = - -~r - - (c~ 2lp/a + c-*™* + . . .)(7(0, p). 
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Inserting there cxprcv inns in (15), we get 

C(r, 71) = [<-” a + e- rL+ * )p “ + + ]ff(0, p) 

- + ^ (0f p) ( , 7 ) 


W c ha\c now to determine the effect of multiphing a transform bj 
an exponential function e*"' 7 ’, where c is n posttixe constant I or anj 
function /(f) posrebsing n. tra sform g(p), we have, bj definition, 


Hence 


Letting s 


0(?) “ f '""AO dt 

Jq 

<-* p o ( v ) « f «-' (t+ *>/(0 dt 

Jo 

l + e we then get 

e-* p g(p) - J e ~* •'/(« ~ c) <fr 

- J 0 d« + f e-*'/(s - c) da 


We define a new function f e {») as follows 


/,(*) *> 0 D < s < c. 


(IS) 


/«(*) D /(* - c), « > c, 

then 

e~* p g{p) - f e“ r y«(*) da 

‘'O 


(19) 


Conrequentl} , if p(p) is the Laplace transform of /(f) e~**ff(p) is the 
transform of f f (t) where /,(«) is gi\cn bj (IS) Hie function /,(/) mnj 
be called n translation fund ion, for its graph w that of/(/) tmnsl ited 
a distance e to the right, augmented b> the regment of the / axis lx> 
tween 0 and c 

Vpphing there findings to relation (17) and remembering that 
0(t p) and (7(0 p) denote the transforms of the required functions 
y{.r t) and y( 0 f) ■» /(/) *» 1 mu (axt/L) res{>ecti\ el> , we obtain 


V(*> 0 - A . (l - +/at4«/- (< - 

/ 4 L + j\ / 2L - r\ 

+ fltL+,)i» ( t ) + “ fl3L-tl • ^ J 


XL - z' 
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All the translation functions appearing here obey the defining condi- 
tions (IS). If we introduce the symbolism sint 0 to denote the trans- 
lation-sine function, which is such that sint 0 = 0 when 0 < 0, and 
sint 0 — sin 0 for 0^0, we may then write 

y(x, l) - A 

ir(at — x — 4 L) ir(al + x — 2 L) 

+ sint 1 sint 


it [at — x) ir{at — x — ZL) 

sint f- sint 


— sint 


7 r(a< + x — 4 L) 
L 


( 21 ) 


This is the desired analytic expression for y{x, i). For every pair of 
values of x and t, equation (21) will contain a finite number of non- 
zero terms; when at — x < 2(n — l)L, the nth and following terms in 
the first (positively signed) set will vanish, and when at 4- x < 2 mL, 
the with and following terms in the second (negatively signed) set will 
vanish, since only those terms involving positive angles can contribute 
to the value of y(x, i ). For example, at the end of the first cycle of 
oscillation of the left-hand end of the string, the displacement of the 
midpoint of the string is 


(L 2L\ / 3x tt\ 

I \2'T/” yl v m T -s " 1 2/” ~ 2A ’’ 

after two periods, 

/L 4L\ / . 7ir 3r . 5ir 7 r\ 

V [ ~ , — I = A ( sm — - + sm ~ — sin sin - = 

\2 a ) \ 2 2 2 2/ 


-4A; 


and so on. 


PROBLEMS 

Determine the Ln place transforms of each of (lie functions in Problems 1-6. 

1. fit - sin at. 2. sin at - at cos at. 

3. sin at + at cos at. 4. sin at rinh at. 

C. (( — «)" (t > a). 6. t- sin at. 

7. If i?(p) is the Laplace transform of /((), show that aq{ap - l) is the transform 

of < t,lo f(t/a). 

8. If /ft) is a periodic function, with period T, so that/(< + T) ~ f(t), show that 
the Laplace transform of /(t) is given bv 



OPERATIONAL CALCULUS 


ICiur M 


fl I’sjjr the rr»ult of Prof J< to 8, «how that 


JO Show that 


ill 


, a roth (rp/2a> 


Llh/ifOl 


1 

C P» + 1)** * 


where Ji(l) u tic function of first order (o) dirreth front Uk* wnm espan«ion 
of 7,(0 and relation (3) \rt JH, (6) using IIh* fact that J|(0 - —./off), together 
with relations (11) and (1 0), Art 114 

11 M ow that Sip) Fip) « hr«> f (p) - (p - aj)(p - a 2 ) (p - a.), o s all 
different constant* and where /(p) is a polynomial of degree less tlian n, u the La- 
place transform of the function 

yn 

r(<n) 


Tin* m the analog of Heaviside s ctj«an<ion theorr m (njtution (7), Art 108) 

12. Show that the Laplace transform of the cosine infrpro l /unction, defined tut 

Is —fin (p s + D] 2p //ml Let z ■■ ty and transform cos it 

13 The frponcatiat-intcjraf /undimt us defined as 

nw-J ~dz 

Show that the Laplace transform of li(— f) ts —(In (p 4- l)|/p 

I’ftng the lapLiro transformation, find the solution of carli of the linear di/Ttren- 
Lai equations in Problems 14-10, subject to the gnen initial conditions 

14 v" - 3/ + 2j - 0, t - 0 y - 0 y' - I 

16 v f " + 2/' - y' - 2y - 0 , / «■ 0 y - I, t/' ■ 2, v" ■ -2 

1C /* + 2/ + 2y - 0. f - 0 y - 0, y' - 1 

17 — v - 0, t ** 0 y ■« 2, y' ■■ 2, y” — 0, p"' - 0 

18 ty" - + ty - 0, t - 0, y - 0, y' - 0 

19 t /' + (1 - 2n)y + ty - 0, 1 - 0. y - 0, y' - 0 (n > 1) 

1 initiate each of (lie integrals m Problems 20-22 (Cf Peirce t formula* 481 
4'X) 401 ) 

20 (f > 0) 

X * r<x tr . 

rr?^ , ' >0> 

«>0) 

«J# y/z 

23 In 1 1>- vibrating string problem of Art 115, «how that tlieorrtically, 
lit /2,2n/ a) - ~2« t for carry i>oe»tlie integer n 

24. I ring relation (21), Art 1 15, verify the computation* talailated in Art 02 
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Units and Dimensional Analysis 


In this book, as in others dealing with physical problems, a variety of physical 
quantities and units are employed. Often one physical quantity may be ex- 
pressed in terms of other quantities regarded as more fundamental, so that 
functional dependencies arise. New entities are sometimes defined by such 
relationships. 

For example, in the centimeter-gram-second (c.g.s.) system, the dyne is 
defined as that unit of force which, acting on a mass of 1 gram, produces an 
acceleration of 1 cm./scc. 2 Similarly, in the foot-pound-second (f.p.s.) sys- 
tem, the poundal is defined as that unit of force which, acting on a mass of 
1 lb., produces an acceleration of 1 ft./sec ? In both systems, acceleration is 
further expressible in terms of the more basic concepts of length and time. 

When changing from one system of units to another, it is necessary to use 
suitable conversion factors. In mechanics and heat, relations between c.g.s. 
and f.p.s. units are needed. For convenient reference, the principal mechanical 
and thermal units employed in this book, and the corresponding conversion 
factors, are listed here: 


Quantitt 

C.g.s. Units 

F.r.s. Units 

Conversion Factors 

Mass 

gram 

pound 

1 lb. = 453. C gm. 

Length 

centimeter 

foot 

1 ft. = 30.48 cm. 

Force 

dyne 

poundal 

1 pdl. = 13,S26 dynes 

Energy, work 

erg 

foot-pound 

1 ft-lb. = 1.35G X 10 7 ergs 

Power 

watt 

horsepower 

1 hp. = 745.7 watts 

1 watt = 10" crgs/sec. 

Quantity of heat 

calorie 

B.t.u. 

1 B.t.u. = 252 cal. 


In electricity and magnetism, relations among electromagnetic units (e.m.u. 
ah units), electrostatic units (e.s.u., stat units), and the practical units (such 
as volt and ampere) arc required: 


Quantity 

Potential difference 
Current 
Electric charge 
Resistance 
Inductance 

Capacitance 


Conversion Factors 

1 statvolt » 2.99S X 10 10 ahvolts - 299.8 volts 
1 nbamp. *= 2.99S X 10 10 statamp. = 10 amp. 

1 abcoul. » 2.99S X 10*° statcoul. = 10 coulombs 
1 statohm « S.9SS X 10 20 aboliras - 8.9SS X 10 u ohms 
1 stat henry « 8.988 X 10 20 nbhenries « S.9SS X 10 u 

henries 

1 abfarad « S.9SS X 10 20 statfarads = 10 9 farads 
523 
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S21 

The fact that vanous physical quantities are expressible in terms of certain 
/unAinrnLal quantities pies n«c to the concept of dimensionality In me- 
cliame* the fundamental quantities are common!} taken as mass (U) length 
( L ) f and time (TO V> c give here the dimensions of some of the meclianicol 
and geometric quantities that are frequently used 


Qn\Tvrr 

DninvsioN 

Acceleration 

LT * 1 

\ngular acceleration 

jw-3 

Angular momentum 

vlt - 1 

Angular velocity 

r* » 

Area 

JL* 

Curv aturo 

b' 1 

IX unity 

UL-* 

Energy (work) 


Force 

ML’T i 

Frequency 

T~x 

Moment (torque) 

V/, 5 /*- 1 

Moment of inertia 

lfL* or/ 4 

Momentum 

\ILT ~ 1 

Fowcr 

\rrr-* 

\ clocity 

IT 1 

% olume 

L» 


Sometimes force (F) instead of mass (1/) is regarded as the third basic 
quantity in mechanics mlh length (b) an 1 time ( T } retained ns the other two. 
Then mass w a denied quantity whose dimension w FI l 7 n power has the 
dimension FLT _l , and so on We shall not discuss this system of dimensions 
further since only the 1/ L-T system is used throughout this liook 
In heat on I thermodynamics it w usual to augment the three mechanical 
units (If L T) by temperature (0) Tor convenience thermal units are some- 
times employed then quantity of heat (If) M also taken as n fundamental 
quantity However if we regard heat os a form of energy so that it has the 
meclianicaf dimension it suffices to expre-s thermal quantities in 

terms of V, b T, and 0 


Qvus-rrrr 


DlltKMUOf 


T formal l Mi* Vermont eai Unit* 


Entrojq gas constant IIf~ l U/ ‘T~'<T l 

Quantity of l»c«t // Wr -1 

f*peet r ic ln^at (per unit mass) 11 1/ ’y -1 L, ! T - V -, 

Temperature gra Writ 1 ~'t I '0 

Thermal conductiv tty llb~ { T~ { <r* \ltT~*3 1 


ih*' dimensions o f eleetncal an 1 magnetic quantities may Ijo cTpre«'ed in 
terns of \f t l T an ! Q where Q represents electric charge or quantity of 
e’cetncity 
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Quantity 

Capacitance 

Conductance 

Current 

Electric field intensity 
Inductance 

Magnetic field intensity 
Potential difference 
Resistance 


Dimension 

M- 1 ir*T*(p 

M~ l L~ 2 TQr 

T~ l Q 

MLT" 2 Q~ l 

MtfQ- 2 

ir'T-'Q 

ML 2 T~ 2 Q~ l 

ML 2 T~ l Q - 2 


The concept of dimensionality lias one application in checking the “balance” 
of a differential or functional equation or in determining the dimension of a 
quantity appearing in such an equation. Thus, in the differential equation 
of a damped mechanical vibration, 

mdrx rr dx 

~ —Ixx — K — > 

g dl~ dt 

each term has the dimension of mass iff. Hence, since x has the dimension L 
and dx/dt has the dimension LT" 1 , we see that Ar and K have the dimensions 
ML~ X and ML~ l T } respectively. 

The methods of dimensional analysis also enable us to predict the form of a 
functional relation in many instances. As an elementary mechanical illustra- 
tion, consider the simple pendulum. The period of oscillation t may conceiv- 
ably depend upon the length a of the pendulum, its mass m, its amplitude of 
swing a, and the acceleration of gravity g: 

i =/i(o, m, a, g). 

Now the dimensions of these five quantities are as follows: 

Quantity: t a in a g 

Dimension: T L M 0 LT~ 2 


(The angle a is a pure number, the ratio of two lengths, and therefore has no 
dimension.) Since M appears only in the mass itself, we see immediately that 
a change in the unit of mass cannot be compensated by any corresponding 
cliange in the units of the other quantities, whence it appears that t is independ- 
ent of m, The functional relation will then be of the form 


/ * /s(a, a, g). 

We may note next that h appears only in a and g , and to the same power in 
each. Hence wc conclude that a and g can be present only in the ratio a/g t 
so that 

* = hWg, «)• 

Rut the dimension of a/g is T 2 , whereas we need T as the dimension of L 
Therefore we Iinvc 
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UTLMIIV 


The form of ft(a), being dimen*JonW!, cannot be determined by dimensional 
analyse, wc have found, howeicr (Chapter III), tLat « is invoked in an elliptic 
integral, anil our discussion then led to just the last form of functional relation 
determined nlx>\ e 

1\e consider row a more systematic method of determining the form of a 
functional relation, talons as an example a problem in the kinetic theory of 
Suppose that wc wish to find the pressure p exerted b> a perfect pas. 
Conceivably p will depend upon the mass m of the pas atom, the densitj p 
of the pas the temperature 6, and the pas constant K which expresses the 
averape kinetic enerpy of an atom as a function of temperature. We ha\e 
then t!ie following quantities 

Quantity p m p OK 

Dimension Jf Mir* 0 WT" 1 *- 1 

Assume that the pressure p ls expressible as n product of powers of the other 
four quantities,* so tint we have 

p - tm t p' ! 0'K‘ , , 

where l is a dimcn«ionlc*.s constant and x, y, z, ir are exponents to be deter- 
mined U«mg the dimensions of our fixe quantities, v>e then pet the identity 

VL-«r-* « a-*)- 


Wc therefore have the system of equations 

t + y + ir - 1, — 3y + 2ir ■« —1, 

— 2tr - —2, z — tr ■* 0, 

from which we easily find x — — 1, y - 1, z — J, ir — I Hence the desired 
relation u 

T-i^- 

As a final example, consider the problem of findinp the energy IP stored in a 
condenser of capacitance C holding a rharpe q the potential difference U tween 
the plates tiring T We then have 

Quantih W C q V 

Dimension If /AT -1 il-'L-'r-Q* Q MVT' 7 Q~ l 

A>.*um np a relation of the form 

ir - tew, 

• Tine r*Ii hty of this luntimptioa may lie eital hshed on oilier ptnumli, see p 
lln l.cman, "D ttn-noonx! \ nalyws,” Cttsp. II 
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where I: is again a dimensionless constant, we get 

i MIST-- = {M-Ur-T-Q^yQ^ML-T-'Q- 1 )* 
s 2r+2eJ> 2r “ 2r Q 2r +»“* 

which yields the equations 

-3 + 3 = 1, -2x + 2z = 2, 2x-20=-2, 23 + y - 0 = 0. 

We see immediately that the first three of these equations are equivalent, so 
that we liave only two independent equations in three unknowns. This would 
seem to indicate that the energy TF can be expressed in terms of two of the 
three quantities C, g, and V. In fact, if we set 3 = 0, we find y — 1 and 2 = 1, 
whence 

TF = kqV; 

setting y = 0, there is found 3 = 1 and 0 = 2, and consequently 

TF = kCV-; 

if z s* 0, 3 = —1 and y = 2, so that 

r.4 

AH these relations are correct, for the quantities C, g, and V are functionally 
related: g = (const .)CF, as may easily be checked dimensionally. 

We have considered here only a few systems of dimensions and the elements 
of the subject of dimensional analysis. More extensive treatments will be 
found in Section 3 of the “Handbook of Engineering Fundamentals,” edited 
by 0. W. Eshbach, and in Bridgjnan’s “Dimensional Analysis.” 



ANSWERS TO PROBLEMS 


Arts. 1-3 Pxgc 9 


1 (x* + rV + I - 0 
3 1/*+ cos Jr ■ f 
5 ! (2 ~ y) - V} + x + c 
7 y •* tan (*tn x + f) 

9 xy *» x 1 4* c 

11 y - *y + e. 

13 y - jxfln x + f) 

15 y — xy 2 “ cz 

17 tn I(z + y)/(x - y)] - Or 1 + c 
19 x nn y *• y + c 
21 y(2xy + c) + z - 0 
23 y s - xr*» - e 


Arts. 4-5. 

1 y 1 «■ xfy - In z) 

3 cos (y x) ~ rr 

6 yfr«c z + *nt x) — z + c. 

7 y ■■ z , (lnz 4-c) 

9 y - co* jf« 

11 2Vz"y -lnv+r 
13 y — xnn (r — In z) 

16 x - y 4- I 4* «■* 

17 cot fy/ z) ~ c — In j 
19 y + V'z 1 + y* - ex* 

21 x*y - v* + * 

23 z •» y In ry 

2* fo) 2x -t- y - fi - rfx - v — J) 4 , /J 
25 3r 5 4. - cy 


2 c 3 ' - »* + f 
4 tmy-fnnx 
C In y »■ ^ In 2 x 4- r 
8 (4 4- JT)(1 - X s ) - e 
10 4zy •• x 1 4- y 5 4- c 
12. 2/ - x - ry 
14 (x 2 - y 2 )* - 4z + r 
16 |f >*i tm(r — z) 

18 y — xVV — rx 

20 2y - x(x* + y* + c) 

22 . r 2 y - y* + r 

21 y cos z « x* + e 

Pxges 15-16 
2 y - (lx +r)r* , < 

4 y - r/V 7 - 3/x. 

6 4x* + y 5 - rx* 

8 x*j/ - z 4 4- c 
10 y - x In (In x 4* c) 

12 z*y - 2 In* x + c 
14. y — j + r rmi 
16 (z - f*)(y ~ I) - r. 

18 In a (y/x) - 2!nx 4 r 
20 2x 4* y - r(x - y)* 

22. y ro* z — x* 4- r 

> 5 In /4x 4 $ji - ?) - 4r - Sy fr 


Art. C P*£es IB-19 

1 y - 2 rin X - z Co* x - 2z' 4- Ciz 4- r. 

2 y « <v' |f 3 y - In z 4* ri/x 4- rs 

4 y — In cci* (x 4 <t) 4- rt 6 (x — rj) a 4 (y — c*)’ “ 4 

C y - x In* z 4- c, / In z + cjx - 3 In x 4- r*. 

7 y — — J In (ci - x*j 4- rj 6 y 4 n In (y — rj) •• 2x 4- Cj 

9 V* - r,x •*- r, 10 c,y 4- ro- (x f r,) « I 
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11 . ;/ = o sin kx + ci cos kx. 

12 . In (1 + ciy) = cix + c 2 . 

13. in (cjy — 1) + fii/ = c^x + c°. 


14. 7/ = lx- - n In [(ci + x-)/{ci - 

- a*)] + 

16. y = ci see ( 2 x + co). 

16. ci(t/ - x) + 2 tan“* cix = c 2 . 

17. y => — •* In (x 3 + ci) -f- co. 

18. y = x- + 2c\x + 2c\ In (x — ci) + c 2 . 

19. (a: - co ) 3 + r = ci. 

20 . In tan (c x y + c 2 ) dt £ = C 3 . 

Art. 

7. Pages 32-38 

1. 3r ;/ 3 + x 2 — c'. 

2. x - hj + r - h 2v ~ 2 - 

3. ;/ - c'( 2 z 3 - i/ 3 ). 

4 . i In (x- + if) d= arctan (y/x) = c\ 

C. 2.S8 ft./K'C., 1 .05 ft. 

7. 105 ft. /sec. 

8 . 2.42 ft./scc. 

9. C.GS ft. 

10. L = i>f /( 2 i>i - ro). 


11 . (a) d = L(1 — c~ zt/L ) ft./scc.; ( 

[b) 0.301. 

12. 2.15 see. 

13. 0.0748 sec. 

14. 0.295 see. 

16. G.49 sec. 

20 . 1.12 sec. 

22. 4.71 sec. 

23. 31.5 min. 

24. (a) 1000 dynes; (b) 0.214 sec. 

25. 27.5 min. 

26. (a) 3G.7 lb.; ( b ) 0.9S0 lb./gnl. 

27. (a) G1.3 min.; ( 6 ) 141 lb. 

28. 1 IS lb. 

29. 4.75 lb./gnl. 

30. 38. G gal. 

31. 150 lb. 

32. 10.9 1b. 

33. 1S.3 min. 

34. (a) 1.29 X 10 7 cal./hr.; (b) G3.4°. 

36. 1 .00 cm. 

36. 28.3°. 

37. 07,000 cnl./hr.; 55,000 cnl./hr. 

39. 2 min. 2S sec. 

40. (a) 0.475 nmp.; ( 6 ) 0.299 amp. 

41. S volts. 

42. 149 volts. 

43. (a) 43.0 volts; (b) 0.120, 2.18 sec. 

44. J = E(r a1 — e tuil, )/(R — ah) amp.; t ~ L In (R/aL)/{R — ah) sec. 

46. (a) 3.08 amp.; ( 6 ) 3.01 amp. 

46. —0.0135 amp.; O.OOOOGS coul. 

47. 95.8%. 

48. («) 1.55; ( 6 ) 1.G0. 

49. («) 11.3 min.; ( 6 ) 13.5 min. 

60. 25:1. 

51. 29.3%. 

62. ( 6 ) S.00 lb. /in . 3 

63. 17.S mi. 

64. 61.9 lb./ft . 3 

65. Max. don. « yl. A m\EI ft. 

66 . (< ,L + 2P)L"/3S1EJ ft. 

57. Ely = /V(.U 8 - z 3 )/G -{- 9 x( 4/, 3 - z 3 )/ 2 -l. 

58. 0.422/. ft. 

59. Above. 

00 . /;/a ™ I Or' - orVfi - G10r/3 

; 3.37 ft. 

61. Ely « 1920 - G10r/3 - 5(12 

- z)7G. 

G2. 1 ft. 

63. 70P/3E/ ft. 

64. 20 lb. 

65. 

GO. 

67. 2irklJ‘/oEh 2 ft. 

69. (a) G EUy - P(L - c)r(r 3 - 2 ch + c=); O/tfLy <= Pc(L - x)(r- - 2 Lx + x 3 ); 

(6) (Pc/3EI E)[(E- - r-)/3t'=. 


Arts. 8-9. Pages 46-47 

1. ftr(cos t + sin .r) — 3 .r — 

4 sin x — 15. 

2. 2 k’c 3 r tan z -f 2 sec- z - 3 tan x + 2{3x 3 + 2x — 2)/z 3 . 
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3. 21n2x +(z* -5x* 4 2 j - 1R )'x*. 
5. In cos x — 21 tan* x — 31 tan 5 x - 2 
6 0 

8. —7 co* Z — 3 Fin x 


10 0 
12 . 0 
14. 0 

16. -4f**cos2x. 


18. 0. 


4. i — *m x) 4 Rr*. 

tanx — 7. 

7. 6 + ISr 4 Gr* 

9. JTr 4 12x* 4 4x*. 

11. r*(cos x - 4 *ia x). 

13 -lOtx?- 5 '. 

16. 0 
17. 0 

19. { a 4 In a)'a‘. 


1. y 
3 V 

6 v 

7. V 
9. y 

11. y 

12. y 
13 y 
1L y 

16. y 

17. y 

18. v 

19. y 

20. y 


Art. 10. r* R rs R3-M 


2. y *■ ri#*' + rjt~ ,n . 

4. y »- <ir* 4 <y“* + tv*'. 

6 y - <*i + (ft 4 <v)f* /s 
8 y - <-j 4 nx 4 (fj 4 r 4 x)r'. 
10 y« r^c j nni + fjc«ii) 


c\f~ u + (y - * 7 

n 4 1#" + cv* T . 

(r, + <v)f"* 

(f| + <V + fJX^c* 7 
ft + ft nn 3x 4 fj cos 3x 
fie* 4 e _s *(<i «n 3x 4 f i cm 3x) 
fj + (fj + fjx) "in 2x 4 (d 4 <v) cm 2x 
ft 4 «"5* + + Cif - V ^ J 

f i* -1 * + f*<ct nn \/3 x + fj cm \/3 x) 

ft 4 f;x 4 fix 1 + fff*' 16. y “ fj + <":i 4 fj sin 2x 4 f< e 

rtf*' 4 ry' -1 -' 4 rj »m 3x 4 e< cos 3x 
d + fjx 4 fix 3 4 Ct nn 3x ifirwlr 
ft 4 d* 4 (a + dxV v ' lJ 4- (ct 4- r«x)f ” ^ 
c*(ft *m x + fi cos x) + c em x 4 f« cos x) 


Art. 11. Pages C7-G5 

I V - ft'* J 4 r^~' u 4 f* - x 2 y - or* 4 f*c** 4 2x* - xf** 

3 y - f i 4 fsx 4 fy - ' 4 x J - 2/r 

4 y - ft am x 4- ej co« x 4 x nn x 4 cos 2x 

6 y ■» * _ *(f| «n 2x 4 ct cos 2x 4 am x) — 2 

6 y — r,r* 4 cy _1 * 4 f* am x 4 ft cos x 4 "m 2x 4 2ie~ u . 

7. y ■» f t 4- r*x 4 (f| 4 f*x)f* 4 3xV* — j 3 

8 y ■» f | fj nn 2x 4 f* rnt 2x 4 2x* — x *m 2x. 

9 y « ry 5 * 4 e^r~* n 4 xV* — rt u 4 Cf*. 

10 y • f t f“* 4 ty~ u 4 x wti x - xf - '. 

II y - ft +or 4rjnm4f| «*t x 4 .Ir 3 — 2x cos x, 

12. y - r* 7 ^ am x 4 f) cos x 4 x am x) — I 

13 y - *• r,r 4 fj> 14. V » (ft 4 fj* “ In cos x^r* 

15 y — n am 3x 4 <•* ms 3x 4 2 — 3x nn 3x — cm 3x 1» cos 3x 

16. y ■» ri *In x 4 fj w x 4 R atn x In (esc x 4 cot x) 4 3-r 

17. y - f-*{r, am 2x 4 f» cos 2/ - r«« 2x In («cr 2x 4 tin 2/)J 4 Jr* 

18. y - o 4. O am x 4 fi cm x — In (*-c x 4 Lin x) — am x In cr« x -4 x cos / 

19 y c j ry* 4 c,f* 4 4 In (r* + 1) - fx - 2 4 2f* In (r* 4 I) - 2/c* 4 

2f In (f* -» I) 

20 y — f'lfj 4 fj nn x 4 ft cos x — In (c*r t 4 col x) — x »m x - 


x In »m / 1 



ANSWERS TO PROBLEMS 


531 


Arts. 12-13. Page 73 

1. y = cix + Ci/ar - 2 + -Jar. 2. j/ = ci/Vz + c 2 z= - i - x 2 la z. 

3.7/“ (Ci + C2 In x)x 4 3x In 2 x 4 2X 2 

4. 7/ - fa sin (2 In x) + t*2 cos (2 In z)]/z 4 2 — 1/x. 

6. ?/ = C|X 2 4 fa sin (a/ 3 In x) 4 Cz cos (V3 In x)]/x — x 4 w. 

6. y fa 4 Co In x)x 4 C3/X 4 x 2 In x — -gx 2 — 2x In 2 x. 

7. 7/ *= (r j 4 co In x 4 cn In 2 x 4 ■} In 6 x)x 2 . 

8. y « ci(2x — 1)4 co(2x — l) 2 — (2x — 1) In (2x — 1) + •/. 

9. y “ 2, z “ ic 2 ^ — 4x 4* £i- 

10. 7 / « 2x 2 - 3cic* + 3x + <*, z * cic* - 1. 

11. 7/ « 2 r sin x, z = {»<4(cos x — 5 sin x). 

12. 7/ *= fa 4 C2x)c“ r 4 c 3 c 2t — -Je*, z == — 2fa 4 cox 4 cs)e~“ x 4 esc 2 * — 

13. 7 / « fa 4 csx)^ 4 fa — x)e” x , z « — coc x 4 (2x — 3 — 2c 3 )c“ x 4 1. 

14. y » x 2 4 O, z *=* — 3z, 1/) = G. 

16. ?/ « cic x 4 f2C"“ x/2 sin (\y/3x 4 «), « = cic r 4 C 2 C^ xl2 sin (i\/3 x 4 a 4 f^), 
*= 4 C2C x ^ 2 sin ( J-\/3 x 4 « + 4“ 71 *)- 

16. 1/ ** cix 22 4 co/x 2 — 1, z = ~ (fax 22 4 l^/x 2 4 5. 

17. y “ cjx 4 co/x 2 4 2, 2 = §cs/x 2 4 4x — 1. 

18. ?/ «* Cjx 4 co/x 4 4 |-x In x, z « -oC^x — co/x 4 4 $x In x 4 *Jx. 

19. y » Cjx 4 C 2 /X 2 — -gX In x, z = — 2cix 4 4co/x 2 4 In 1 4 ^ 4 5. 

20. 7 / « cjx 2 4 cox'^ 4 cos in x — sin In x, z = c\xr 4 t7> c 2 x ^ + 2 cos In x 4 

sin In x. 


Art. 14. Pages 86-93 


1. \/2 ft.; 2 t/ 3 see. _ 

2. 2tVl/ 0 see.: 0 — a cos (t\ / g/L) rad. 


3. 2V , (7// > rfn (a/2) rad./sec. 

6. 2.0! ft. /sec. 

7. GG.5 lb. 

9. x « 1(^/2 gin ^2g l 4 cos 

10. 3.9S lb. /ft. 

12. 1.81, 14.5 lb. 

14. 0.00294. 

16. —9.82 ft. /sec. 2 

18. Yes: A' » 29.S lb. scc./ft. 

20. 80.4 7c« 


4. 1 1.3 ft./sec. 

6. 0.5G1 sec.; x = 0.244 cos 11.2/ ft. 

8. (a) 42.2 min.; (6) 14.1 min. 

/2gt) ft. 

11. a = 0.0351, 5 • 5.03. 

13. 0.39S sec. 

16. (D 2 4 9.37D 4 39.5)x » 0. 

17* (a) —9.16 ft./sec.; (6) -8 ft./sec. 

19. 49.1'* 

21. 1,28 ft. 


22. (. 1 ) X = 2c~ u - c~ 2t ft.; (5) 0.437 ft. 

23. (a) 0.510 sec.; (6) 2.10 ft. 24. 3 Fee.; -0.803 ft. 

2G. (n) (Cc~ n! sin u'()/(?r - a- - J 2 ); (b) -(Ctc~ al cos«0/2«. 

2G. (a) — 1 .03 ft.; (5) -3.14 ft. 27. -0.364 ft. 

28. 0.102 ft. above. 29. \ lb. 

30. (a) 0.052 ft.; (5) 1.025 ft. 

31. (,j) 4 Vr, lb. Fee./ft.; (h) i=(I+Vj t) r -Wii - ’ cos 2 t ft, 

32. 0.705 ft. /.®ee. 33, 0.S75 ft. 


36. (a) 0.0000100 eoul., ft.OSll am}>.; (ft) 0.000007S3 coul., 0.0225 amp • 
(r) 0,0000151 eoul., 0.0421 am}). 
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Arts. 3H0 Pages 178-175 

1 («)*-*V2»+ +(-!)— *x‘— 1 <2»- 2)' + ,)xl<», 

(fc) a* - xV3* 4- 4- (-!>— V— */<2« - 1)1 + , M < », (r) 1 + * 

- +(\/3r«H(«*/4)r“/n' 4- |x| < *,(0 1 + x +x*/2 4*x>/3 

+ 5x 4 21 J- |r|<«,(f)jri , /3+ + X 1 — V(2ri - 1) + . 

I x ' < !,(/) 1 +xV2 4-x* 2 4-x‘/3 + . |x|<« 

2. (a) 0 740S (5) 0 0203, (<■) i - x 1 2 1 4- x J /3’ - x 4 /4* 4- ,(/)0 253S, 

<e) 0 3103, (/) 0 2120 

3 (a) V + V*/G + 3//40 4- , (&) V + ST/4 4- J/*/T2 4- y*/57G 4- 

4 0 030 5 (1 15 0 335) 

6 100 7 2 75 

8 0 211 5 0 10<i ft /#c*c 

10 0 210 11 1 4CS 

12. 0 5117 13 0 501 nec 

11 7 02 X 10 “ ,J cfR/em 1 deg 4 16 (a) 2 17 m 12C m , (5) 0 000 in 

17 (5)3 75 


Arts. 11-42. Pages 1B5-1B7 


1 vt - I + x 4- x* 4- x*/3 4- x*/i: 
2. 1 75, 

4 124 11. 

8 y - fi(1 4- x) 4- fiVi 
10 V - fi<4 4- fsv'x 
13 1 07 ace. 


4- x*/l20 y - 2r* - 1 - x 
3 8 70 ft eor 

7 y *• ej f»vth Vx + fj amh \^x 
9 y ■» rj (1 — x) 4 r-/x 
12 I 53 wm- 

11 (n) 0311 in ,(5)02O0 in 


Arts 13-45 Page 106 

1 ^ - ^ros x 4- ^5 3x 4 ^eos 5x 4- ^ 4- am x — i am 2x 4* i am 3x 

2 -V - fi(cr*x 4-y t rtw3x 4'^e«,5x4- ) + f [( 7 - “ T>) X + 

^am2x 4-(^- - -)*m3x 4- j*in4r4- ] 

3 ESjllfl 4-2^™^(cosnx-ne'nnx)] 

1 -l 4 »«nr - \ eo*x 4- 2]P 


H^fl- 

rw ns 1 

6 

fin fir r 

„ | 1 4- 

. I 1 

--Ltu—il 


1 I r 
flf 1 

:M 

rrv, 2 ft/ *J 

^4n’“J 

8 

i 4* J »in x ■ 

~ 4iy 

■ (-!)* 

10 

„y ( — D" 

3 .4i 

| n 1 
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Arts. 46-48. Page 204 

1. ;[(t "f)"" 1 ~f slD21 + (T _ ?) si " 3 '' - jsinte +•■•] ; 




1 1 0 1 „ , \ 
cos x — ^ cos 2x + Zn cos “ 75 cos 4x 4 1 - 


2* 


4 2 


2 »[1 - (“D n ^] . c T - 1 2 1 - (-l) n c T 


rr n~ 


»- 1 


4* 1 


■sin «x 


c — i ^ ^ 1 ~ v 

*■ * h\ n ' 


/4 8 \ rx 2 . 2rx / 4 • 8 \ . 3jtx 2 . 4-x , 

4 -(; + p)""T-; M, Y + ( 5 + s?)“T-s'"— +- - 

R 2 sin 2ri:rx 8 ^ cos (2/i — l)rx 

■ “ - hi (2. - n 5 

( — l)” +1 n sin httx ( — l) n+1 ?J sin (nr 2 /4) 

i.l+(8, m i)^ !- , u _-. ;cscl =2,V5£ TT— 


+ 1 


cos 2(2/2 — l)x 


* cos nx. 


_ j — 

n •* 1 11 '• 1 n - 1 


t.LIv — l — 

2 r= ^ (2n - 1) ! 

S cos 1(2 n — l)rx 

* n -Tj* 

32 


(2n — l)rx 2 1 . mrx 

2~ 


2 1 

cos > - sm 

2 


rx - 2 . 2rx 1 . 3rx r 2 . 4 tx 

' r m —*t 

1 1 1 


si "f + 8 sin T + 5 i s "’f + i 6 ' in T + -)' 


32 / . 

s- : = 32 ( 1 -I + I-I+...) 

2 16 ( — l) n+1 cos (nrx/2) 


10. - 


3 


E 


11 0< y> sin -.(2>i - l)rx 

'- 3 i — ■* (2n — l) 3 


n - ! 

13 ‘ ? [(t ~ T 5 ) sin rx + i rfn 2xx + (i ~ I) sin 3 « + j sin 4** - • • • ] ■ 

.,1.4 COS 72 rx „ / 1 1 \ 

14. -+-„£] ~;r 3 -G(l +•••)• 

3 r- ^ n- V 2- 3- / 


«•-* + 4 £==?=• 

3 n- 


Arts. 49-61. Page 213 

6. 1.30 4* 0.02 cos x — 0.42 cos 2x 4- 0.1S cos 3x + 1.10 sin x — 0.GS sin 2 x — 
0.21 sin 3x, 


„ 2 v' 2 LV / 1 l 

3. / i j 

* h i:i \ ’ 3* 5 s 

4. 1.02 in. 


Art. B2. Page 217 



5. 0.279 in., 0.283 in., 0.280 in.; 4.5 ft. 
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Arts. 63-5G. Pages 221-237 


2. (a) 0 $93; (b) 0 451 ; <r) 1.31 ; (<*) 0 21 
4. 2^3 
6. 3.01 
6.3M 

10. (o)2r(I + I'Snjrn 2in)/fnr(l + 1 

11. 0 275 

14. v^o h * +, rO n) f 2n I ( J + l/n),7! 

15. 0 01,(2 89, t 13) 

18. 0 121 
24. 105 

26. 2.22 »«• ; 1 G9 we. 

23. 0.327 nt 
30. 5 43 nr 

32. - 2) H(n + l)/(2n - 

33. \'*/{2n + 2) rjl/(n + 1)1/ r[(i 

34. r(o) 1X6) 1X0/ Ko + 6 + e + 1) 


6 . 5 24 

7. 0 431 
9 8 13 

' 2 m t |/ 2 r»l,(e.) US. 

13 \/r IXI/n)/ntXj + l/n); 1.31. 

17. 0,350; 0.310 
23 4 38 
25. 0C07 
27. 37 9 min 
29. 0 157 nt. 

31 (a) 0 73(5 nt , (fc) 0 120 wr. 

2)1 rj r»/(n - |)|; t 11 nt 
i + 3) (2« + 2)|; I 57 nt 

S5 fc(J. I {),&■ 


Arts. 57-04. Pages 245-247 
1. 0 2230, 0 4 101; 0 9003. G 0 33G7. 

10. \/2/«r|(3 — r 1 ) fin r — 3x cm t)/x*, 0 1 374 
14. ci - VHJr, r, - 0. 15. 0 390 

16 0 545 

20 x 3 <f*y 'rir 4 4* 2r* tfy/dt* — x if y/dx* + dy/dr + x^y •• 0 
26 030 m ; 1*2S* 27. 1 60. 


Art. 65. Pages 256-257 
6- r* - «W*) + tPi(*> 4- ?PiW. 


Arts. G6-G7. Pages 2GG-2C8 


1. 0 093 
3. 0 785 
5 -0 218 

10. (6) A ~f i«n vWftf- 

12. ,i - l/A\/2 

16. 2i3. 


2. 1 Cl 
4 0 459. 

8 . 0 210 . 

11. 0 690 

14. J 

17. (a) \/2, (&) 0.20S nt- 


Arts. 65-70. Pages 279-250 

a 11 /. rr Off 3r/ 3lr<\ 

1. y *• — ^3 am — cm »in —cm ~j~ j' 

r>7. / »r Off 3r i 3i»f\ 

2. (a) ^ ,m ~f r,n "£■ ~ * ,n Mn —) * W 0 ,lt 
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. , , 2 47/ A 1 . (2« - l)r-r . (2n - 1 )flr< 

S' w E (STToi S1 " 1 ” i !® m “ 

3L 3 A (-I) n+1 . titt navi 
- ^cos — 

18m 1 / . 72r . . 7i7TX na~t 

6 - a** E ? T + ” n t) “ T cos — ' 

SSL A (-1)” . (2»-l)«r (2n - \)a*t 

10 - Zip Lj r ^ sm cos ' 


oij \ { — j; . 

4. , n — sm -7— cos - 7 —* 6. 0.235 in. 

2 °" r£ri n 


-E A (2n - l) 2 
?0 3 L 2 


2L 


2L 


12 _AV i 

• aV A (2n - 1) 


1 . (2 n — 1)ttx (2n — 1 )a-rt 

cos - 


3fim ‘ 2 L 


2 L 


Art. 71. Pages 284-286 


, / ,20° A (-I)”* 1 . nirx 
1. (a) — ) — 

T A-/ 7J 


2. (a) x + - — — sin • c n **"«~</i 600 . ^ 12.7°. 

ST “ [ 40 

. . _ A , 190* 200 1 . (2n — l)7rr n 8 - 2 ^s #/ »a 

3. (a) 50 + — > pin - c _(2n ~ n * a ,/L ; 

L< x *-f 2n — 1 L 


sin -j- • c 

n 4-1 


— n“r‘art/L? 


; (6) 4.76°. 


n - 1 

i / s 50x 50 1 , 2 rnrx 

4. (a) 25 + V - sin —— • 

L * hi ” L 

8000 ^ 12 - (2 n - 1)V ._ (2» - \)rr 

T 


An*ircrt/L ~ , 


, (b) 28.9°. 


•* S ( 2, ‘ - i ) 8 


10 


G. 7.52°. 7. 32.3°. 

8. S8.7°. 9. 7.73 min. 

„ . . S/ILA (-1)" . (2« - l)xr 

10. Ax -1 — > -A C — sn : t — . e - <2n - n «■ « 2 i 

- 2 n 4l(2n-l) 2 2 L 

15. 2«hW j, ‘ V sin ~ • 

Ms + rrir'a" L 




1 . (2;i - l)trr 


; sin • 


r{ ( 2>1 - l) 3 ' 

-nV., 

r-r A—/ *> ^ 


■ (2n ~ Wr‘-ct~t/a x 


19. .1 + ~ ^ — — s in — ■ 


Art. 72. Pages 292-293 

1. 0.278 «<,. 

„ 200 A (-l) n+l / r \ 2fl_1 

l rEA^ ™(2»-W. 


3. 31.5°. 
40 


i (2n - 1)=\10 


4. 100 sin (tx/S) • r ~ rJ,/s . 


• » * E A; —75^ • » *■' ™„ 2 .s « m . 


(6) G5.7°. 


10 



wsurus to mow ims 


T.gPy V 1 nn (2n - |)tf 

f=iU« -U l s 

„ 12000 ^ {-l)'* 1 Hrt 

8 — S-?— m To- 


0 — r ) i*»r 

r <2n - 1)* 

10 25 O', 6 79* 

11 *~Y ( " 1V 

r J Z-(2„ - 


art/IO 

( 2 n-l)rx _ r 


, 4 l ( 2 « - D*«nM 2 n - l)r 

1200 a 


(2 n - })tx (2a - l)ry 


12. - 

*■* ( 2n — D*«nh 3(2n — l)r 

->00^ (- l)" +l (2n - l)r -2 , x . 

i* ^ (2n - I)*»nh (in - 2)w 1 


JO 


10 


Arts 75-74 Pages 304-305 

3 p - pa - tWr 3 + i r)*/2? 4 p - pa - p/2 j(r s + jr) 

2200 v> <-!)•._ nrr *Vi/io*rC 


1000 


6 1200 - 12 *- — 

*■ £zi n 


7 0 007 amp , 0 14 1 amp 

0 2 72 V LZJLlg^t 
ir{ l + »*»* 


8 5 3%, Gl 7*7 871% 
« _,00 '(roe lOOaW - nr am lOOnW) + 


Arts. 75-76 Pages 320-321 
1 ( a ) -4 9 — 14,27 linea/cm *,(5)8 1 «atu 

4 0 125, 0 095 0 075 0 OGt »> /ft * 5 0 15') 0 144, 0 1 33, 0 123 lb /ft.* 


Art. 77. Page 324 


. sri Jalamf/a) fo.t 

C So 1 A ) - - — - w 

fri ,(«*«) « 


Art. 78 Pages 32S-329 

1 50,1 -Mr n)fwt| 

“ {fi3<w‘9 - 70«w*tf + I5roia) + | 

3 . *r» - O' aflVmtO. 



539 


ANSWERS TO PROBLEMS 

®- w [l (9 Pi(cos o) - 1 (9 Pi(cos o)+ ^ (9 P5(cos o) ~ • • • ] • 

[ r* r 6 ~1 

1 — r 2 P 2 (cos 0) + — P-i(cos 0) — — P 6 (cos 0) H J • 

8. £r/ 0 [3xc~ 2 ** + (ox 5 - 3x)c~ m# J. 


Arts. 83-86. Pages 369-371 
d'W d 7 W d~W\ du dw du dw du dial 

+ — + ^) + I 


Ox 2 
/dw 


dir 


Ox Ox 


dw dw 

m cos a H cos 0 i cos 7 

\ 8x Of/ 02 


Or/ Or/ 

)rfS; 


Or Or J 


7 ' fffr I" (l 

jfr 

Jft[-(S+3+30-(S+S + S)]"- 

rrf/ dir 0n\ t / Orr 0r/\ A # 

If ( U W J COS tt + 17/ w — ) cos 0 + 

JJs L\ Ox Ox/ \ dy dy/ 

f dw du\ 1 

(1/ w — ) cos 7 I dS. 

V Or Or/ J 

8, p a — = (a + b)Vu + fcV’-v. 

Arts. 87-89. Pages 386-387 

2. Points where y = a. 4. (a) 0.021 ; (5) 0.942. 

6. 57. 6. 1.743, 0.005. 

7. 32.18, 0.04. 8. 2.1 in., 39.8 in. 

9. (a) 83.2S8, 0.021 ; (6) 0.014; (c) 3, 4; (d) 0.774. 

10. 97" 30' 39.45"; 2.05", 1.3S". 


Art. 90. 

1. 24.4 mm. 3 

2. V - 2.28 + 0.1S79u> lb.; 30 lb.; 

3. )/ >= 54.9 + 0.500x gr.; —0.7, 4.8 
5. R «= 0.7 + 0.0092 l rt lb./ton. 

7. M - 0.3793 + 0.075r; 0.0000. 
10. 21.7 ft. 

12. 1 .900 ohm?. 

14. f » (3.15/ +0.0035/-) X 10- c vol 


Pages 391-394 
0.01,0.32. 

. 4. y «= 0.0470 + 0.00407P in. 

6. b/a = 1.003 - 0.0505r. 

8. Q = 101 - 51c-" 50 lb. 

11. x = -1.172, // = 1.039. 

13. x = 7.1, y = 3.9, s = 2.3 gr. 
16. 21° 13' 28.30". 


Arts. 91-92. Pages 402-403 

G. 0.7052. 

8. -0.00.4. 


7. 6.00 see. 

12. 53.7°, 47.1°, 42.0°, 37.8°, 34.1°. 


Arts. 93-96. Pages 418-419 

6. (b) (4n + l)sr/2 + i cosh -1 2, n an integer or zero. 

8 . (6) sinh ! 2 + — rfnh~* 2 + (2n + !)«’, n an integer or zero. 

9. (/<) >inh 1 1 + (4n + l)n/2, — rinh -1 1 + (4n + 3)-:/2, n an integer or zero. 
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Am 07-101 Pages 430-437 

6 (f) in' 4. A? - 1$ - A*) 2/) (/>* - /J? + 72* - AT) 2/>, fl7/>, 

A* 4 - /l* -r /^ + /’J - 2(/>*A*? + V s f' 3 + A*?/i) 

7 t .. tfu' - 3«r) ■> - c&ub ~ r*) 

8 1— r(u* - CuV 4- r 4 ) S “ r(lu*r — 4w J ) 

10 v • cO** — »*>*) r™2clS ‘•'trramlinrs an ! cquijwtr ntiils an ronfocal 
parabolas, focus at O u aaw as common axis. 


Arts. 102-105 

5 2,(-l ± V^fl » 

Arts. 100-107 

i v - a* 

3 y - 2t* - 3c-' - / 

5 y - (* + e« - #-** 

Art. 103 

1 y «* 2 + f-in t — cm/ 

3 y - 2 - c» 4- 3- ' + f *< 

6 y — c' 4- tnn t 4* cos t — I 


Pages 459-4C0 

Pages 4C8-4C9 
2 V - «** 

4 y - (3c w 4- 2'V“*)/4 

Pages 475-170 

2. y - 3 mn / — (I + 0 cm < 

4 y - 1 4-21 -«nf + 2 cost 


Arts. 100-111 Pages 491-492 

1 (n) h - 3(4 - 3e‘« - c->*) It - $<2 - 3e~' + «"*'),(/) /i - A(8«n t- 

0 cm f 4- 5c-* + r“") h - i'o(2m(W - l cos/ + V~ 4 - c* ,r ) 

2 (o) (i - V<3 - f~ ,n ~ Sc"*') *r - y(«-* * - r ") I, - V(3 - 2e- ,,J - 

c'*),(0 ii ~ 3*1(18 cos 2/ 4- 21 em 2/ - t~ ,n - ITr-" 4 ) tj - r i a (l5cm 
+ '» xm 2/ + 2« ,r - 17c * f ) i, - r ta(21 cm 2/ 4- 33 sin 21 - 1c~* 1 - 
17c ,f ) 

3 (o) (I - 1*3(1 - Ce~ M# * 4- *Sa. «") It - AO - 3c“ wi + 2c"* M< ), (6) /* - 

0 000)»inl20W - O00S1 cm 120W - 0()2l(V“ I99, 4-0 

4 («) An - A(27 - « c * - V ,w ) A,j - A O - 4c“‘ - Sc- 1 *') 1 ,, - 

l<f ' -r ,9, ).(0/i - y^pncirtW + 27amW + 5c“* - 101c "*) 

5 0 153 0031 0 102 0 021 DOTS amp 


Arts. 112-113 

7 O'* 7* 


1 a* p*(p 2 4- o’) 

3 2 rp* (p* f n*)* 

6 c-**r(n + 1) p’* 4 
14 y - c 2 ' - r' 

1C / ~ C 1 Bill / 

18 y- rtf,<0 

20 t/2 

22. \/T7/ 


Pages 609-610 

8 0 100 0 0701, 0 0045 0 01G0 amp 

Pages 621-622 

2 2/r 1 ’ 4- a V 

4 2r*p (p 4 4 In 4 ) 

C 2‘i(7p* - a 1 ) ( p 1 + n*) 4 
16 y - ^ +,"* - r ** 

IT y - c* / 4- nn t 

19 y - cfV,(f) 

21 wt- 2 


Arts. 114-116 



Index 


Ah units, 523 
Abel, 127 

Absolute convergence, 158 
Absolute value, *105 
Acceleration, vector, 3*13 
Addition, of series, 101 
of vectors, 331 
Admittance, indicia], 481 
transfer, 4S4 
Air resistance, 21, 101 
Alternating current, 207, 305 
Alternating scries, 159 
Ampfcrc, 149, 30S 

Amplitude, of complex quantity, 404 
of elliptic integral, 127, 132 
of forced vibration, S3 
of s.lun., 75 
Analysis, circuit, 479 
dimensional, 525 
harmonic, 208 
vector, 330 ff. 

Angular velocity, critical, 115, 110 
Areal velocity, 344 
Argument, 401 
At led, see Del 
Atmospheric pressure, 30 
Auxiliary equation, 43 
Average deviation, 381 

Hagai, see Dwight. 

Bar, vibrating, 2S0 
Bartlett, 3S1 
Bateman, 209 

Beam, cantilever, 35, 93, 10 1, ISO 
elastic curve of, 27, 124, 214 
on elastic foundation, 124 
potential energy of, 2$, 214 
simple, 29, 214 
Uniformly loaded, 30, 210 
with fixed ends, 37 


Bei function, 239 
Bending moment, 28 
Ber function, 239 
Bernoulli's equation, 10 
Bessel function, 227 IT., 267, 502 
ber and bei, 239 
expansion in series of, 230 
of first, and second kinds, 239 
zeros of, 233 

Bessel’s equation, 22S, 208, 404, 510 
Beta function, 223 
Biot-Savart relation, 149 
Boltzmann, see Stefan 
Brake, mechanical, 138 
Branch current, 477 
Branch-point, 418 
Bridgman, 520, 527 
Bromwich, 401, 492 
line integrals, 492 
Bush, 470, 507 

Cable, flow of electricity in, 117, 300 
suspended, 107 
Calculus, operational, 401 fT, 
Cantilever beam, 35, 93, 101, ISO 
Capacitance, 30, S3 
Capillarity, laws of, 110 
problems, 110, 139 
Curse and Shearer, 208 
Carson, 461 
Catenary, 109 

Cauchy-Reimann equations, 410 
Cauchy’s equation, OS 
integral formula, 447 
integral theorem, 444 
ratio test, I5S 
Change of interval, 200 
Channel, flow out of, 430 
Chemical reaction, 30, 85 
Chemical solution, 23 
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Cf «ni*try, physical, &3 
CltrtMoffe!, wr Schwarz 
Circuit, elect nr, 23, S3, 47G 
Circuit anily»i«, 47*1 
Circuit current, 479 
Circular eumnt, 1 10 
Circular transformation, 415 
Col>!e, (12 

CVWIieirnt of nvombtriatian, 120 
Comlim.it ion, 372 
integrahle, 4 
of wne*, 205 
principle* of, 372 
Companion tr*t, ISS 
Complementary funrtion, 39, 47 
Complex quantita, 401 
Oaneent ration. 23, 313 
grade nt, 313 

Conifonvr, nice effect »n, 430 
energa atom! m, 52(5 
Conductiviti , thermal. 21 
Conjugate function*, 412 
Conn n at lie force, 3(3 
Con**ant, gravitational, 21 
Omlinuil), fruition of, ?K1, 315 
Contour integral, irr I me integral 
Convergence of renr*, 557 
alunlute, 155 
region of, 1 57 
uniform, 1G7 
Convruon fir ton*, 523 
Cooling, New ton'* law of, 35 
(Jurd, /nrtnging, 145 
Co-tnr-intrfcral funrtion, 522 
Courant-HiHtcft, 200 
Cnltc-tl angular irkinti, 115, UR 
Curl 311. 352 
\am-hmc of, 303 
Clmrnt, alternating, 2WJ Jt£> 
hranrh 177 
nrrujj -IT*! 
firm 1 if 119 
*dh aw 
effective 207 
W oral ton, 120 
Ojrti« <0» 

Ounattre, irr tor, 315 
Cunr eli»tir 27, 121,214 
o' emir 377 
1 mtjiIxliH 373 


Curve-fitting, 2&S, 355 

I) (ojieralor), 42 fl 
I)ihl, 47C 

Damped motion, 75, 525 
Damping factor, 78 
IV Moure'* theorem, 405 
IVeompcmtion of radium, 3G 
Definite integral* evaluation of, 172, 
450 

Deflection of beams, *rc lVam 
Dii, 3tn 

Urp-wlrncf, linear, 4 1 
Dependent e\tnt*, 373 
Dejiendt nt van able lacking, 1G 
Derivative*, of complex function, I0G 
partial, 258 ff 
De\ nt ion, average, 351 
stand ml, 379 
of tiir mean, 3S5 
Difh renre equation, 395, 402 
DifTcnntial, total, 2G2 
Differential equation, Bernoulli**, IG 
definition of, 1 
Kulrr'*, «S 
exact, 5 

homogeneous, 9, 39, GS, 2»/l 
integrahle combination*, 4 
linear, of firat onUr, 12, 4fll 
of higher orilrr. 35 ff . 2ti8, 4G5 
non-hneir of higlnr onler, 10, 17 
numerical solution of, 3M ff 
ordinary, 391 
partial, 395 
onler of, 1 
ordinary, 1 ff , 391 
partial, 1,255/7,393 
red uni ite to linmogcnmtia, 15 
fimuiVancoua; 2*, fi? 
aolution, met 1 k*I of I rol* mu* 1 53 
nummeil, 391, 3'*5 
PirnnT* mi thM, 179 
aolutmn of, 2, 270 
\ arutitca separable, 3 27 1 
Differential ojieralor, 42, 499 
Diffi n nti ition, of **•««•* IGt 171 
of vector*, 333 
total. 2».2 

under integral wgn, 2i«3 
Difftnmn, 313 103 
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Diffusivitv, 281, 314 
Dimensional analysis, 525 
Dimensions, 524 
Dipole moment, 253 
Discontinuity, finite, 192 
Dispersion, measure of, 3S0, 384 
Divergence, 341, 352 
Divergence theorem, 354 
Division of series, 102 
Double Fourier series, 323 
Double interpolation, 128 
Dwight and Bagai, 313 

Eddy current, 305 

Edge effect in condenser, 430 

Edwards, 220 

Effective current and voltage, 207 
Elastic curve, 27, 124, 214 
Elastic,!, 143 

Elasticity, modulus of, 27 
Electric circuit, 25, 83, 476 
Electricity, flow of, 117, 300, 410, 420, 
433, 507 

Electromagnetic units, 523 
Electron, 03 
Electrostatic flux, 420 
Electrostatic units, 523 
Ellipse, length of, 125 
Elliptic functions, 133 
Elliptic integrals, 125 fi\ 
amplitude of, 127, 132 
evaluation of, 173 
Jacobi’s form, 133 
Legendre’s form, 133 
modulus of, 127, 132 
of the first kind, 131 
of the second kind, 127 
of the third kind, 131 
Empirical probability, 373 
Energy, potential, of bent beam, 28, 214 
stored in condenser, 526 
Equi potential, 297, 419 
Error, curve of, 377 
function, 378, 500, 507 
mcan*sqimre, 2GS, 384 
of observation, 374 
probable, 379, 38! 

Edihneh, 527 
Essential singularity, 451 
Euler’s equation, 68 


Euler’s relation, 51, 405 
Evaluation, of functions, 172 
of integrals, 172, 45G, 518 
Evaporation, 4, 313 
Even function, 19G 
Events, dependent, 373 
independent, 373 
mutually exclusive, 372 
Exact differential equation, 5 
Expansion theorem, Heaviside’s, 473, 
494 

Exponential order, 512 
Exponential-integral function, 522 

Factorial, 218 
Faraday, 368 
Field, magnetic, 149, 305 
scalar, 347 
vector, 352 
Fisher, 372 

Fixed ends, beam with, 37 
Flow, of electricity, 117, 300, 419, 426, 
433, 507 

of fluid, sec Fluid flow 
of heat, see Ileat flow 
out of channel, 430 
Fluid flow, 294, 344, 420 
irrotational, 297 
out of channel, 430 
Fluid pressure, 3G, 294, 526 
Flux, electrostatic, 420 
Force, conservative, 363 
Forced motion, SO 
Forsyth, 385 
Fourier series, 1S8 fT. 
double, 323 

Fourier-Bessel expansion, 324 
Fourier’s theorem, 192 
Frank-v. Mises, 233, 269 
Frequency, of s.h.m., 75 
Fresnel integrals, 460 
Frobcnius, method of, 183 
Fry, 372 

Functions, analytic, 404 fL 
her and bei, 239 
Bessel, 227 IT., 267, 502 
beta, 223 

complementary, 39, 47 
conjugate, 412 
corimvintegral, 522 



Function*, elliptic, 133 
tmir, 378, 500 507 
evaluation of, 172 
even, l'X) 

exponential integral, 523 
gamma, 21 S ft 
harmonic. 412 
I oraop neou«, 0 
hv pertain, *H f! 
iimrv, 160 415 
tagcndre, 2 17 
hnc&rU indrpt ndcnt, 41 
nvippuig, 414 fl 
multiple atucd, 415 
non-arudvtie, 407 
old, 1% 

of a complex vsniblr, 401 ff 

[ii, 220 

r in x. \ ilu<* of, 205 
«no-iniegml, 515 
stream 420 
trmdnuon, 520 
unit, 481 

Gamma function, 218 IT 
Gas, ionization of, 11*1 
(nw, k iik tic theory of, 520 
Gauss pi function, 220 
Gauss s theorem, 3G0 
Gi in ral dilution 2 
OihlM-WtUin. 333 

(tour^at, 40 

(imirsaUHedrirk, 131, 102, 204, 410 
Gradient, toneentraiion 313 
temperature 2 i 
\rc*or 311 317 310 
Grant. 372 

Gravitational potential, 3 1*> 305 
Gravity eon*tant of 21 
Greens lemma 411 
Green n theorem, 301 
Gyrretatie p* ndulum, 03 

Half range f <mner*me,», Jl>8, 202 
Harmonic analyst', 208 
Harmonic Junction 412 

Heat rpcafii* 2S1 
Ife-tt flow, U»» of. 21 
nne-drncn»i«nl 2S0, 4rtJ, 501 
ra hal 2 m, 


Heat flow, stead} -*tatc, 21, 282 
tJiretMlttnrtL'iional, 2sS. 302 
trvrt'ti nt, 282 
tao-dtmcti'tonal, 2SG, 420 
Heaviside, 4i,t ft 
ctjnn<ion theorem, 473. 401 
Ilcdnck, 407; zee a/to Goursat 

Henry. &*S 
Hiltart, trt Courant 
Homogeneous differential equation, D, 
30, 08, 270 

Ilom igeneous function, 9 
Hooke’s law, 20, 7$ 
j Howe, see Soucek 
i Hvdrodvnamic*, 211 
I Hyjxrtahe funrlloti*, 91 IT 

Mmtical sine*, 1C5 
luce, 2, 11, 05, 1*41 183 
Independence, linear, II 
Ind< [m ntlt nt cvtnt« f 373 
Indepcmhnt \ inahlt lacking, 17 
Indimf admittance, 4SI 
Imlx tal equation, 1S5 
Induct anre, 25 
mutual, 477 
Infinite fenc*', »<e Penes 
Inti jt ral. ilt ( ombinationx, 4 
Integral formula, CauchvV, 417 
Integral linear transformation, 418 
Integral theorem, CnurhyV, 4 1 1 
Integral', differentiation of, 2t>3 
elliptic, 125 /T 
evaluation of, 172, 150,518 
J remel, 400 
line, t37, 450 
parlirular, 3 * 01 
probability, 378 
Integrating faetor, 0, 13 
Integration, of *cnta, 101, t70 
of sectors, 339 
Intmutv of field, 149, 305 
Interjiotation, doul le, I2S 
Interval, change of 200 
Inv rr*c function, IW 415 
Ionization of gw* 119 
Imitnti wist It »», 2>7 
N dated rlnpilmti, 451 
K.therm, 420 
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Jacobi, 127, J 33 
Jacobian determinant, *116 
Jahnke-Emde, 233, 234, 515 
Jeffreys, 461, 503 
Jones, 476 

Knsner, 407 

Kinetic theory of gases, 526 
KirchhofFs laws, 20, 83, 477 
lvnopp, 150, 167, 206, 217 
Koenig, 213 

Lagrange, 63 
Lungsdorf, 305 

Laplace transformation, 510 ff. 

Laplace’s equation, 289, 297, 346, 317, 
132 

Laplace’s law, 349 
Laurent’s theorem, 451 
l/*ast squares method of, 3S7 
Legendre, 127, 133 
functions, 247 
associated, 257 
polynomials, 249 
expansion in series of, 254 
Legendre's equation, 247 
Leland, 3S4 
l>evel surface, 3 IS 
Light, refraction of, 347 
velocity of, 368 
Limiting velocity, 23, 101 
Line integral, 437, 456 
Bromwich’s, 492 
Linear dependence, 41 
Linear differential equation, 12, 38 fL, 
268,401,465 

Linear transformation, 418 
Lipkn, 208 

Liquid^, evaporation of, 4, 313 

Mnclaurm’s series, 159 

Mac Robert, 456 

Magnetic Held, 149, 305 

Mapping, 414 fL 

Murchbanks, 313 

Mavis, see Foueefc 

Max well's equations 3GS 

McLachlan, 227, 239, 241, 311, 313,511 

Mean hydraulic radius 155 

Mean-square error, 26S. 384 


Mean-square value, 206 
Measure, of dispersion, 3S0, 3S4 
of precision, 377 
Mechanical units, 524 
Membrane, vibrating, 321 
Mesh, electric, 477 
Miller, 372, 392, 400 
Milne, 394 

Milne-Thompson, 394 
Mises, v., 3S5; see also Frank 
Modulus, of complex quantity, 405 
of elasticity, 27 
of elliptic integral, 127, 132 
Moment, bending, 28 
dipole, 253 
vector, 341 

Motion, damped, 7G, 525 
forced, SO 

Newton’s laws of, 21 
of fluid, 294, 344, 420 
of pendulum, SG, 128, 474 
orbital, 344 
planar, 515 

rectilinear, 21, 73, 100, 224 
simple harmonic, 75 
under conservative force, 363 
under resistance, 21, 76, 101 
JW-test, Wei ers trass’s, 169 
Multiple-valued function, 415 
Multiplication, of series, 101 
of vectors, 334, 335 
Mutual inductance, 477 
Mutually exclusive events, 372 

Nabla, sec Del 
Networks, 476 
problems, 4SG 
Neutral axis, 27 
Neutral surface, 27 
Newman, 313 

Newton’s laws, of cooling, 35 
of motion, 21 

Non-unalylic function, 407 
Non-bom ogcncous equation, 40 
Non-linear differential equations of 
higher order, 10, 17 
Numerical methods, 394 fl. 

Observation, errors of, 374 
Odd function, 196 
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Ohm’* Uw, SO, 117 
Ollendorf, *fr Rathe 
Opotowshi, 138 
Operational calculus, -tGt ff 
Ojierators, del, 40 
differential, 42, 460 
Iviplacian, 3tG 

P. 4f0 

Q, 461 

Tavtnr'x, 400 
Orbital motion, 311 
Order, of difftnntial equation, 1 
reduction of S3 
Ordinarv difftnntial equation*, 1 ff , 
3*) I 

Orthogonal trnjeetones, 10, 2">0, 413 
Osgood, 262 

p (operator), 460 
Parabolic reflector, 7 
Parameter*, variation of, 63 
Partial di mative*, 253 ff 
Partial differential equation*. 1 , 25 S ff , 
303 

Particular integral, 3 ), SI 
Particular solution, 2, 270 
Peirce, 23 110, 127, 128, 132, 135, I3S, 
171, 178, 203, 220 223, 221, 278, 
281, 378, 370. 381, 458, 460, 4S0, 
507, 518, 522 

Pendulum, Kt. 128, 474 525 
gyrostat ic, 03 

Pi nod, of damped vibration, 78 
of pendulum, 132, 525 
of a.h.m , 75 
Pi nnu tat ion*, 372 
Piaggio 180, 183 

Pi function, 220 
I'jnrJ'i me i ho* I 170 
Pilot ‘vhlete,, 103 
Planeh’a radiation law 170 
Pohlh.nu««n, #«r Untie 
Point source Mil punt Rink, 433 
Point*, singular, 131 
pnivonV equafi *n, 3<>7 
Polar representation of con plea quan- 
tita, 4<V5 
Pole. 451 

Pith pin, M 1. 423 
Pohn *mal», Ixgemirr, 210 


Polynomials, expansion in senes of, 2 
Potential, dipole, 233 
due to charged sphere, 323 
due to point clt-arpe*. 231 
gravitational, 3 10, 3u5 
vi loot) , 207, 420 
Potential cncrga of lieam, 23, 214 
Power lav, 312 
Power penes, 150 ff 
Practical unit*, 523 
Pratt, 171 

Precision, measure of, 377 
Pressure, atmospheric, 36 

fluid, 3<>, ?M, 52t> 
rru*ster, 214 
Probability 372 ff 
a posit non, 373 
a pnon, 373 
empinral, 373 
of an error, 377 
statistical, 373 
Probalnlit) curve, 373 
Prohahihtv integral, 378 
Probable error, 37JI, 3-81 
Product, scalar, 333 
vector, 331 

Projwrtional flow vuir, 174 

Q (operator), 101 

Radial licat flow, 280 
Radiating win, 280 
Radiation iaw, Ilanck'a, 170 
Raibum, decomposition of, 30 
Ratio test, 15S 
Ileatti m, rbtmical, 3b, 83 
Hccombmation, cm fficiont t>f, 120 
Reitificatinn of ellqes 123 
Rectilinear nu tion St, 73, 100 22 ( 
Reduction of nnl'T, 55 
Reflector, paraUihc, 7 
lb fraction of light 317 
Region of fomcrgcnce, 157 
llri«"»t«l trial*, 373 
Rr*t<lual, 379 
Rc-t Inc, 452 
Resistance, air, 21, 101 
t bctricai, 23 
rooti m under 21, 70 101 
Resonance, 83 3’i'J 171, 4S7 
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Reversion of series, 106 

Riemann, see Cauchy 

Itiemann-Wcher, 2 GO 

R.rn.«, value, 205 

Robinson, see Whittaker 

Rodriguezs formula, 251 

Rope wound on drum, 33 

Rorty, 372 

Rotating shaft, 113 

Rotation, of ft fluid, 29G 

Rot he, Ollendorf, and Pohlh&uscn, 423 

Rtimelin, 121 

Saturation current, 120 

Savart, see Biot 

Scalar, 330 

Scalar field, 347 

Scalar product, 333 

Srarl>orough, 301 

Schiele’s pivot, 103 

Schwarz-ChristofTel transformation, 

410 IT., 454 

Series, addition of, 101 
alternating, 150 
combination of, 205 
comparison test for, 158 
convergence of, 157 
n\ wlute, 158 
uniform, 107 

differentiation of, 1G4, 171 
di virion of, 102 
Fourier, 1S8 fit. 

half-range, 108, 202 
identical, 105 
infinite, 1 50 ff M 448 
integration of, 104, 170 
Laurent’s, 451 
MaclaurinV, 150 
multiplication of, 1G1 
of Be^el functions, 230 
of 1/Ogendre polynomials, 251 
power, 1 50 IT, 
ratio tori for, 158 
region of convergence of, 157 
rover-inn of, 100 
sum of, 157 
Taylor V, 150, 440 
t rigonomet rie, 1 88 fT. 

Sfiafr, rotating, 113 
Shear, 20 


Shearer, see Carse 
Shifting formula, 408 
Shots fired at target, 373 
Simple beam, 20, 214 
Simple harmonic motion, 75 
amplitude of, 75 
frequency of, 75 
period of, 75 

Simultaneous differential equations, 2, 
70 

Sine-integral function, 515 
Singular points, 451 
essential, 451 
isolated, 451 
Smail, 150, 107 

Solenoid, eddy currents inside, 305 
Solution of differential equation, 2 
general, 2 
particular, 2 

Soucck, IIowc, and Mavis, 174 
Specific heat, 281 
Sphere, heat How in, 286 
Spring constant, 79 
Standard deviation, 370 
of the mean, 385 
Stat units, 523 
Statistical probability, 373 
Steady state, 24, 117, 282, 280 
Stefnn-Boltzmann law, 170 
Stokes’s theorem, 357 
Stream function, 420 
Streamlines, 297, 492 
String, vibrating, 273, 308, 503, 518 
Sum, of series, 157 
Superposition, principle of, 482 
Surface tension, 111, 140 
Suspended cable, 107 
Sutro weir, 174 
Swinging cord, 145 
Systems of units, 21, 523 

Target, shots fired at, 373 
Taylor’s operator, 400 
Taylor’s series, 150, 440 
Taylor’s theorem, 449 
Telegraph equations, 302 
Telephone equations, 301 
Temperature gradient, 2} 

Tenrion, surface, 111, 140 
Test, comparison, 15$ 
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TV**, ratio, 15S 

Theorem, Causin’* integral, 441 
I> Mourn V, 403 
diierg.nre, 351 
funner'* 192 
(•aits’***, 3*0 
Cm n‘s, 3*>1 
Htan*tdr’*, 473, 49-1 
Laurent'?, 431 
Stoke*’?, 337 
Miperpo-ition -1 v? 

Tailor’*, 411 
Thirmal conductmt), 21 
Thermal unit*. .321 
Thermodvtnmiri, 521 
Tbom*on, 93, 121 
Timochenko, 214 
Total differ* ntt vl, 2l>2 
Tmrtnx, 102 
Tnjwtonis orthogonal, 10, 290, 413 
Tran*fer in di rial ailmittim, 43 1 
Tmn-»form Icijdace, 510 IT 
Tran* formation < irrular, 418 
lin* a r, 418 

Srlm *rz-Clin*tolTi 1, 4 ID If , 151 
Transit nt wlution*, 282 
Tran *it ion rptral, 17*1 
Tra n*l at inn fund ton, 520 
Tran*latJon-«me function, 521 
Trin*n»*-inn line, 117, 300, 507 
Trial and error, 110 
Trial*, repeated, 373 
Trigonometric rene*, 188 IT 

Undetermined coeffioint*, method of. 

Uniform conn rgence 107 
Uniform! t touted Ix-arti, 30, 21G 
Unit funrtion I s * I 
Unit?, at*, 523 
r g * . 21. 521 
elect ruma cm tie. 523 
elect mantle 523 
I it-*.. 21 523 
tvs lurnrd, 521 
prsdird, .523 
ratio of e m. ami r * , 305 
?tat, 523 


UriL«, thermal. 524 

Variable* *eparable, 3, 271 
\ amtion of parameters, 03 
Vector, acerb ration, 343 
addition, 331 
wi*H*i*, 330 ff 
cunature, 313 
differ*, ntntion, 338 
li< Id, 352 

gradient. 311, 317, 319 
integration, 339 
moment, 311 
multiplication, 331, 335 
product, 334 
vt lociti, 313 
Velocitj, areal, 311 
critical angular, 115, 11G 
limiting, 23, 101 
of light, 308 
latent lal, 297, 420 
lector, 313 
Vibrating bar, 280 
\ dinting m« rnbrnne, 321 
N dinting firing, 273 39S, 503, 51S 
Vibration*, damiied, 7t>, 525 

form), 80 

Pimple barmomr, 75 
Voltage, cflcctiie, 207 

Walker, 121 
W alb*’# formula, 223 
Wait cijuition, 503; t'f also Vibntirg 
•tnng 

Wilier, ?cc Ileimann 
Wen r>tra.«’a V*twt, 169 
W i ir, hutro, 174 
W luttaki r 391 
II ill* 333 
WiUnn tft Oil 1* 

Wire, rlam[<rd at end, 211 
radiating, 2Vi 

Work. 311 
Wn»"*kian, 41 

^ cjiing, 3'C 
louag'a irmdtiJu*, 27 

Zero* of IWa 1 fimrtmn, 233 



